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In Part | we have seen how port-based network modeling of

lumped-parameter physical systems leads to a representati on of
physical systems as generalized bond graphs , where each bond
corresponds to a (vector) pair of ow variables f, and e ort

variables e.

Energy-storing elements

Power-dissipating elements

R(fr;er)=0; eifg O

Power-conserving elements . transformers, gyrators, (ideal)
constraints.



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009

O- and 1-junctions

€1 = € = =&, fi+f,+ +1=0
fi=1>

fr: e+ e+ + e =0

Note : O- and 1l-junctions are also power-conserving:

eiffi +exfo+  +efk=0
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Transformers, gyrators, etc., are energy-routing devices , and
may correspond to exchange between di erent types of energy

Ideal powerless constraints such as kinematic constraints

O- and 1-junctions correspond to basic conservation laws such
as Kirchho 's laws.

All power-conserving elements have the following properti es in
common. They are described by linear equations

Ff + Ee=0: fe2R

satisfying
el f qulflfrezf2+ + gf, =0;
rank F E = I
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Geometric de nition

De nition 1 A (constant) Dirac structure on a nite-dimensional

space V is a subspace
D V V

such that
i) e'f =0 for all (f;e)2D,
(i) dimD =dim V.

For any skew-symmetric map J:V 'V its graph
f(f,e)2V V |f = Jegis a Dirac structure !
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Alternative, more general, de nition of Dirac structure

Power is de ned by
P=egf)=i<ejf>=¢€e'f; (ffe)2V V

where the linear space V is called the space of ows f (e.q.
currents), and V the space of eorts e (e.g. voltages).
Symmetrized form of power is the inde nite bilinear form

V V

, on

(f;e);(f "€ = <e?jf’>+ <e’jf?>;

(f2e®);(f5eP)2v v
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De nition 2 A (constant) Dirac structure is a subspace
D V V
such that
D=D";

where ? denotes orthogonal complement with respect to the
bilinear form :

Key element in the de nition of port-Hamiltonian systems
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An Kk dimensional storage element Is determined by a
k-dimensional state vector X =(X1; ;Xkx) and a Hamiltonian
H(Xq; ; Xk) (energy storage), de ning the lossless system
Xi = fsi; =1, .k
esi = SH(x1;  ixx)
k
4H = i—1 fsiesi

Such a k- dimensional storage component is written in vector
notation as:

X fs

& = %I((X)

The elements of X are called energy variables , those of %j((x)
co-energy variables
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Geometric de nition of a port-Hamiltonian system
without energy-dissipation

fs=x fy fp
H > < D (X)
%;b()ex Sp

Figure 1. Port-Hamiltonian system

The dynamical system de ned by the DAEs

( x(t) = Tx(b); (X(t)) = e(t);Tp(t);er (1)) 2D(x(1)); t2R

Is called a port-Hamlltonlan system
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Basic property

dH H
T (x(0) 3 %((X(t)))i(t): e (Dfx(t) = ep (D) p (1)

Example: The ubiquitous mass-spring-damper system
Two storage elements:

Spring Hamiltonian Hg(Q) = %qu (potential energy)

q = fs = velocity
e = d('j*qs () = kq = force
Mass Hamiltonian Hp(p) = %pz (kinetic energy)
p = fn = force
en = d';pm (p)= & = velocity

11
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interconnected by the Dirac structure
fs=em=Yy; fm= e&+u

(power-conserving since  fges + f,en = uy) yields the
port-Hamiltonian system

2 3 2 32 3 23
4% _ 40 54@q(q Ps5 . 4%,
p 1 0 @qp 1
2o 3

I
(CI o)

with
H(g;p = Hs(q) + Hm(p)

12
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Power-dissipation Is included by adding an  extra port to the
Dirac structure, terminated by power-conserving relation S:

R(fr;er)=0; e,fg O

Example : For the mass-spring system, the addition of the damper

€y = SF—R = cfy; R(fg) = %Cfg (Rayleigh function)
d

via the extended interconnection (Dirac structure)
fs=en=Ffag=y, fm=6 e+u

leads to the2 r:?ass—damper—spring system

27 7372 32 3 23
4% - 29 15 4° O5)4 ©4(%Ps5 , 40
] h 1 2O 03(: IO(q D 1

i

y =
@p(q, D
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Example: Electro-mechanical systems
+e V o
[ {

1
T
gl v LLLLLLL
1 - |
|
10 \f

3 32

0 1 o_ &4ap) 0

—_ R

' 0 0 & Qqp) 1

Coupling electrical/mechanical domain via Hamiltonian

2 2 3 23
gp :§ 10 02%%@;@ )Z+§OZV, —(CIIO )

H(aq;p; ).

14
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Example: LC circuits

Two inductors with magnetic energies Hi(" 1);H2(" 2) (' 1 and ' >
magnetic ux linkages), and capacitor with electric energy H3(Q)
(Q charge).

V denotes the voltage of the source.

Ll I—2

Ol |0

OV
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Hamiltonian equations for the components of the LC-circuit

Inductor 1
(current)
Inductor 2
(current)
Capacitor
(voltage)

All are port-Hamiltonian systems with

If the elements are linear then the Hamiltonians are quadratic , e.g.

', = f1 (voltage)
‘o = T, (voltage)
Q = f3 (current)

J=0and g=1:

Hi(" 1) = 5t %, and &% = 2 = current , etc.

[

16
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17
Kirchho 's interconnection laws In

f1,f2:f3,e1;60,63;f = V;e=1 are
2 3 2 32 3
fq 0 0] 1 1 €1
foz g0 0 1 O €
fa 1 1 0 0 €3
e 1 0 O 0 f
Substitution of egns. of components yields port-Hamiltoni an
system
2 3 2 32@3 2 3
'_1 1 @'1 1
i1 - b 1z§gg§+§ozf
Q 1 0 @H 0
@Q
_  @H
€ @
with H(I 1" Z;Q) = H;|_(l 1)+ H2(I

») + H3(Q) total energy.
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However, this class of port-Hamiltonian systems is not closed
under interconnection

Ay
/|
Lo
|

Figure 2. Capacitors and inductors swapped

Interconnection leads to algebraic constraints between the state
variables Q and Q.
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Network modeling is prevailing in modeling and simulation o f
lumped-parameter physical systems (multi-body systems, e lectrical
circuits, electro-mechanical systems, hydraulic systems , robotic

systems, etc.), with many advantages:
Modularity and exibility. Re-usability ('libraries").
Multi-physics approach.
Suited to design/control.

Disadvantage of network modeling: it generally leads to a large set
of DAEs, seemingly without any structure

Port-based modeling and port-Hamiltonian system theory

iIdenti es the underlying structure of network models of

physical systems, to be used for analysis, simulation and

control.

19
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For many systems, especially those with 3-D mechanical
components, the interconnection structure will be modulated by
the energy or geometric variables.

This leads to the notion of non-constant Dirac structures on
manifolds .

De nition 3 Consider a smooth manifold M . A Dirac structure on
M is a vector subbundle D TM T M such that for every x2 M
the vector space

D(x) TxM T, M

IS a Dirac structure as before.
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Example: Mechanical systems with kinematic constraints

Constraints on the generalized velocities g:

AT(qgq=0:

This leads to constrained Hamiltonian equations

g = @5a;p

p = P+ A@ + B(9f
0 = AT(92a:p

e = BT()2a:p

with H(q;p total energy, and the constraint forces.

Dirac structure is de ned by the symplectic form
with constraints AT (g)g=0 and force matrix

Can be systematically extended to general

on T Q together
B(Q).

multi-body systems

21
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Example 4 (Rolling coin) Let X;y be the Cartesian coordinates
of the point of contact of the coin with the plane. Furthermor e,
denotes the heading angle, and the angle of Queen Beatrix' head
(on the Dutch version of the euro).

The rolling constraints are
X = _COS'; y = _sin’ (1)

(rolling without slipping). The total energy is
H=3p: + 3p; + 3p° + 3p?, and the constraints can be rewritten
as
Px =p cos; py=psin: (2)

22
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Mathematical intermezzo: Jacobi identity and
holonomic constraints

There is an important notion of integrability  of a Dirac structure
on a manifold.

De nition 5 A Dirac structure D on a manifold M is called
integrable if

<Lx, 2J]X3>+<Lx, 3]X1>+<Lyx, 1]X2>=0
for all (X1; 1);(X2; 2);(X3; 3)2D.

For constant Dirac structures the integrability condition is
automatically satis ed.

The Dirac structure D de ned by the canonical symplectic
structure and kinematic constraints AT (q)q=0 satis es the

integrability condition if and only if the constraints are holonomic ;

that is, can be integrated to geometric constraints (q)=0.

23
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Examples

(a) Let J be a (pseudo-)Poisson structure on M, dening a
skew-symmetric mapping J: T M! TM. Then
graph J T M TM is a Dirac structure.

Integrability is equivalent to the Jacobi-identity  for the Poisson
structure.

(b) Let ! be a (pre-)symplectic structure on M, dening a
skew-symmetric mapping I :TM ! T M. Then
graph ! TM T M is a Dirac structure.
Integrability is equivalent to the closedness of the symplectic
structure.

(c) Let K be a constant-dimensional distribution on M, and let

annK Dbe its annihilating co-distribution. Then
K annK TM T M is a Dirac structure.
Integrability is equivalent to the involutivity  of distribution K.
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Input-state-output port-Hamiltonian systems

Particular case is a Dirac structure D(x) TxX T, X F F
given as the graph of the skew-symmetric map

2 3 2 32 3
4 Txs_g4 O X 5, & 5.
€p g' (x) 0 fp
leading ( fy = X,ex = %j((x)) to a port-Hamiltonian system as
before
X = J00G0+ g)fe; x2X;fp 2R

ep g' (X)%j((x); ep 2 R™

25



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 26

Power-dissipation IS included by terminating some of the ports by
static resistive elements

fr = F(er); where eiF(eg) O; for all eg:
d
—H elf
dt PP

This leads, e.g. for linear damping, to input-state-output
port-Hamiltonian systems in the form

8
S xo= [I(x) R(X)] H(x) + g(x)fp
e = @ (X) (X)
where J(x)= JT(x), R(xX)= RT(x) O are the interconnection and

damping matrices, respectively.
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Multi-modal physical systems

Physical systems with switching constraints and/or switch
network topology: locomotion behavior of robots and animal
power converters with switches and diodes, systems with ine
constraints.

