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Abstract—In this paper we propose a definition
of control contact systems, generalizing input-output
Hamiltonian systems, to cope with models arising
from irreversible Thermodynamics. We exhibit a par-
ticular subclass of these systems, called conservative,
that leaves invariant some Legendre submanifold (the
geometric structures associated with thermodynamic
properties). These systems, both energy-preserving
and irreversible, are then used to analyze the loss-
lessness of these systems with respect to different
generating functions.

Index Terms—Port Hamiltonian systems, Irre-
versible Thermodynamics, contact vector fields, loss-
less systems

I. Introduction

The objective of this paper is to elaborate on the
definition of conservative systems defined on contact
manifolds given in [4] and to analyze their properties
with respect to losslessness. In [4], we have proposed a
generalization of port Hamiltonian systems which allows
to cope with models arising from Irreversible Thermo-
dynamics. These systems have been derived from the
lift of port Hamiltonian systems [7], [17], [15] on a
Thermodynamic Phase Space associated with its state
space. These conservative systems on contact manifolds
also complete the differential-geometric definition of Re-
versible Thermodynamics [3], [5], [8], [9], [12], which uses
the notion of contact structures [6]. Indeed firstly they
use generating function which corresponds to some law
of generation of fluxes from non-equilibrium conditions
(as thermal non-equilibrium for heat flux etc..). Sec-
ondly they complete the system with input and output
variables and some input term representing the interac-
tion of the system with its environment. The qualifier
conservative is understood that these system conserve
the Thermodynamic properties of the system. In this
paper we shall firstly propose an alternative definition
of the conservative systems defined on contact mani-
folds defined in [4]. Secondly we shall investigate the
losslessness properties of these systems. The sketch of
thepaper is the following. In section 2 we briefly recall
the basic concepts of contact geometry [6] and [2] in the
context of Reversible Thermodynamics [5], [8], [9], [12].
In the section 3, we define control contact systems on
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contact manifolds, which may be seen as the analogue of
input-output Hamiltonian systems defined on symplectic
manifolds [13], [14]. We then give the definition of a sub-
class of these systems, called conservative, which leave
invariant some Legendre submanifold (corresponding to
the invariance of some thermodynamical properties) and
correspond to an alternative definition of conservative
systems on contact manifolds [4]. In the section 4 we
analyze the losslessness properties of this systems with
respect to different functions.

II. Contact structures for Reversible
Thermodynamics

In this section we shall briefly recall the basic con-
cepts of contact geometry (following [6] and [2]) in the
context of Reversible Thermodynamics (see [12] and the
references herein). First we recall the canonical state
space, called Thermodynamic Phase Space, in which the
thermodynamic properties of a system are defined. It has
a canonical structure, called contact structure, which is
related to the Gibb’s form and plays an analogous role as
the symplectic structure for Lagrangian or Hamiltonian
systems.
LetM be an 2n+1-dimensional, connected, differentiable
manifold of class C∞.

Definition 1: A Pfaffian equation on M is a vector
subbundle E of rank 1 of T ∗M. The pair (M, E) is
a strictly contact structure if there exists a form θ of
contant class 2n+1, called contact form, that determines
E .
Using Darboux’s theorem, one shows the existence of
canonical coordinates (x0, x1, . . . , xn, p1, . . . , pn) in a
neighborhood V of any x ∈M such that

θ|V = dx0 − pidxi. (1)

Such structures appears in the differential-geometric
representation of thermodynamic systems [5], [8]. In-
deed the Thermodynamic Phase Space is defined by
(U, x1, . . . , xn, p1, . . . , pn) where U denotes the energy
and the pairs

(
xi, pi

)
denotes the pairs of conjugated

extensive and intensive variables. In this case, the contact
form is then closely related to Gibb’s relation obtained
where the contact form vanishes :

dU − pidxi = 0. (2)

Actually Gibb’s relation corresponds to the definition of
a canonical submanifold of a contact structure, called
Legendre submanifold and playing an analogous role as
Lagrangian submanifolds for symplectic structures.



