
Lecture in honour of Jean-Pierre Ramis.

It is my pleasure to introduce the speaker of the Bernouli lecture 2005,
Jean-Pierre Ramis.

The classical French education for a gifted student consists of a sec-
ondary school with a great name, providing two or three supplementary years
called ‘les classes préparatoires’, followed by a university study at one of the
‘Grandes Ecoles’. The ‘Grandes Ecoles’, founded during the French revolu-
tion and later by Napoléon, select talented students by rather severe entrance
examinations. The education they provide is of high quality and demand
much of their students. For the many other French universities, the ‘Grandes
Ecoles’ form a strong competition. Jean-Pierre Ramis followed this classical
traject with Lycée Louis-le-Grand and the Ecole Normale Supérieure, rue
d’Ulm, both in Paris. He is, what is called, a ‘normalien’.

There is, however, a surprise. Jean-Pierre origines lies in the south of
France. He was born in Montpellier and lived as a child in Toulouse. His fa-
ther, Edmond Ramis also studied mathematics and followed the same classi-
cal education: Lycée Louis-le-Grand and Ecole Normale Supérieur rue d’Ulm.
He became normalien and professor in mathematics at the same Lycée Louis-
le-Grand. A whole generation of French mathematicians, including his own
son, did their first steps in mathematics under his guidance and worked from
his text books. Later on, Edmond Ramis became inspector of mathemat-
ical education. He finished his carrier having the high position of general
inspector for the French mathematical education.

In the sixties (and earlier), Paris was the Mekka for fundamental math-
ematical research. The still influential Séminaire Bourbaki was at its peak,
many other Paris seminars florished. In this environment, Jean-Pierre Ramis
started his research on the topic of complex functions in infinitely many vari-
ables. His thèse de troisième cycle and some papers resulted in a monograph
with the title: Sous-ensembles analytiques d’une variété banachique com-
plexe.
Somewhat later he developed in cooperation with Gabriel Ruget the subject
‘Résidus et dualité’. His thèse d’Etat, supervised by Henri Cartan, had the
same theme.

The well informed listener will recognize this and can guess the origin of
these themes. Both topics are complex analytic counterparts of the algebraic
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geometry developed by Serre, Grothendieck and many others. The subject
is highly technical and I prefer to explain other parts of the work of Ramis.

Another, again rather French, tradition is the possibility to replace mili-
tary service by some kind of civil service for a period of two or three years.
For academic people civil service meant doing research and teaching at a uni-
versity in one of the former French colonies. Many French mathematicians,
for example Gramain, Bonny, Malgrange, Faraut, Duflo, worked therefore
some years at the university of Tunis. At this ‘best university of France’
as one has called the university of Tunis, Jean-Pierre Ramis worked for two
years. French military service does not exist anymore and the university
of Tunis declined. Tunis gave Jean-Pierre the taste for the scientific coop-
eration, education and exchange that France has with many countries, like
Vietnam, Mexico, Spain and Russia. He is still active in this domain.

Ramis worked for a long period at the university of Strassbourg. The
theory of complex functions of more variables was dying out around him. In
his search for a new direction he was influenced by René Thom and Bernard
Malgrange. He discovered that many old problems for functions of one vari-
able were actually abandoned. Around 1977 he found the research subject
which is also at present his main theme, namely

Complex differential and difference equations.

Differentiation of functions, integration and differential equations is a sub-
ject with a long history. It was, and still is, mainly a part of analysis. In the
early 20th century, algebraic approaches to the subject were developed by
Picard, Painlevé, Vessiot, Ritt. This was followed up by the work of Kolchin,
Risch, Kaplansky, Katz, Deligne and many others.

We introduce now the main characters of the play.

A linear complex differential equation has the form

y(r) + ar−1(z)y(r−1) + · · ·+ a1(z)y(1) + a0(z)y(z) = b(z)

r is called the rank; the equation is homogeneous if b(z) = 0.

Examples
y′(z) = 0 , solutions c
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y′(z) = y(z) , solutions cez

y′(z) =
λ

z
y(z) with λ a constant

The solutions are y(z) = czλ. But zλ poses a problem. If one turns around
0 with a solution starting at 1, one obtains another solution at 1, namely
e2πiλczλ. This phenomenon is called monodromy.

The equation y′(z)+ z−1
z2 y(z) = −1

z2 has an irregular singularity at 0. This
accounts for the fact that the solution

∑∞
n=0 n!zn is divergent.

An interpretation for this divergent solution is provided by the theorem
that states: Given a sector S at 0, not too large, there exists a solution F in
S which has asymptotic behaviour

∑
n!zn.

If one continues a solution F in a sector S, with a given asymptotic be-
haviour, to another sector, then its asymptotic behaviour can change.

This is called the Stokes phenomenon. It was discovered by Stokes for
the Airy equation y′′(z) − zy(z) = 0 at the irregular singular point z = ∞.
The equation came from a study of the propagation of light.

The differential Galois group is an algebraic approach to linear differen-
tial equations. Consider the equation y′′(z) + a1(z)y′(z) + a0(z)y(z) = 0. All
solutions form a two dimensional vector space Cy1+Cy2. Some replacements
of y1, y2 by linear combinations preserve all their algebraic properties. The

collection of all these replacements is a set of invertible matrices

(
a b
c d

)
closed under multiplication and taking inverses. This set is the differential
Galois group. It captures both monodromy and the Stokes phenomenon.

The differential Galois group of the Airy equation y′′(z) − zy(z) = 0 is

the set of matrices

(
a b
c d

)
with ad − bc = 1. This implies that the only

algebraic relations between y1, y
′
1, y2, y

′
2 is y1y

′
2 − y′1y2 = 1.

Some of the results of Ramis (partly in cooperation with J. Martinet).
∗ A theory of Gevrey series and functions, classifying types of divergence.
∗ A theory of multisummation: ‘from divergent solutions to unique solutions
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in sectors’. (also B. Malgrange, Y. Sibuya, B.L.J. Braaksma, G.K. Immink
et al.)
∗ A description of the local differential Galois group in terms of the expo-
nential torus and Stokes matrices.
∗ The wild complex fundamental group in analogy with Galois theory in
positive characteristic.
∗ A differential analogue of Abhyankar’s conjecture, describing the differen-
tial Galois groups for singular differential equations on a compact Riemann
surface.

Application of differential Galois groups to problems concerning Hamilto-
nian systems (in cooperation with J.J. Morales). This permits to show that
many Hamiltonian systems are not completely integrable and produce there-
fore chaos. In particular the three body problem was completely analysed in
this way.

To finish, we mention an aspect of Ramis’ work that you will not eas-
ily find in his papers. Namely his philosophical ideas concerning formulas,
Gevrey functions and series, wild fundamental groups etc. and the mathe-
matics of theoretical physics. You will hear more about this in his lecture.
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