Many multi-modal physical systems can be formulated as
port-Hamiltonian systems with switching Dirac structure

Ing

S,
quality

27
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Example 6 (Boost converter) The circuit consists of an
inductor L with magnetic ux linkage L, a capacitor C with
electric charge ¢c and a resistance load R, together with a diode
and an ideal switch S, with switch positions s =1 (switch closed)
and s=0 (switch open).

The diode is modeled as an ideal diode:

VWoip =0; vp 0O; ip O (3)
we Port-Hamiltonian model (with H = e + 5 )
2 3 2 32 3 2 3 2 3
1 @H — Gc
21 %5 _ 4 R 1 Ssgee~"T5,4%5,4 So 5
4 s 1 0 o8- 1 (s 1vp

(4)
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Example 7 (Bouncing pogo-stick)

bouncing pogo-stick consisting of a mass
Interconnected by a linear spring (sti ness

and a linear damper d.

lg

%
m

x‘dﬁk
Y[ -+-- sum of forces

zero on foot

29

Consider a vertically
m and a massless foot,
k and rest-length  Xg)

spring/damper
in series
foot xed
to ground

48/

spring/damper
parallel

N
S7777777777777777 S7777777777777777
Figure 3: Model of a bouncing pogo-stick: de nition of the va riables

(left), situation without ground contact (middle), and sit

ground contact (right).

uation with
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The mass can move vertically under the in uence of gravity g until
the foot touches the ground. The states of the system are X
(length of the spring), y (height of the bottom of the mass), and P
(momentum of the mass, de ned as p := my). Furthermore, the

contact situation is described by a variable s with values s=0 (no
contact) and s =1 (contact). The Hamiltonian of the system

equals
2

1 1
HOGy;p) = Sk(x X0)* + mg(y + Yo) + > (5)

where Yq is the distance from the bottom of the mass to its center
of mass.
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When the foot is not in contact with the ground total force on t he
foot is zero (since it is massless), which implies that the sp ring and
damper force must be equal but opposite. When the foot is In

contact with the ground, the variables X and y remain equal, and

hence also X =.

For s=0 (no contact) the system is described by the
port-Hamiltonian system

2 3 2 32 3
aa¥s - 49 T54M%
10 &
P m (6)
dx = k(x Xo)
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while for

s=1 the port-HamiItonian description is
2 3 3 2 3

z go 28 gk

(7)

32



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 33

The two situations can be taken together into one
port-Hamiltonian system with variable Dirac structure:

2 3 2 32 3
sl 0 s k(X Xo)

6F-§0 o 11§ m £

D s 1 sd B
The conditions for switching of the contact are functions of the
states, namely as follows: contact is switched from o to on w hen
y X crosses zero in the negative direction, and contact is switc hed
from on to o when the velocity y X of the foot is positive in the

no-contact situation, i.e. when B+ X(x x0)>0.
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In both examples above we obtain a switching port-Hamiltonian
system, speci ed by a Dirac structure Ds depending on the switch
position s2f0;1g" (here n denotes the number of independent
switches), a Hamiltonian H : X! R and a resistive structure R.

Furthermore, every switching may be internally induced (li ke in the
case of a diode in an electrical circuit or an impact in a mecha nical
system) or externally triggered (like an active switch in a ¢ ircuit or

mechanical system).

Problems

Well-posedness questions: e.g., systems with reverse Coul omb
friction may have multiple solutions.

Computation of the next mode may be di cult.
Collision rules.

Investigation of limit cycles/periodic orbits.
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REPRESENTATIONS AND TRANSFORMATIONS

Dirac structures, and therefore port-Hamiltonian systems , admit
di erent representations , with di erent properties for simulation
and control.

Let D V V , with dimV = n, be a Dirac structure.
1. Kernel and Image representation

D=1f(f;e)2V V |jFf +Ee=0g,for n n matrices F and E
(possibly depending on  Xx) satisfying

(iy EFT+FET =0;

(i) rank[F:E]= n:

It follows that D can be also written in image representation as
D=f(fe)2V V jf=ET:;e=FT; 2R"g
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2. Constrained input-output representation

Every Dirac structure D can be written as
D=f(f;e)2V V |jf =Je+ G:GTe=0g
for a skew-symmetric matrix J and a matrix G such that
im G=ff j(f; 0) 2 Dg:

Furthermore, kerJ = fe| (0;e) 2 Dg.

36



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009

3. Hybrid input-output representation

Let D be given by square matrices E and F as in 1. Suppose rank
F =m( n). Select m independent columns of F, and group them

Into a matrix F;. Write (possibly after aermu?tions)2 é: = [FlfFZ],

: f e
and correspondingly E =[Ej:E,];f = 4 fl 5.e=4 5,
2 €2

Then the matrix [Flez] IS invertible, and
8 2 3 2 3 2 3 2 39

<
D:_4f15;4el54f15234615_
S € € fo

with J := [F1:E5] Y[F,:E;] skew-symmetric.

37
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4. Canonical coordinates

For simplicity take F F  to be void (no external ports).
If the Dirac structure on X is integrable then there exist
coordinates (q;p;r;s) for X such that

D(x)=f(fo;fp:frifs;egpepierses) 2 TyX T, Xg

38
3 Tqg = & fp = &
3
- f, = 0; 0 = &
Hence the port-Hamiltonian system on X takes the form

6 = Gapns
p = Gapins)
r = 0

0 = Zua;prn9
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DAE representation of port-Hamiltonian systems
Represent the Dirac structure D in kernel representation as
D = f(fx;efie) j Fx(X)fx + Ex(X)ex + F(X)f + E(x)e=0g;

with
(i) EXFXT+FXEI+EFT+FET:O;

(i) rank [Fyx:Ex:F:E]=dim(X F ):

Since the ows fy and eorts e, corresponding to the

energy-storing elements are given respectively as fy = X and
e = %j((x), it follows that the system is described by the set of
di erential-algebraic equations (DAES)

Fx(x(1)x(1) = Ex(x(1)) %:(X(t))+ F(x()T (1) + E(x(1))e(t)

with f;e the external port variables.



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 40

Mixture of constrained and hybrid input-output representa tion

By a hybrid input-output partition of the vector of port ows

(f;e)2F F as (u;y) we can represent any port-Hamiltonian
system in constrained form as

= J(x) (x) + G(X) +gX)u; x2X;u2R"™
= G (x) H(x) + D(X)u;
= g (x)&hx); y 2 R™

<O|X

where
Jx)= J'(x); D(x)= D'(x)

This is the form as encountered before in the case of kinematic
constraints .
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Intermezzo: Relation with classical Hamiltonian equation S
J(X) (X)
with constant or ' integrable' J- matrlx admlts coordinates
X =(q;p;r in which
2 3 §
0 I 0 a = Giapn
J==§ 10 Cé; p = Sapn

O 0 O r = 0

For constant or integrable Dirac structure one gets Hamilto nian

DAEs
4 = Gyapins)
p = Fapns

o |~
| [
(@)

@h(q;p;r;s)
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Recall of Hamiltonian dynamical systems from analytical

mechanics
Historically, the Hamiltonian approach starts from the pri nciple of
least action, via the Euler-Lagrange equations and the Lege ndre
transformation, towards the Hamiltonian equations of moti on.

The standard Euler-Lagrange equations are given as

U O
where q=(;:::;)" are generalized con guration coordinates for
the system with Kk degrees of freedom, the Lagrangian L equals the
dierence T P between kinetic co-energy T and potential energy
P,and =( 1;:::; )" is the vector of generalized forces acting on

the system.
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The vector of generalized momenta pP=(pi;:::;p«)" is dened as
5= @L_ @T
@ @
By de ning the state vector (Ch:: 0P i pk)’ the K
second-order equations transform into 2k rst-order equations
a = Gap
p =  Sap+

where the Legendre transform

H(d;p = K(aq;p + P(q)

IS the total energy of the system.

43
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In standard mechanical systems the kinetic co-energy T is of the
form

T(q:d= 5" M (@

where the k Kk inertia (generalized mass) matrix M (g) is symmetric
and positive de nite for all g. Hence

p=M(da
and because of the fact that the kinetic co-energy T Is a quadratic

function of the velocities g it equals the kinetic energy
K(g;p= 3p"M o)p.
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The above equations are called the Hamiltonian equations  of
motion, and H is called the Hamiltonian . The state space with
local coordinates (q;p) is called the phase space .

The following energy balance immediately follows:

d - @_H . @H . = @_H . = T .
—H = @q(q,p)g_+ @p(q,p)r;— @p(q,p) a ;

expressing that the increase in energy of the system is equal
supplied work ( conservation of energy ).

to the

45
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A Hamiltonian system with collocated inputs and outputs is m ore
generally given in the following form

g = GHap ; (@GP =(a0GPsii )

p = @a:p+ B(gu; u2RM;
= B'(@%a;Pp (= BT(9; y2 R™;
Here B(Q) is the input force matrix. In case m < k we speak of an

underactuated system.