Definition 2: A Legendre submanifold of a 2n + 1-
dimensional contact manifold (M, E) is an n-dimensional
submanifold of M that is an integral manifold of E .
Legendre submanifolds are locally generated by some
generating function.

Theorem 1 ([1]): For a given set of canonical coor-
dinates and any partition I ∪ J of the set of indices
{1, . . . , n} and for any differentiable function F (xI , pJ)
of n variables, i ∈ I, j ∈ J , the formulas

x0 = F − pJ
∂F

∂pJ
, xJ = − ∂F

∂pJ
, pI =

∂F

∂xI
(3)

define a Legendre submanifold of R2n+1. Conversely,
every Legendre submanifold of R2n+1 is defined in a
neighborhood of every point by these formulas, for at
least one of the 2n possible choices of the subset I.
For thermodynamic systems, the generating functions are
potentials such as the internal energy, the free energy
etc. And the associated Legendre submanifold defines the
Thermodynamic properties of some system, for instance
of a ideal mixture of perfect gas.

Finally we shall recall the definition of the class of
vector fields, called contact vector fields, which preserve
the contact structure and may be characterized using the
following result.

Proposition 1 ([6]): A vector field X on (M, E) is an
contact vector field if and only if there exists a differen-
tiable function ρ such that

L(X) θ = ρ θ, (4)

where L(X) denotes the Lie derivative with respect to
the vector field X. When ρ vanishes, X is an infinitesimal
automorphism of the contact structure.
It is worth noting that the set of contact vector fields
forms a Lie algebra.

Analogously to the case of Hamiltonian vector fields,
one may associate some generating function to the con-
tact vector fields. Actually there exists an isomorphism Φ
between contact vector fields and differentiable function
on M which associate to a contact vector field X a
function called contact Hamiltonian and defined by :

Φ(X) = i(X)θ, (5)

where i(X) denotes the contraction of a form by the
vector field X. In the sequel we shall denote the contact
vector field associated with a function f by :

Xf = Φ−1(f). (6)

The contact vector field Xf may be expressed in canon-
ical coordinates in terms of the generating function, as
follows :

Xf =

(
f −

n∑

k=1

pk
∂f

∂pk

)
∂

∂x0
+

∂f

∂x0

(
n∑

k=1

pk
∂

∂pk

)

+
n∑

k=1

(
∂f

∂xk

∂

∂pk
− ∂f

∂pk

∂

∂xk

)
.

(7)

Furthermore the isomorphism Φ transports the Lie alge-
bra structure on the differentiable function on M and
defines the following bracket that we shall use in the
sequel :

{f, g} = i([Xf , Xg])θ (8)

In the context of Thermodynamics, Mrugala [10] has
shown that one may define the reversible transforma-
tions of thermodynamical systems. For instance, consider
a thermodynamic system defined by the submanifold
LU generated, in canonical coordinates, by a function
U(xi, pj), i ∈ I, j ∈ J, I ∪ J = {1, .., n}. The contact
vector field with contact Hamiltonian :

f = x0 − U + pi
∂U

∂pi
(9)

generates a reversible transformation of the thermody-
namic system. An important property of the reversible
transformations is that they leave invariant the Legendre
submanifold associated with its thermodynamical prop-
erties. This may be checked by using the following result
[12].

Theorem 2: Let (M, E) be a strictly contact manifold
and denote θ its contact form. Let L denote a Legendre
submanifold. Then Xf is tangent to L if and only if f is
identically zero on L.

III. Control contact systems for Irreversible
Thermodynamics

In this section, we shall define control contact systems,
in an similar way as input-output Hamiltonian systems
[13], [14], [11], with the additional constraint that they
satisfy an additional compatibility condition with respect
to some Legendre submanifold. This definition is an
extension of the definition of conservative systems with
ports given in [4]. It is also a completion of the vector
fields defined by [8], [12] and recalled in preceding section
in the following sense. Firstly we shall consider con-
tact Hamiltonian different from those defining reversible
transformations [10]. Secondly we shall augment the
contact fields with input vector fields. Therefore, let us
first give the definition of the considered class of control
contact systems.