By de nition of the output y = BT (g)g we again obtain

S (amipm) = uT Oy
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A major generalization of the class of Hamiltonian systems c onsists
In considering systems which are described in local coordin ates as
x = J)Ex)+ g(x)u; x2X;u2R™
y = g (0Ex); y 2 R™

Here J(X) is an n n matrix which is  skew-symmetric

J)= 3T (x);
and X =(Xy;:::;Xp) are local coordinates for an n-dimensional state
space manifold X. We recover the energy-balance 2 3

0 |
OLl—'?(X(t)) = uT (t)y(t). In the previous case we had J = 4 ; 5 .
|
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Example 8 Consider a rigid body spinning around its center of
mass in the absence of gravity. The energy variables are the t hree
components of the body angular momentum p along the three
principal axes: p=(px;Py;Pz), and the energy is the kinetic energy

|

2 2 2
H(p): } pX+ py+ pZ ,
2 1 1y

where |y;ly;1; are the principal moments of inertia. Euler's
equations are

2 3 2 3% o>
Px 0 Pz Py @R
_ . _ @H
gp&é - g Pz 0 pxégg';% + g(p)u; Yy = gT(p)@p
Pz Py  Px 0 @H
| Z } @p

J(p)
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J(p) is the canonical Lie-Poisson structure matrix on the dual of

the Lie algebra so(3) corresponding to the con guration space
SO(3) of the rigid body.)

Equations arise from the standard ( 6-dimensional) Hamiltonian
equations by reduction (‘symmetry’).

49
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Large-scale port-Hamiltonian systems, and composition of
Dirac structures

The composition of two Dirac structures with partially shared
variables is again a Dirac structure:

Di, V1 V, Vo V,

V

50

w
N
W

Vi
Vi

\

<

2
\V
4
D12)D 23

Figure 4. Composed Dirac structure
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Figure 5. Standard interconnection

fB 2F2

ey = er 2F,

fa

The gyrating (or feedback ) interconnection
fa = €
eg = fB

can be easily transformed to this case.
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Thus

DA kDB = f(fl;el;fg;eg)ZFl F 1 F 3 F 3]9(f2,€2)2|:2 F 2 S.t.

(fi;en;fo;e)2Da and ( fo;en;f3;63) 2Dg0Q

Theorem 9 Let Da, Dg be Dirac structures (de ned with respect
to F1 F{ F 2 F ,, respectively Fo, F , F 3 F 5 and their
bilinear forms). Then Da kDg is a Dirac structure with respect to
the bilinear fomon F; F ; F 3 F 3.
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Proof

Consider Da, Dg dened in matrix kernel representation by

Da =f(f1;e1;fasea)2F1 F 4 F 2 F 5 JFif1+ Ejer+ Foafa + Egaen =09
Dg = f(fg;es;fs;e3)2F2 F , F 3 F 5 jFosfp + Esgeg + F3fs+ Eze3 =0g

Make use of the following basic fact from linear algebra:

(9 st. A =b, [8 st. TA=0) Th=0]
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Note that Dpa, Dg are alternatively given in matrix image
representation as

2 2 3
EI 0
F/ 0
E{A DB =Im E%II-_B
FZA FZB
0 El
0 Fi

Hence, (fl;el;f3;63) 2Da kDB .9 aA; B such that
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2 3 2 3
fa = 0
€ Ff 0 7, 4
O — E;A EérB 4 A 5 |
O FZTA FZTB B
fa 0 =
& 0 EJ
8 (17 15 20 27 3 3) St 3
ET 0
F/ 0
T T
( ]T 1— ér '2|' T g) EZA EZB —
Fia  Flg
0 Fa
0 El
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2
F1 E1 Foa E2a O

8 (1, 1; 2, 2, 3, 3)st 4
0O O Foe Eos  F3

T T T T —

1f1+ e+ sf3+ 3e3=0,
T
1

,8 (15 1; 3, 3)2Da kDg;
, (f1;e1;fz;€3) 2 (Da kDg)’

fi+ e+ 3fa+

Thus Da kDg =(Da kDg)?, and so it is a Dirac structure.

0
Es

363 =

i e)0)0)0)0)0)0)0)0) ) o) BN \V)

0,
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Explicit expressions for the composition of two Dirac
structures

Consider Dirac structures Dap F 1 F 1 F 2 F 5,
De F > F , F 3 F 5, given by matrix kernel/image
representations (Fa;Ea) = ([ F1yFoal;[E1JE2a]), respectively
(Fs;Eg) = ([ F2g]Fs3]; [EzsjEs])-Z De ne

3
M = 4 Faa  Eoa ¢ ©)
Fog  E2s
and let La, Lg be matrices with
L =[LajLg]; kerL =im M

F =[LaFijLg F3]
E =[LaEijLgE3]

Is a relaxed matrix kernel/image representation of Da kDg.
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This relaxed kernel/image representation can be readily un derstood
by premultiplying the equations characterizing the compos ition of
Da with Dg
2 3
fa
2 3g &
4 F1 E1 Foa Eon O O 5 fo _0: (10)
O O Fog Eop F3 Esj €2
fa
€3

by the matrix L :=[LajLg]. Since LM =0 this results indeed in the
relaxed kernel representation

LaFif{+ LaAEje;+ LgFsfs+ LgEgzes =0 (11)
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Conseguence

The interconnection of a number of port-Hamiltonian system

(Xi;Dj;Hj); 1 =1; ; kK through an interconnection Dirac structure
D, is a port-Hamiltonian system (X;D;H), with

H=H;+ + H;

X = X1 D «

and D the composition of Dy; Dy D, .
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Example 10 ( 1-D mechanical system) Consider a spring with
elongation ¢ and energy function Hg(q) = %qu. Let (vs;Fs)
represent the external port through which energy can be exch anged

with the spring, where  vs is equal to the rate of elongation
(velocity) and Fg is equal to the elastic force. This

port-Hamiltonian system can be written in kernel represent ation as
2 32 3 2 32 3
4t 54 95,40 Og54Kd5 _, (12)

0 0 v 1 1 Fs
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Similarly we model a moving mass m with scalar momentum p and
kinetic energy Hpm (p) = %pz as the port-Hamiltonian system

2 32 3 2 32 3
P
al 54 25,49 O54ms5_ (13)
O O Fm 1 1 Vm

where (Fm;Vm) are respectively the external force exerted on the
mass and the velocity of the mass.
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The mass and the spring can be interconnected to each other
using the symplectic gyrator

2 3 2 32 3
aVs5-490 I54Fss (14)
Fm 1 0 vy
Collecting all equations we have obtained a port-Hamiltoni an

system with energy variables  x =(q;p), total energy
H(q;p = Hs(g9) + Hm (p) and with interconnection port variables
(Vs; Fs; Fm;Vvm). After elimination of the interconnection variables
(Vs; Fs; Fm;Vm) one obtains the port-Hamiltonian system

2 32 3 2 32 3
4l %54 %, 40 154K, (15)
0 1 D 1 0 &

which is the ubiquitous mass-spring system.
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Example: Coupled masses Consider two point masses mq; and m,
which are rigidly linked to each other. When decoupled the ma sses
are described by the port-Hamiltonian systems

= Fii
- " i=1;2 (16)
Vi —_ Pi
| m;

with F; the force exerted on mass m;. Rigid coupling amounts to

Fi= F2; vi=WVv (17)
This leads to the port-Hamiltonian system
2 3 2 3
a5 _ 415
1
= 2 3 (18)
h | p1
0 = 1 1 4mih
P2
m2

where = F; = F, now denotes the internal constraint force.
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The resulting interconnnected system does not have externa | ports
anymore. On the other hand, external ports for the interconn ected
system can be included by either extending (16) to

F_)i. — Fi + Fiext
vi = I 1=1;2 (19)
Viext — Pi_

mi

with F&' and v®' denoting the external forces and velocities, or by
modifying the interconnection constraints (17) to e.g.

Fi+ Fo+ F& =0; vy = vy, = v, (20)

with F& and v®! denoting the external force exerted on the
coupled masses, respectively the velocity of the coupled ma Sses.
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Consider the port-Hamiltonian system

x. = J)GX)+ g(x)u+ b(x)
y = g"(x)&lx) x 2 X
0 = b (x)&(x)
The Lagrange multipliers can be eliminated by constructing a

matrix b’ (x) of maximal rank suc a
t b’ f | rank h that

b” (x)b(x) =0

66



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009

By premultiplication with b’ (X) one obtains
b’ (x)x. = b’ (X)J(X) H(x) + b (x)g(x)u
y = g' ()G X2 X
0 = b (X) H(x)

This is a kernel representation of the port-Hamiltonian sys

tem.

(21)
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Example 11 (Coupled masses continued) Consider the system
of two coupled massgs. Premultiplication of the dynamic equ ations

by the row vector 1 1 Yyields the equations

P1 P2
+p,=0;, — —=0; 22
P1+ P2 m. m, (22)
which constitutes a kernel representation of the port-Hami ltonian

system.
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A more di cult guestion concerns the possibility to solve for the
algebraic constraints  of a port-Hamiltonian system:

@H
0="0"(xX)=— 23
09 ) (23)
Under constant rank assumptions the set

Xe = fX2Xj bT(x)%;l((x) =0g

de nes a submanifold of the total state space X; the constrained
state space . In order that this constrained state space quali es as
the state space for a port-Hamiltonian system without further
algebraic constraints one needs to be able to restrict the dy namics
of the port-Hamiltonian system to the constrained state spa ce.
This is always possible under the condition that the matrix

@H

b’ (*)-gg X)BX) (24)
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has full rank, since in this case the
equations

d @H ..
= 50 00", 00 =

can be always uniquely solved for

g to Control, EECI, April, 2009

di erentiated constraint

+ b )@z s 7 (X)D(x)

(25)
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Example 12 (Coupled masses continued) Di erentiating the
constraint equation P~ P2 =0 andusing p;= and p = one

m 1 mo
obtains
1
(— +
m1

which determines the constraint force (to be equal to 0).
De ning the total momentum P = p1 + p2 one obtains the reduced

system p=p;+ p>=0.

1 —_—
m—z) =0 (26)
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On the other hand, suppose that the mass M, IS connected to a
linear spring with spring constant ki and elongation ¢ and that the
mass M, is connected to a linear spring with spring constant Ko, and
elongation . Then the dynamical equations change into
Pr= kiqp+ and pp= ko , and di erentiation of the
- p P2 —
constraint - m—22 =0 leads to
K K 1 1
—qt+ —p+(—+—) =0 (27)
M1 Mo M1 Mo
- : : — mim K K
which determines the constraint force as = oo (ml1 Ch m—zzqz),
and results in the dynamical equation for the total momentum P
given by

p= kia kop (28)
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Consider the equations of a general mechanical system subje ct to
kinematic constraints. The constrained Hamiltonian equat lons
de ne a port-Hamiltonian system, with respect to the Dirac
structure D (in constrained input-output representation)
h i h i
D=f(fs;es;fc;ec)jO= 0 AT(g) es; e = 0 BT(g es;

2 3 2 3 2 3

|
4 9 hhsea 05 44 O 5. 5Rig

I, O A(Q) B(q)
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The algebraic constraints on the state variables (q;p are

0= AT(q)@mp)

and the constrained state space is =f(g;p j AT (q) (q p=0g.
We may solve for the algebraic constraints and at the same t|m e
eliminate the constraint forces A(g) in the following way. Since

rank A(q) = k, there exists locally an n (n k) matrix S(q) of rank
n Kk such that

A'(9)S(q) =0
Now dene p=(®%p°) =(P1;:::Pn k.:Pn kei. . ..Pn) @s
P = TP P2 R K
¥ = AT(q)p; P2 R¥

The map (g;p 7' (q;p*;p?) is a coordinate transformation. Indeed,
the rows of ST (q) are orthogonal to the rows of AT (0).
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In the new coordinates the constrained Hamiltonian system

becomes
Zg_3 2 0 S 32%3
: q
el = § 5@ PSS, Li@ie
P 2 3 2 3 %

0 0
§ 0 Z + §Bc(q)é u
A" (A(9) B(a)
AT(@8H = AT(QA(QZ = 0

with H(q;p) the Hamiltonian H expressed in the new coordinates

;P
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Here S; denotes the i-th column of S(qg); 1=1;:::;n Kk, and [S;;Sj]

IS the Lie bracket

of S and §j, in local coordinates given as:

sa) = PPaos @ 2Ps
[Si3 Si1(a) @q(CI)Su(CI) @qSJ (9)
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Since  only inuences the  p?-dynamics, and the constraints
AT (q) %')(q; p =0 are equivalently given by %(q;p) =0, the
constrained dynamics is determined by the dynamics of q and p

(coordinates for the constrained state space Xe)
2 3 2 3 2 3

4°5 = Jo(q;p) 4 @WPI 5+ 4 Sy,

(@]a3
|35L @' (a;pt) Be(a)

where H¢(q;p') equals H(q;p) with p? satisfying % =0, and where
the skew-symmetric matrix Jo(g;pt) is given as the left-upper part

of the structure matrix, that2is 3

On S(g)
Je(q;ph) = 4 o
ST(@ PSS

here p is expressed as function of q;p;, with p? eliminated from
=0.

=

92
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Furthermore, in the coordinates d;p, the output map is given in the
form 2 3
h . | @
y= Bl(a) B (9 4TS

@p*

which reduces on the constrained state space Xc to

@t ,
y = B¢ (@) =5(a:p")
C @1
These equations de ne a port-Hamiltonian system on X, with

Hamiltonian H. given by the constrained total energy, and with
structure matrix  Je.
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Example 13 (Example 4 continued: The rolling euro) De ne

the new p-coordinates

P1 =
P2 =
P3
P4

The constrained state space

p.

P + pxcos + pysin'
Px P cos

py p sin’

Xc Is given by p3 = ps =0, and the

79
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dynamics on X is computed as
2 3

2
y
_ Oy
P1 0 0 0
2

P24 c%s' sin' 1 O
a5 _ 43P
y2 P1

where Hc(X;y; ;P 1:P2) = 2pi+ Zps.

g to Control, EECI, April, 2009
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Part 11l: Analysis of port-Hamiltonian systems
Port-Hamiltonian systems and passivity

A square nonlinear system

X f(x)+ g(x)u; u2R"™

y = hX); y 2 R™

where x 2 R" are coordinates for an  n-dimensional state space
passive If there exists a storage function VX! R with
V(x) O for every X, such that
Z .,
V(x(t2)) V(x(t1)) y' (Hu(t)dt

t1

for all solutions (u();x();y()) and times t; t5.
The system is lossless if is replaced by =.

X, IS
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If H is dierentiable then 'passive' is equivalent to

d
—V ylu
at’ Y
which reduces to (Willems, Hill-Moylan)
GV)f(x) 0
h(x) = g"(x)&ix)
while in the lossless case Is replaced by =.
In the linear case
X = Ax+ Bu
y = CXx

IS passive if there exists a quadratic storage function
with Q= QT 0 satisfying the LMIs

ATQ+ QA 0, C=B'Q

V(x) = ZxTQx,
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Clearly, any port-Hamiltonian system with Hamiltonian H Ois
passive, since

d

aH = eEfR+e|I,fp e;fp

and thus H is a storage function. Furthermore, if there are no
power-dissipating elements R, then a port-Hamiltonian system with
H O is lossless.
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Every linear passive system with storage function V(X) = %XT QX,
satisfying
kerQ kerA

can be rewritten as a linear  port-Hamiltonian system

X = (J RQx+Bu, J= J'; R=R"T O
y = B'Qx
In which case the storage function V(X) = %XT Qx is called the

Hamiltonian H.

Passive linear systems are thus port-Hamiltonian with
non-negative Hamiltonian.
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Mutatis mutandis  'most' nonlinear lossless systems can be written
as a port-Hamiltonian system

X = J(x)Gax)+ g(x)u

g" (x) G (X)

with J(x)= JT(x) and %j((x) the column vector of partial
derivatives. Note that

y

X=J (X) (X)

Is the internal Hamiltonian dynamics known from physics, wh ich in
classical mechanics can be written as

a = Giap
p = &i@ap

with the Hamiltonian H the total (kinetic + potential) energy.
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Similarly, most nonlinear passive systems can be written as
port-Hamiltonian system (with dissipation)

x. = [J(x) RE)IGX)+ gx)u

y g" (x) B (x)

with R(X) = RT(x) O specifying the energy dissipation

Sh= R ore0 Qe ury ury

86
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Further analysis of port-Hamiltonian systems

Port-Hamiltonian systems modeling encodes more
information than energy-balance.

The Dirac structure determines all the Casimir functions

(conserved quantities which are independent of H).

Example : In the rst LC circuit the total ux 1+ oIS a
conserved quantity that is solely determined by the circuit topology.
(In Part IV this will be used for set-point control .)

Furthermore, the Dirac structure directly determines the algebraic
constraints

Example : In the second LC-circuit the state variables Q: and Q
are related by

Qi _ Q

C: G
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Port-Hamiltonian systems are more than just
energy-conserving. For any Dirac structure D dene

Gy = ffy]9e;f,e sit. (fy;e;f;e)2Dg Ty X

Py feg ]9fy;f;e sit. (fy;e;f,e) 2Dg T, X

The space G; expresses the set of admissible ows, and therefore
the conserved gquantities or Casimir functions

C is a Casimir function i @C(f,)=0 for all fy 2 Gy. Indeed, then
& = S5 (x(1)x(t) =0 for all solutions.

P, determines the set of admissible e orts, and therefore the

algebraic constraints
X should satisfy the equations dH (x) 2 P1(x).

Extension: symmetries and reduction of port-Hamiltonian systems.
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Pole- and zero-dynamics of port-Hamiltonian
systems

Start with a general port-Hamiltonian system in kernel
representation

H
FxX = Ex%(x) FrF(er)+ Erer + Fpfp + Epep
Various pole/zero-dynamics , which inherit the port-Hamiltonian
structure, can be de ned. Simplest two possibilities:

fp =0; or ep =0

For e =0 (while leaving fp free) we obtain the port-Hamiltonian
system

H
LFyX = LEX@—X(X) LFRF(GR)+ LE rer (29)

@

where L is any matrix of maximal rank satisfying LFp =0.
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Indeed, the equations LFfy + LEyex + LFrfr + LEgRer =0 dene
the reduced Dirac structure

Dred FX EX FR ER!

90

which results from interconnection of the original Dirac st ructure D

with the Dirac structure on the space of external port variab les
Fp Ep dened by ep =0.

The choice fp =0 is similar, the di erence being that L should now
satisfy LEp =0.

For a hybrid partitioning of the port-variables fp;ep, we may de ne
for every subset K f 1; ; mg the reduced Dirac structure
corresponding to setting the variables epi;l 2 K;fpj;1 2 K; equal to

zero (while leaving the complementary part free).
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Model reduction of port-Hamiltonian systems

Network modeling of complex lumped-parameter systems
(circuits, multi-body systems) often leads to high-dimens lonal
models.

Structure-preserving spatial discretization of
distributed-parameter port-Hamiltonian systems yields
high-dimensional port-Hamiltonian models.

Lumped-parameter modeling of systems like MEMS gives
high-dimensional port-Hamiltonian systems.

Controller systems may be in rst instance
distributed-parameter , and need to be discretized to low-order
controllers.
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In many cases we want the reduced-order system to be again
port-Hamiltonian

Port-Hamiltonian model reduction preserves passivity.

Port-Hamiltonian model reduction may (approximately)
preserve other balance laws /conservation laws.

Physical interpretation of reduced-order model.

Reduced-order system can replace the high-order
port-Hamiltonian system in a larger context.