Definition 3: A conservative control contact system is
defined by :
• a strictly contact manifold (M, E) with contact form

θ,
• a Legendre submanifold L of (M, E),
• an input space U = Rm and input functions ui, i =

1, .., m ,
• m+1 contact Hamiltonians : K0 the internal contact

Hamiltonian and Kj the interaction Hamiltonians,
satisfying the invariance condition :

Kj |L = 0 , j = 0, ...,m , (10)

• the differential equation :

ẋ = XK0 +
m∑

j=1

uj XKj . (11)



It is easy to see, using the theorem 2, that this system
leaves invariant the Legendre submanifold.

Hence, in the context of thermodynamic systems, this
system may be interpreted as follows. The Legendre
submanifold L represents the thermodynamical proper-
ties of the system. The internal contact Hamiltonian K0

represents the law giving the fluxes in the closed system
due to non-equilibrium conditions in the system (for
instance due to heat conduction or chemical reaction
kinetics etc...). Finally the interaction Hamiltonian Kj

gives the flows due to the non-equilibrium of the system
with its environment. The invariance condition means
only that the control system obeys the first principle.

In the first example we shall briefly recall that port
Hamiltonian systems form a subclass of the conservative
contact systems.

Example 1: In [4], we have shown how, using its ad-
joint variational systems, a port Hamiltonian system
[7], [17] may be lifted as a conservative control contact
system (called port conservative system on a contact
manifold). Let us recall briefly the definition of a port
Hamiltonian system. Consider a n-dimensional differ-
ential manifold N endowed with a generalized Poisson
bracket {., .}gen (i.e. Jacobi’s identities are not necessary
satisfied). And denote by Λ its associated pseudo-Poisson
tensor. A port Hamiltonian system [7], [16] is defined by a
Hamiltonian function H0(x) ∈ C∞(N ), an input vector
u(t) = (u1, . . . , um)T function of t, m input vector fields
g1, . . . , gm on N , and the equations :




ẋ = Λ#(dxH0(x)) +
m∑

i=1

ui(t) gi(x)

y j
p = L(gj)H0(x),

(12)

where yp = (y 1
p , . . . , y m

p ) is called the port output
variable (or port conjugated variable). Define the (2n+1)-
dimensional thermodynamic state space M associated
with the base manifold N by :

M = R× T ∗N , (13)

endowed with the canonical contact form written in the
canonical coordinates (x0, xi, pi) :

θ = dx0 −
n∑

i=1

pidxi, (14)

where (xi, pi) are canonical coordinates of the cotangent
bundle T ∗N of the base manifold N endowed with the
canonical symplectic structure.
Consider the internal contact Hamiltonian

K0 = Λ(p,dxH0) , (15)

and the interaction contact Hamiltonians

Kj = i (gj) (p− dxH0) . (16)

It is clear that the two contact Hamiltonians satisfy the
compatibility condition with respect to the the Legendre
submanifold LH0 generated by H0(x). In [4] we have

shown that the restriction to the Legendre submanifold
LH0 of the conservative system generated by these con-
tact Hamiltonians, gives the state equation of (12). It
is interesting to note that the Legendre submanifold is
generated by the internal Hamiltonian H0 of the port
Hamiltonian system which has the dimension of energy
for models of physical systems, and that the contact
Hamiltonians have the dimension of power and are de-
fined by the pseudo-Poisson tensor and the input vector
fields.
The second example is also taken from [4] and concerns
this time a very simple irreversible system : the heat
conduction between two media.