Thus there is a need for  structure-preserving model reduction of
high-dimensional port-Hamiltonian systems.
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Controllability analysis

Consider a linear port-Hamiltonian system, written as

X FOx+Bu;, F=J R, J= J':R=R" O

y = BTQx;, Q=QT O

Take linear coordinates X = ( X1;X2) such that the upper part of

2 3 2 3 2 3 2 3 2 3
4>£15:4F11 |:125 4Q11 Q125 4X15+4Bl5u
X2 For Fo Qa1 Q2 X2 B>
) 2 3 2 3

|
y — BI BT 4 Qll Q12 5 4 X1 5
Q21 Q22 X2

IS the reachability subspace R.
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By invariance of R this implies

F21Q11 + F22Q21 =

Bz —
If follows that the dynamics restricted to R is given as
X1 = (F11Qu1+ F12Q21)X1 + Byu
y = B{QuXi
Now solve for Q1 as Q1 = F,,'F21Q11. This yields
X3 = (Fu  F12F,'F21)Quixs + Byu
y = B{QuXi

which is again a port-Hamiltonian system
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Observability analysis

Suppose the system is not observable. Then there exist
coordinates X = ( X1;X2) such that the lower part is the
unobservability subspace N. By invariance of N it follows that

F11Q12 + F12Q22 =
Bl Qu+ BJQx

Then the dynamics on the quotient space X=N is

X1 = (F11Q11+ F12Q21)x1 + B1u

y = B{Quxi+ BJQaxg
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It follow from that  Fi, = F11Q12Q,, and BJ = BJQ12Q,;.
Substitution yields

X1 = F11(Qun  Q12Q,;Qz1)X1 + B1u
y = B{(Qu Q12Q,;Q21)X1
which is again a port-Hamiltonian system with Hamiltonian
H=2Ix](Qu Q12Q,; Q21)X1.

Remark Note that the Schur complement (Q11 Q12Q221Q21) 0 if
Q o
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This suggests two canonical ways for structure-preserving
reduction.
E ort-constraint mephog

e
Dene e= Qx=4 "5 and set e =0:
57)

X1 = F11(Qu  Q12Q,,Q21)X1 + Byu
y = BJ(Qu Q12Q,,Q21)X1

Flow-constraint method (if B, =0)
Set X = X2 =0:

(Fi1  F12F,,"F21)Quix1 + Bu

B! Quix1

X1
y

model

97



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009

General structure-preserving model reduction

Let us assume that we have been able to nd a splitting of the

state space variables x = (x!;x?) having the property that the X2
coordinates hardly contribute to the external port behavio r of the
system, and thus could be omitted from the state space

description.

In which way is it possible to retain the port-Hamiltonian st ructure
In model reduction ?

98



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 99

Recall that the vector of ow and e ort variables is required to be
iIn the Dirac structure

(oo elifrierifpier) 2D;

while the ow and e ort variables fy:e. are linked to the
constitutive relations of the energy-storage by

xh= th 8H(x%x?) = ¢
= 15 G = &
The basic idea of structure-preserving model reduction is t o 'cut'
the interconnection
2 _ 2. @H 2\ —
xc= fg; x1:x
between the energy storage corresponding to x? and the Dirac

structure, in such a way that no power is transferred.
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This is done by making both power products (%)Tx_2 and (e2)7Tf2
equal to zero.

Figure 6: Model Reduction Scheme
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The following main scenario's arise:

1 Set @H
x1:x?)=0: € =0
The rst equation imposes an algebraic constraint on the spa ce

variables x = (x*;x?). Under general conditions this constraint
allows one to solve x? as a function x?(x!) of x!, leading to the
reduced Hamiltonian

Hiea (x) = H (x5 x*(xh)

Furthermore, the second equation de nes the reduced Dirac
structure
e = f(fl'ei'fR;eR;fp'ep)j9f2 such that

(fl e f20;fr;er;fp;ep) 2 Dg
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leading to the reduced port-Hamiltonian system

( x*: @@%d (x'); F(er);er:fp;ep) 2Dy

This reduction method is the E ort-constraint reduction method.
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2 Set
x°=0; f2=0

The rst equation imposes the constraint

X% =

c (constant)
and thus de nes the reduced Hamiltonian

Hysa (x1) := H(x%;0);

while the second equation leads to the reduced Dirac structu re
Dic, = f(fl;el;fr;er;fp;ep)j9€ such that

(flel;0;e;fr;er;fp;ep) 2 Dg

and the corresponding reduced port-Hamiltonian system

( x_l;@@”;d(xl); F(er):ex:fp:ep) 2D,

This is the Flow-constraint reduction method.
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3 Set
x*=0; &=0
This leads to the reduced-order port-Hamiltonian system wi th
reduced Hamiltonian ~ HS,(x) and reduced Dirac structure Sy
4 Set
@H

@%(x x?)=0; f2=0

This leads to the port-Hamiltonian system with reduced
Hamiltonian  H ¢ (x') and reduced Dirac structure Df¢, .
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The above reduction schemes have di erent physical

interpretations and consequences.

Consider an electrical circuit where X2 corresponds to the charge Q
of a single (linear) capacitor.

Application of the E ort-constraint method corresponds to

removing the capacitor (and setting its charge equal to zero ) and
short-circuiting  the circuit at the location of the capacitor.

The Flow-constraint method corresponds to open-circuiting  the
circuit at the location of the capacitor, and keeping the cha rge of

the capacitor constant.

Method 3 is in this case very similar to the E ort-constraint

method, and corresponds to short-circuiting, with the mino r

di erence of setting the charge of the capacitor equal to a

constant.

Method 4 corresponds to open-circuiting while setting the ¢ harge
of the capacitor equal to zero (and thus is similar to the
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Flow-constraint method).
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Explicit equational representations of the four methods
starting from the full-order model:

H
FxX = Ex%((x) FrF(er)+ Erer + Fpfp + Epep

Corresponding to the splitting of the state vector X into X = (x*;x?)
and the splitting of the ow and e ort vectors fy;e into fl;f2 and
el;e2 we write
h i h i
Fx = Fxl FXZ ,  Ex = E)% E)%
The reduced Dirac structure =4 corresponding to the

e ort-constraint e2 =0 is given by the explicit equations
LoF fy + L¥Exe + LFrfr + LErer + L*Fpfp + L*Epep =0
where L°¢ is any matrix of maximal rank satisfying

L*F7 =0
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Similarly, the reduced Dirac structure D¢, corresponding to the
ow-constraint ~ f2 =0 is given by the equations

LR fg+ LEger + L°Frfr + LErer + LFpfp + LEpep =0
where L' is any matrix of maximal rank satisfying

L°EZ =0
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It follows that the reduced-order model resulting from appl ying the
E ort-constraint method is given by

C
LFixt = L*°E, @@%d (x') L*°FrF(er)+ L*Erer+L*Fpfp+L*Epep;

whereas the reduced-order model resulting from applying th e
Flow-constraint method is given by

C
LicFlx! = L*EL @@'ﬂ;d (x}) L™FgrF(eg)+ L®Egrer + L®Fpfp + L Epep

Similar expressions follow for the reduced-order models ar Ising from
applying Methods 3 and 4.
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Part V (Thursday morning): Control of
port-Hamiltonian systems; continued

Contents
Use of passivity for control
Control by interconnection: set-point stabilization
The dissipation obstacle

A state feedback perspective; shaping the Hamiltonian

New control paradigms
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Use of passivity for control and beyond

The storage function can be used as Lyapunov function,
Implying some sort of stability for the uncontrolled system

The standard feedback interconnection of two passive syste
IS again passive, with storage function being the sum of the
individual storage functions.

Passive systems can be asymptotically stabilized by adding
articial damping . In fact,

d
—H T
at oY
together with the additional damping u= vy vyields
d
—H k yk?
dt y
proving asymptotic stability provided an observability

condition is met.

msS
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Example The Euler equations for the motion of a rigid body
revolving about its center of gravity with one input are

1119 = [lz2 13]'2! 3+ guu

121, = [lIs 1] 1! 3+ guu

I3l 3 = [l I2]' 102+ gauy;
Here ! = (! 1;!5;! 3)T are the angular velocities around the principal
axes of the rigid body, and |1;12;13 > 0 are the principal moments

of inertia. The system for u =0 has the origin as an equilibrium
point. Linearization yields the linear system

1
O 0 O 191
0 00 RIS

Hence the linearization does not say anything about stabili zability.
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Stability and asymptotic stabilization by damping injecti

on
Rewrite the system in port-Hamiltonian form by de ning the
angular momenta
Pr=l1lg;p2= 12 o p3= I3l 3
and de ning the Hamiltonian H (p) as the total kinetic energy
2 2 2
H (p) = 1P, P2, P3y
211 1o 13
Then the system can be rewritten as
2 3 2 32 H3 2 3 2 H3
o 0) P3 P2 8—@ O1 h i 8—@
5@2 = § ps O p1§§g—;§+ 5922 U Y= a1 & O §g—;§
B3 . pp 0 & O o
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Since H=0 and H has a minimum at p=0 the origin is stable .
Damping injection amounts to the negative output feedback

P1 P2 P3

u= y= i~ ®— ®&G—= ali1 &2 gls
1 |5 | 3
yielding convergence to the largest invariant set containe din
S:=1p2 R H(P)=00=1p2 R j Qi + G2\” + G| =00
It can be shown that the largest invariant set contained in S is the

origin p=0 if and only if
0060;,0:60;0360;

In which case the origin is rendered asymptotically stable (even,
globally).
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Beyond control via passivity . What can we do if the
desired set-point is not a minimum of the storage function ??

Recall the proof of stability of an equilibrium (! 1;0;0) 6 (0;0;0) of
the Euler equations.

The total energy H = 2t + 22 + 23

p ps P3
minimum at (0;0;0). Stability of (! ;0;0) is shown by taking as
Lyapunov function a combination of the total energy K and

another conserved quantity , hamely the total angular momentum

-1 2 1 2 1 2
- §|1!1+ §|2!2+ §|3!3 hasa

_ 2 2 2 _ 122 2, 2 20 2
C=pr+ps+ps=I7t7+1515+13513

This follows from
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In general, for any Hamiltonian dynamics

X = J(X) (X)
one may search for conserved gquantities C, called Casimirs , as
being solutions of
C
@@X(x)J<x) 0

Then %C =0 for every H, and thus also H + C is a candidate
Lyapunov function

Note that the minimum of H + C may now be dierent from the
minimum of H.
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Control by interconnection: set-point stabilization

Consider rst a lossless Hamiltonian plant system P
x. = J)GI0)+ g(x)u
y = g"(x)&(x)

where the desired set-point X is not a minimum of the

Hamiltonian H, while the Hamiltonian dynamics X = J(x)%j((x) does
not possess useful Casimirs.

How to (asymptotically) stabilize X ?
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Control by interconnection:
Consider a controller port-Hamiltonian system

— = 3OO+ e(us 22X,

g7 ()Q( )

via the standard feedback interconnection

Ye

U= Ye, Uc=Y

118
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Then the closed-loop system is the port-Hamiltonian system
2 3 2 32 3
a X5 _ 4 00 g0gl() g, B0 o

— ge()g"(x)  Je() ax()

with state space X X ; and total Hamiltonian H(x)+ Hc( ):

Main idea: design the controller system in such a manner
that the closed-loop system has useful Casimirs C(x; ) !
This may lead to a suitable candidate Lyapunov function

V(X; )= H(X)+ He( )+ C(x; )

with H. to-be-determined.
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Thus we look for functions C(x; ) satisfying
2 3
! J(x) g(x)g¢ ()
g ) EC(x ) 4 ct 75 =0
o ") T 0 3

such that the candidate Lyapunov function
V(X; )=HX+ Ho( )+ C(x; )

has a minimum at (x ; ) for some (or a set of) ) stability

Remark : The set of such achievable closed-loop Casimirs C(X; )
can be fully characterized.

Subsequently, one may add extra damping (directly or in the
dynamics of the controller) to achieve asymptotic  stability.
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Example: the ubiquitous pendulum

Consider the mathematical pendulum with Hamiltonian

1
H(qg;p = épz +(1  cosq)

actuated by a torque  u, with output vy = p (angular velocity).
Suppose we wish to stabilize the pendulum at a non-zero angle q
and p =0.

Apply the nonlinear integral control

— = Uc=Y

U= Ye %()

[
o

which is a port-Hamiltonian controller system with Je
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Casimirs C(q;p; ) are found by solving

2 3
) | ; 0 1 oZ
@C @C @C =
@q @p @ 10 1 0
0 1 0

leading to Casimirs C(q;p; )= K(g ), and candidate Lyapunov
functions

V(@ip )= 0P+ cos)+ He( )+ K(a )

with the functions H. and K to be determined.
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For a local minimum, determine K and H. such that

Equilibrium assignment

sing + &%(q ) =0
Gi@ )+ G =0
Minimum condition
cosq + €K(q ) O €@ ) ;
0 1 0 750
T@ ) 0 Gha@ )+ GEC)

Many possible solutions.
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The dissipation obstacle

Surprisingly, the presence of dissipation R 6 0 may pose a problem !

C(x) is a Casimir for the Hamiltonian dynamics with dissipation

X = [J(X) R(x)]%:(x); J=J;R=R"T O

%[J R]=0) %[J R]%(;:O ) @g@iRgi:O ) %R =0
and thus C is a Casimir i
%(X)J (x)=0; %(X)R(X) =0
The physical reason for the dissipation obstacle is that by u sing a
passive controller only equilibria where no energy-dissipation takes

place may be stabilized.
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Similarly, if C(x; ) is a Casimir for the closed-loop port-Hamiltonian

system then it must satisfy
2 3
h I R(x) O

@ C . @ 4 5:0
o) G AT L

@x

implying by semi-positivity of R(x) and R¢(x)

@LC(x; JR(X)=0
@L(x; JRe()=0

This is the dissipation obstacle , which implies that one cannot
shape the Lyapunov function in the coordinates that are dire ctly
a ected by energy dissipation.

Remark : For shaping the potential energy in mechanical systems
this is not a problem since dissipation enters in the di erential
equations for the momenta.
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To overcome the dissipation obstacle

Suppose one can nd a mapping C:. X! RM™, with its (transposed)
Jacobian matrix K T(x):= &¥(x) satisfying

() RMIK(x)+ g(x) =0

Construct  now the interconnection and dissipation matrix of an

augmented system as
2 3 2 3

4 ) JKS;R _4 R RK ¢

J
KTy KTIK T KTR KTRK
By construction
[KT(X)j I]\Jaug - [KT(X)j I]Raug =0

implying that the components of C are Casimirs for the
Hamiltonian dynamics
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2 3 2 3
X Zhx)
4_5:[Jaug Raug]4&( )5
- @
Furthermore, since [J(X) R(X)]K(x)+ g(x)=0
2 3
J R [J R]K
Jaug Raug = 4 T o
KT R] KTJK KTRK
2 3

[g 2RK]T KTJK KTRK

Thus the augmented system is a closed-loop system for a di erent
output !
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Port-Hamiltonian systems with feedthrough term take the form

x. = [J(x)  RE)IGX)+ g(x)u

y (9(x) +2P(x)" Gi(x) +[M (x) + S(x)]u;

with M skew-symmetric and S symmetric, while
2 3

4 RO P ¢
PT(X) S(x)

0
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The augmented system is thus the feedback interconnection o f the
nonlinear integral controller

— = Uc
Ye = @@—%( )
with the plant port-Hamiltonian system with modied  output with

feedthrough term

x. = [J() REIGR) + g(x)u

Ymod = [9(x) 2ROOK(OOIT GRO)+[ KT (x)I()K () + KT (x)R(X)K (x)]u
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Generalization to feedback interconnection with
state-modulation

Recall that KT (x):= &%(x) is a solution to

[J(X) R(X)]K(x)+ g(x)=0. This can be generalized to
[J(x)  RX)IK(x)+ g(x) (x)=0

with  (X) an m m design matrix.

The same scheme as above works if we extend the standard
feedback interconnection U= V¢ Uc =Y to the state-modulated
feedback

U= (X)¥e; Uc= "(X)y
Note that K (X) is a solution for some (X) i
g’ ()[I(x) RX)IK(x)=0
(In fact, (X):= (9" (X)g(x)) *g" (X)[JI(X) R(X)]K (x) does the job.)
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Further possibilities to generate Lyapunov functions

Recall that the set of storage functions H of a passive system
generally has aminimal and maximal element (Willems, 1972)

Sa(x) H((x) S/(x); forall x:

where the available storage  S;(X) at X is given as
Z 1

Sa(x) = sup u' (y(t)dt
uT O 0

while the required supply  S;(x) to reach x at t =0 starting from Xg
equals
g Z

S (x) = inf u” (t)y(t)dt

uT OXx( T)=Xo T

In the lossless case S; = S;, and thus H is unique.
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Let H be a dierent storage function, then there exist J(x) and
R(x) such that

[J(x) R(X)]%;I((XF[J‘(X) RO&; (X)

Hence, the same story as before can be repeated for the new dat a.

Remark : An e ective characterization of the class of possible
storage functions H, together with a characterization of the
achievable Casimirs corresponding to J(x) and R(x) seems to be
lacking currently
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A state feedback perspective: shaping the
Hamiltonian

Restrict (without much loss of generality) to Casimirs of th
Cx; )= Gj(x)
It follows that for all time instants
i=G(X+¢g: ¢g2R

Suppose that in this way all control state components
expressed as function
= G(x)

133

e form

i can be

of the plant state  X. Then the dynamic feedback reduces to a
state feedback , and the Lyapunov function H(xX)+ Ho( )+ C(X; )

reduces to the shaped Hamiltonian

H(x) + Hc(G(x))
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A direct state feedback perspective:
Interconnection-Damping Assignment (IDA)-PBC control

A direct way to generate candidate Lyapunov functions

Hy iIs to
look for state feedbacks  u = {pa (X) such that

9(x) R(x)]%':(x)+ 600 0ioa (%) = [ Ja(X) Rd(x)]%”;(x)

where Jq and Ry are newly assigned interconnection and damping
structures.

Remark : For mechanical systems IDA-PBC control is equivalent to
the theory of Controlled Lagrangians (Bloch, Leonard, Mars den, .).
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For Jg = J and Rgq = R (Basic IDA-PBC ) this reduces to

900 RONEETL 00 = 909108 ()

and thus in this case, there exists an Ogipa (X) if and only if
@Hg H)
@X

which is the same equation as obtained for stabilization by C asimir
generation with a state-modulated nonlinear integral cont roller !

g’ () (x) R(X)] (x)=0

Conclusion : Basic IDA-PBC , State-modulated Control by
Interconnection.
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Shifted passivity w.r.t. a controlled equilibrium

(see Jayawardhana, Ortega). Consider a port-Hamiltonian s ystem
x = Fz+gu z= glx)
y = g'z

where F = J R;g are constant, and a controlled equilibrium Xo:

@H
Fzo + =0; = —=
Zo + gUo Zo @X(Xo)
De ne the shifted storage function
@
VOO = Hok) (X x0)T ZE(xa)  Hp(xo

Note that % =z Zzp. It follows that
sV =(z 20)"x=(z 2z)"(Fz+gu)=

(z 2)'F(z z0)*+(z z0)"g(u ug)+(z z)"(Fzo+ gup) (y Yo)'(u

Implying passivity w.r.t. the shifted inputs U Ug and outputs Yy VYo.
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Application to switching control
Consider the port-Hamiltonian model of a power-converter

x=F()z+g( )E+qgu z= %ﬁ(x): F()=3() R()

with vector of Boolean variables 2 £ 0;1g¢, Hp(x) the total stored
electromagnetic energy, and output vector y = ng Z.
Let Xo be an equilibrium of the  averaged model, that is

F(0)Zo+9( 0)E+Quo=0; Z= %;I((Xo)
for some ¢ 2 [0;1]¢ and ug. Then
x = F()Nz z)+ F()zo+9()E+ gu
= F( )Xz zo)+[F() F(olzo+[g() d( 0)]JE+ a(u uo)

+F( 0)zo+ 9( o)E + gUo
= F( )Xz z)+[F() F(olzo+[a() 9d( 0)]E+ a(u up)
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For many power converters we know that

P
F() F(o) = P!“’:l Fi(i o)
g( ) 9( o) = PLaCi o)
and thus
xP
x=F( )Xz z)+ [Fizo+gE](i o)+ g(u up)
i=1

Take as Lyapunov/storage function

V) = Hp(x)  (x x@T%ﬁ(xO) Ho(Xo)
Then
V) =[ZE(x) TEx)™x=(z z)"x=

z 2)F()z )+ Puz 2)T[Fizo+ GEI: o)+ (2

with (z z0)"F( )z z) O

Z0)" gi(u

Uo)
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Thus at any time we can choose i 210;1g such that

SV @ )Ta w)

Implying passivity of the switched system with respect to th e input
vector U Ug and output vector 'y Yo=g'(z z0). As a
conseguence, if the converter is terminated on a static resi stive
load then the switched converter is (asymptotically) stabl e around
Xo. Thus the voltage over the resistive load can be stabilized

around any set-point.