Example 2: Consider a system Σ constituted by two
media in contact, only exchanging thermal energy with
no volume variation and medium 1 is exchanging a heat
flux with the environment. Σ is characterized by its inter-
nal energy U , and the pair of conjugated variables (Si, Ti)
(entropy, temperature) of each medium i. Let N = R2 3
(S1, S2)T be the space of the extensive variables and and
consider the contact manifold (R× T ∗N ) endowed with
the contact form θ = dε− pidxi = dU − TidSi. Consider
the internal contact Hamiltonian :

K0 = R(p)Λs (p, dU) , (17)

where
R(p) = λ(p)(1/p1 − 1/p2),

pi > 0 and λ is Fourier’s conduction coefficient. And
consider the interaction contact Hamiltonian

K1 = p1. (18)

It may be shown that the heat conduction system is
decribed by restriction to the Legendre submanifold
generated by the energy function U , of the conservative
contact control system generat by the contact Hamilto-
nian (17) (18). It is important to note that, contrary
to the lift of the port Hamiltonian system, the internal
contact Hamiltonian is no more a bilinear but a non-
linear function of the extensive variable p and dU . This
is the key that allow these systems to encompass models
arising from Irreversible Thermodynamics.

IV. Port contact systems and losslessness

In this section we shall analyze the losslessness prop-
erties of conservative control contact systems by defining
the conjugated port outputs to the inputs. In the same
way as for input-output and port Hamiltonian systems,
the differential geometric structure of the system induces
the energy balance equation from which the definition of
the port conjugated output follows. However, contrary to
input-output and port Hamiltonian systems, for conser-
vative control contact systems the energy balance will
only be considered on its restriction on the Legendre
submanifold (where the thermodynamic properties are
satisfied).



Let us first compute the time derivative of a dif-
ferentiable real function V on M with respect to a
conservative control contact system (of definition 3).
A straightforward calculation, given below in canonical
coordinates, leads to the following balance equation :

dV

dt
= K0

∂V

∂x0
+ pi

(
∂V

∂pi

∂K0

∂x0
− ∂V

∂x0

∂K0

∂pi

)

−∂V

∂pi

∂K0

∂xi
+

∂V

∂xi

∂K0

∂pi

+uj

[
∂V

∂x0
Kj − pi

∂V

∂x0

∂Kj

∂pi

+pi
∂V

∂pi

∂Kj

∂x0
− V

∂pi

∂Kj

∂xi
+

∂V

∂xi

∂Kj

∂pi

]

= uj

(
{Kj , V }+ V

∂Kj

∂x0

)
+ {K0, V }+ V

∂K0

∂x0

(19)
This balance equation has a supply rate term which leads
to the definition of the V -conjugated output variable :

yj
V (x) = {Kj , V }+ V

∂Kj

∂x0
, (20)

and a source term defined by :

sv(x) = {K0, V }+ V
∂K0

∂x0
. (21)

For a conserved quantity, the source term is expected to
be zero. However, as shall be clear in the sequel there is
no reason to require it on the entire state space but rather
on the Legendre submanifold. In order to motivate the
subsequent definitions of conserved quantities, let us first
consider some particular cases. First make the following
assumptions.

Assumption 1: Assume in the sequel that
1) ∂Ki

∂x0 = 0, i = 0, ..,m
2) V = V (xj), j = 1, .., n

The first assumption is quite generally fulfilled for phys-
ical systems, as the generation of fluxes in general does
not depend explicitly on the energy. The second assump-
tion is more restrictive. However it may be interpreted in
the case when one considers V as a generating function
of the Legendre submanifold (according to theorem 1),
as the expression of the internal energy as a function
of the extensive variables of a thermodynamical system.
Assume that the assumptions 1 are fulfilled, and let us
investigate further the source term sv and on the V -
conjugated output variable.

Consider firstly under which conditions the source
term vanishes. This source term, given in (21),under the
assumption 1, reduces to the following expression:

sv(x) =
∂V

∂x

T ∂K0

∂p
. (22)

Consider as a first case the lifted port Hamiltonian
system (defined in example 1), and consider as candidate

conserved quantity the internal Hamiltonian by setting
V (x) = H0(x). Then the source term is written:

sv(x) =
∂H0

∂x

T

Λ#(dxH0(x)) (23)

Hence the source term is zero on the whole thermody-
namic state phase space and the internal Hamiltonian
(e.g. the energy of the system) is a conserved quantity
on the thermodynamic phase space. It is remarkable
that the nullity of the source term sv (everywhere on
the thermodynamic phase space) is equivalent to the
invariance condition of the contact field K0|L = 0.