This can be immediately generalized to converters connected to a
load via a transmission line (see Part VII).

Note that for linear capacitors and inductors we have

Hp() = 5T QX V(X)= S(x X0) QX Xo)
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New control paradigms
Example: Energy transfer control

Consider two port-Hamiltonian systems i

Xi = Ji(xi)GE(xi)+ g(xiu

Vi = o' (xi)Gh(xi); 1=1;2
Suppose we want to transfer the energy from the port-Hamilto nian
system 1 to the port-Hamiltonian system 2, While keeping the

total energy Hi + H, constant.
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This can be done by using the output feedback
2 3 2 32 3

4U5_ 4 O V25415
Uz y2y1 0 Y2

It follows that the closed-loop system is energy-preservin g.
However, for the individual energies

st YiYiYs Y2 = Ji Vaii%iiyzijc O

implying that H; is decreasing as long as jjyijj and jjy»jj are
dierent from 0. On the other hand,

H2 = V2 yay1yn = Jivali®iivaii® 0
iImplying that H» is increasing at the same rate. Has been
successfully applied to  energy-e cient path-following control of

mechanical systems (cf. Duindam & Stramigioli).
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Impedance control

Consider a system with two (not necessarily distinct) ports

X = [J(X) R(x)]%j((x)+ gx)u+ k(x)f; x 2X;u2R™
y = g ()8 uy2R™ (30)
e = kKT()&(x) fie2R"

The relation between the f and e variables is called the

'impedance’ of the (f;e)-port. In Impedance Control (Hogan) one
tries to shape this impedance by using the control port

corresponding to  Uu;Yy.

Typical application : the (f;e)-port corresponds to the end-point of

a robotic manipulator, while the (u;y)-port corresponds to
actuation.

Basic question: what are achievable impedances of the
(f;e)-port ?
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Conclusions of Part V

Beyond passivity by port-Hamiltonian systems theory.

Control by interconnection and Casimir generation, IDA-PB C
control.
Allows for 'physical' interpretation of control strategie S.

Suggests new control paradigms for nonlinear systems.

Use of passivity generally yields good robustness, but
performance theory is yet lacking.

See www.math.rug.nl/~arjan for further info.

See forthcoming book: Modeling and Control of Complex Physical
Systems; the Port-Hamiltonian Approach , Geoplex consortium,
Springer, 2009.
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VIl Part Distributed-parameter port-Hamiltonian
systems

Figure 7. Simplest example: Transmission line

Telegrapher's equations de ne the boundary control system
ozt = Sz = 2
. —_ . —_ ;L
g (zit) = Svizy = Q%
fa(t) = V(at), e(t) = I(at)

fo(t) = V(bt); ex(t) | (b; t)
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Transmission line as port-Hamiltonian system
Dene internal ows fy =(fg;fm) andeorts e =(eg;emv):

electric ow fe :[a;b! R
magnetic ow fm i [@;b! R
electric e ort ee ([a;h! R
magnetic e ort ev :[a;b! R

together with  external boundary ows f =(f4;f,) and boundary
eorts e=(e,;e). Dene the innite-dimensional Dirac structure

3 2 32 3
@
afes5 _ 40 @54 % 5
f|\/| @@Z 0 em
2 3 2 3
4 Tap 5 _ 4 Cejav g

€a:b €M jab

145
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This de nes a Dirac structure on the space of internal  ows and
e orts and boundary ows and e orts.

Substituting (as in the lumped-parameter case)

9
fe = %?:fxzx
fm = ot B
9
ew = =9 " @X

with, for example, quadratic energy density

1 2 1-2
HQ )= 58 51

we recover the telegrapher's equations.
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Of course, the telegrapher's equations can be rewritten as t he
linear wave equation

@Q - @@ - @@ -
@t @z @t @z@tL
@1@ - @ Q _ 1 @Q
@zL C LC @

1@
@t @zL @z
(provided L(z);C(z) do not d
| or V.

epend on Zz), or similar expressions in

The same equations hold for a vibrating string , or for a
compressible gas/ uid In a one-dimensional pipe.

Basic question

Which of the boundary variables fa:fp €4:6, can be considered to
be inputs, and which outputs ?



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 148

Example 2: Shallow water equations; distributed-paramete r
port-Hamiltonian system with non-quadratic Hamiltonian

The dynamics of the water in an open-channel canal can be

described by 2 3 2 3 2 3
@45+ 4V M5 54Ms _ g
Y g Vv Y
with h(z;t) the height of the water at position z, and v(z;t) the

velocity (and g gravitational constant).

This can be written as a port-Hamiltonian system by recogniz Ing
the total energy
Z

H(h;v) = [hv? + gh?]dz
a

NI
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yielding the co-energy functions 2

& = %] = Zv?2+ gh Bernoulli function
e, = % = hv mass ow

It follows that the shallow water equations can be written, s

to the telegraphers equations, as

@hr- . — @ @H
otz = Grev
@Qv(-- — @ @H
@\t/(z’t) - @z@h

with boundary variables hvja:p and (V2 + gh)jap.

aDaniel Bernoulli, born in 1700 in Groningen as son of Johann B

149

imilarly

ernoulli, profes-

sor in mathematics at the University of Groningen and foreru nner of the Calculus

of Variations (the  Brachistochrone problem ).
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Paying tribute to history:

Figure 8: Johann Bernoulli, professor in Groningen 1695-17 05.

Figure 9: Daniel Bernoulli, born in Groningen in 1700.
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We obtain the energy balance
dg<e 1
— [W?+ gh’ldz=  (hv)(5v* + gh)j;
dt 2

which can be rewritten as

v(z9h7)ig  v(zhv? + 3gh))jg =

velocity pressure + energy ux through the boundary
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All examples have the same structure

@1(z;1)

& (z:)

with boundary variables
coupled conservation laws

1)t a:bgs

@ @H — @
@z@ » @z 2
@ oH — @
@z@ 1 @z 1

o)t a:bg, Corresponding to two

Ry Ry
S a1 7 &2 = @ 20
Ry Rp
% a 2 = a @@z 1 = 1(a) 1(b)
(In the transmission line, 1 and o is charge- and ux-density, and

1, 2 voltage V and current

| , respectively.)
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For some purposes it is illuminating to rewrite the equation S in
terms of the co-energy variables 1, 2.
2 3 2 32 3 2 32 3
@1 @H @H @ @H @H @ »
4 @5 _ 4 @1 @: 254 @5 - 4 @] @1 254 @z5
@2 @H @H @ 2 @H @H @1
t @2 1 Q@ 3 t @2 1 @ 5 z

2 3 2 32 3
@V o L @v
4 @5 = 4 C54 @z5
(@] 1 0 @l
t L @z
The matrix is called the characteristic matrix , whose eigenvalues
are the characteristic velocities pE—T and pE—T corresponding to

the characteristic eigenvectors (and curves).
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For the shallow water equations this yields
2 3 2 32 3

@1 @1
405 _ 4’ g54@%@25
@
o h v 52
with
15
1= =VvV°+ gh; > = hv
2
being the Bernoulli function and mass ow, respectively.
This corresponds to two characteristic velocities % P gh, which
are, like in the transmission line case, of opposite sign ( subcritical
or uvial ow ) if
vZ  gh
Because the Hamiltonian is non-quadratic, and thus the pde' S are
nonlinear, the characteristic curves may Intersect , corresponding

to shock waves.
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Higher-dimensional spatial domain

Electromagnetic Field: Maxwell's equations

@
O
[

cul H: E = 1D

)

cul E: H= 1B

o
Il

Faraday

Ampere

155
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Di erential version of

R _ g R

@SE = i < B Faraday
R oy R

@SH = & s D Amere

This means that D and B are di erential two-forms |
and E and H are di erential one-forms !

Similar phenomenon in the telegrapher's equations

Voltage / current: functions on [a; b
Charge / ux density: one-forms Qdz;'dz on [a;Db
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General framework: Z is n-dimensional spatial domain with
boundary @Z

The exterior derivative d: K(Z)! **1(Z) incorporates all vector
calculus operations ( grad, curl, div ).

De ne a Dirac structure on the space of ows and e orts:

= = (fg;ftmsf)2 P(2)  %2Z) " Y@3

e = (eg;em;e)2 " F(Z) " AZ) " PM@F
by setting
fe(tz)= dev(tz); fm(tz)= de(t;2);
f()=ee(t@3; et)= ew(t@2

(Transmission line: n=p=qg=1
Maxwell's equations: nN=3;p=09=2)

157
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Mixed lumped- and distributed-parameter
port-Hamiltonian systems

Typical example . power-converter connected via a transmission
line to a resistive load or an induction motor:

The power-converter is a switching port-Hamiltonian
system

Transmission line is distributed-parameter port-Hamilto nian
system.

Induction motor is a port-Hamiltonian system, with
Hamiltonian being the electro-mechanical energy.