Consider now a second case with a generating function
given by

K0 = 〈p,R(x, p)X(x)〉, (24)

This corresponds to the example 2 of the heat conduc-
tion. The source term is now expressed as

sv = R(x, p)i(X)dV +

(
∂V

∂x

T ∂R

∂p

)
i(X)p. (25)

Consider now the function V (x) to be a generating
function of the Legendre submanifold L (as for instance
the internal energy of a thermodynamic system). Then
i(X)dV = 0, and the source term reduces to:

sv =

(
∂V

∂x

T ∂R

∂p

)
i(X)p. (26)

which has no reason to be zero on the whole thermody-
namic phase space. However it is evident that sv vanishes
when restricted on the Legendre submanifold LV . It may
be noted that the condition that the source term van-
ishes (on the whole thermodynamic phase space) has no
relation with the condition of invariance of the Legendre
submanifold: ∂V

∂x

T ∂K0
∂p = 0 for all x in M.

Therefore in the sequel we shall define a conserved
quantity of conservative control contact system as a
function V satisfying:

sv|L = 0

Let us now consider the definition of V -conjugated
output for a conserved quantity V when the assumptions
1 are satisfied. Under these hypothesis, the expression
(20) of port output variables yj

V reduces to :

yj
V =

∂V

∂x

T ∂Kj

∂p
. (27)

Consider again first the case of the lift of a port
Hamiltonian system on the thermodynamic phase space.
For this system, the interaction contact Hamiltonian are
Kj = 〈p − dH0, gj〉 and the port conjugated output
variables defined in (20) become:

yj
V =

∂H0

∂x

T

gj = L(gj)H0, (28)

It is remarkable that they correspond precisely to the
outputs called port outputs defined in (12).



Secondly, consider interaction Hamiltonian functions
where the input vector fields may depend on both vari-
ables x and p :

Kj = 〈p− dH0, gj(x, p)〉, (29)

and compute the H0-conjugated port output :

yj
V = L(gj)H0 +

(
∂H0

∂x

T ∂gj

∂p

)
i(gj)(p− dH0). (30)

In this case, the H0-conjugated port output variables
coincide with the port output variables of (12) only on
the Legendre submanifold LH0 .

V. Conclusion

In this paper we have proposed a definition of conserva-
tive systems with inputs and outputs defined on contact
manifolds. They consist in control contact systems de-
fined in an analogous way to control Hamiltonian systems
and generated with respect to a contact structure by an
internal and m interaction contact Hamiltonians where
m denotes the number of inputs. Conservative contact
systems are defined as a subclass of the control contact
system generated by contact Hamiltonians which satisfy
some compatibility condition with respect to some Leg-
endre submanifold.

In this way one may generalize control and port Hamil-
tonian systems in order to encompass models arising
from Irreversible Thermodynamics. These system also
encompass and generalize the systems describing the
Reversible Thermodynamics (as for instance reversible
transformations of thermodynamical systems). In this
case the contact Hamiltonian maybe interpreted as po-
tential functions, having the dimension of power and
representing the generation of fluxes arising from non-
equilibrium conditions. The Legendre submanifold rep-
resents the thermodynamic properties of the systems.
And the compatibility condition implies that the sys-
tems leaves it invariants which corresponds to satisfying
Gibb’s relation.

Finally we have investigate the balance equations as-
sociated with some invariants of the system. We have
derived a general balance equation for any function, ex-
pressed in terms of the contact bracket. This has allowed
us to discuss different generating functions. It appears
that the conditions of invariance of the Legendre subman-
ifold do not, in general coincide with the conservation
of the generating function of the Legendre submanifold.
For the lift of port Hamiltonian systems , however , it
has been proved that the internal Hamiltonian satisfies
a balance equation without source term on the whole
thermodynamic phase space.
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