Port-Hamiltonian Systems: from Geometric Network Modelin g to Control, EECI, April, 2009 159

Power converter connected to the load via transmission line

g
Z ©
Y

E — S C ——TVC =V, line =R

Figure 10: The Boost converter with a transmission line
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Boost power converter

Figure 11: Boost circuit with clamping diode

The circuit consists of a capacitor C with electric charge  ¢c, an
inductor L with magnetic ux linkage L, and a resistive load R,
together with an ideal diode and an ideal switch S, with switch

positions s =1 (switch closed) and s=0 (switch open).
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The voltage-current characteristics of the ideal diode and
are depicted in Figure 12.

Bis

161

switch

Figure 12: Voltage-current characteristic of an ideal diod
switch

The ideal diode thus satis es the complementarity conditio

VDiD =0; VD 0; iD 0:

e and ideal

ns.
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This yields the port-Hamiltonian model
(with H(ac; )= ¢ @ + o )

2 3 2 32 3 2 3 2 3
1 ©@H — dc I
21%s5 _ 42 7 ! Sspee"C5,4%£,4 So 5
4 s 1 0 oi = 1 (s 1)vp
I = -
Assume that the switch and the diode are coupled in the following

sense: if the switch is closed ( s =1) then the diode is open
(ip =0), while if the switch is open (s =0), then the diode is
closed ( vp =0). (This means that we disregard the so-called
discontinuous modes.)
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In this case we obtain the  switching port-Hamiltonian system

2 3 2 32 3 2 3
1 @H — dc
21 %5 _ 42 7 1 Ssp0e"CT5,49%5¢
H —
" s 1 O oi = 1
2 3
h | A % — q?c .
= @ = _L
| 0 1 @H _ . .
@ L L
A port-Hamiltonian system where the J-matrix depends on the

switch position.
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Control by interconnection of
distributed-parameter port-Hamiltonian systems

Example: stabilization of the shallow water equations

@hz:)y = &% (h;v)
Gz = &eu(hv)

with the 4 boundary variables

tha;b
(%Vz + gh)ja;b

(mass ow and Bernoulli function at the boundary points  a; ).
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Suppose we want to control the water level h to a desired
height h .

An obvious 'physical' controller is to add to one side of the ¢ anal,
say the right-end b, an in nite water reservoir of height h,

corresponding to the port-Hamiltonian 'source' system
— = Ug
Ye = %(: gh )

with Hamiltonian  H¢( ) = gh , by the feedback interconnection
1
uc=y=h(v(b); yc= u= évz(b)+ gh(b)

This yields a closed-loop port-Hamiltonian system with tot al
Hamiltonian
Z 1

2[hv2 + gh®]dz + gh
0
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By mass balance,
Z

h(z;t)dz+ + c

a

Is a Casimir for the closed-loop system. Thus we may take as
Lyapunov function

R R
V(h;v; ) = 1 P[hvZ+ gh?dz+gh  gh[ Jh(z;t)dz+ ]+ ig(b a)h 2

R
= 1 PhvZ+ gh h )2]dz

which has a minimum at the desired set-point (h ;v =0; )
(with arbitrary).
Remark Note that the source port-Hamiltonian system is not

passive, since the Hamiltonian H.( ) = gh is not bounded from
below.
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An alternative, passive, choice of the Hamiltonian control ler system
IS to take e.g. .
Hc( ): Egh ?
leading to the Lyapunov function
Z
1 1
V(h;v; )= = [hvé+ gh h)?ldz+ Zgh (1)

2 4 2
Asymptotic stability of the equilibrium (h ;v =0; =1) can be
obtained by adding 'damping’, that is, replacing Uc = y = h(bv(b) by

@V
Uc =y @( )= h(bv(b) gh( 1)

leading to (if there is no power ow through the left-end a)

d
—V = gh 1)?
(See also the work of Bastin & co-workers for related and more

re ned results.)
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Lumped port-Hamiltonian modeling of distributed
phenomena

Main idea : Discretize the spatial domain, while still identifying th e
‘correct’ nature of the lumped variables. Thus provide the d irect
discrete analogue of the  O-forms, 1-forms, 2-forms, etc. employed in
the description of distributed-parameter port-Hamiltoni an systems.

Alternative route . Discretize the port-Hamiltonian pde model in a
structure-preserving manner (using mixed nite elements)
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Discretization of the spatial domain

A k-complex IS a sequence of linear spaces 0: 1. Kk, with
iIncidence operators

with the property that
@1 @=0; j=1;, ;K

The vector spaces iv] =0;1 ;k; are called the spaces of
] -chains.
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A typical example of a  2-complex is the triangularization of a

2-dimensional manifold, with the j-cells, | =0;1;2; being the sets of
vertices, edges, faces , and @; @ capturing the incidence

structure.

Example:

Consider a triangularization of a 2-sphere with 4 faces, 6 edges,

and 4 vertices. The incidence matrix D, (corresponding to @) is

<V1VoVz3 > <V 1V3Vg > <V 1V4Vo > <V o2VyuV3 >

<ViVp > 1 0 1 0
<Vivz > 1 1 0 0
<ViVg > 0 1 1 0
< VoVz > 1 0 1
<VyVy > 0 1 1
<V3Vg > 0 0 1
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A
Y/

o
Va

The incidence matrix D (corresponding to @) is given as

<ViVo > <V 1V3> <V 1Vu4> <Vov3> <VoVg> <Vg3Vg>

<vy> 1 1 1 0 0 0
<V, > 1 0 0 1 1 0
<vg> 0 1 0 1 0 1
Vg > 0 0 1 0 1 1

It can be veri ed that DD, =0.
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Denoting the dual linear spaces by J:j=0;1 ;k; we have the
following dual sequence

dj dj 120; j:2; ;k

The elements of I are called j-cochains.
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Consider any k-complex , with k-chains 2 ¢ and Kk-cochains
2 K. We de ne, similarly as in the case of a graph ( 1-complex)
its Kirchho behavior as

Bc() = f(; )2 « %]
@ =0:9 2 Klst =d¢g
As before, it is immediately seen that Bk () K K'is a Dirac

structure . In particular, it follows that
< J > k= 0

for every (; )2 Bk() ,where < | >y denotes the duality product
between the dual linear spaces « and X,
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Open k-complexes

An open k-complex is obtained by identifying a subset N 1)e Of
the set of all (k 1)-cells, called the external (k 1)-cells.

De ne the linear space of functions from this subset of (k  1)-cells
to Ras ¢ k 1 (the space of ' external currents ‘).
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As before, Kirchho 's voltage laws remain unchanged

= Ok ;
while Kirchho 's current laws are mogi e(::i3 Into
@ +4 °5=0
0

where . is the vector of external currents associated to the
external (k 1)-cells. We obtain

< j2>k:3<dk J > k=< j@>kl:

< j4 B> 1= < of e>k 1

where . denotes the vector of potentials at the external
(k  1)-cells.
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Similarly to graphs it follows that the Kirchho current law s for
open k-complexes Dye = e Imply certain constraints for the
external 'currents’ e. Indeed, by the fact that

@1 @=0

it follows that

Dk 19¢e e=0

Furthermore, we can uniquely extend the open k-complex to an
ordinary k-complex while keeping the same Betti numbers.

This means again that the external power can be rewritten as a
product of 'external currents' and 'external voltages'.
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Hamiltonian dynamics on a K-complex

There are a number of canonical ways to de ne 'physical’ dyna mics
on k-complexes.

First option: de ne the Dirac structure

@e,: & 2 k:€2 k1

@D
[
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Associate to every k-cell an energy storage, leading to a total
energy storage H(x), where x 2 X denotes the vector of energy
variables, with

@H
x= fx; &= @(X)
Furthermore, associate to every (k  1)-cell the resistive relation
f= Re; R=R'" 0
This yields the relaxation dynamics
@H K
= dke=dkRf = dkR@Q—(X); x2
X K K «kR@ @x( )

with the property that

dH _ @H, .t @H
at (@@(X)) R@@(X) 0
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For an open complex with external (k 1)-cells and external
‘currents' k 1 the de nition is modi ed as follows.

Consider instead

2 3 2 3
f f
f, = dk4f S f,2 k4 52 kl.gq 95 k1
2 3 " Zfb3 (31)
e e
475 = @e; &2 K;4 92  1fp2 k1
€ €

with fp; e, corresponding to the  external (k 1)-cells,
and f;e corresponding to the internal (k 1)-cells.
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Imposing the same storage relations fy = X ex = %j((x) and
resistive relations f = Re we arrive at
X = drR@ (x)+ dbfb
e = @E(X
) _ 2 3
|
@5_

where we have split dy as dg = df d? and @ = 4

q

This de nes a port-Hamiltonian system with inputs fy and
outputs &

180
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Heat transfer on a 2-complex

We will write the heat transfer as a conservation law in terms of
the conservation of internal energy:

The internal energy  u of the 2-complex is a 2-cochain, u2 2 (with
every component of U denoting the energy of the corresponding
2-cell).

The thermodynamic properties are de ned by Gibbs' relation , and
generated by the entropy function s = s(u) as thermodynamic
potential. Since we consider transformations with constan t volume
and without mass transfer, Gibbs' relation reduces to the de nition
of the vector of intensive variables €., conjugated to the extensive
variables u by

€ = %3“)
The components of the vector e, 2 » are equal to the reciprocal

of the temperature in each 2-cell.
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The heat conduction is given by the heat ux

f2 !
describing the heat ux through every 1-cell (edge). This ux
arises from thermal non-equilibrium, de ned by the fact tha t the

temperature is varying over the 2-cells.

Its conjugate vector of variables is the thermodynamical driving
force vector

e’2
given as the vector of the di erences of the reciprocals of th e

temperatures of the  2-cells with common edges ( 1-cells)

e= @e,
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By Fourier's law the heat ux due to thermal non-equilibrium IS
expressed as
= R(ey) €;

with R(ey) = R"(e,) 0 depending on the heat conduction
coe cients. (Note the sign-di erence !). Finally

du
at - %

Hence the resulting system is a port-Hamiltonian system (of
relaxation type) de ned on the 2-complex, with vector of state
variables X given by the internal energy vector u, and Hamiltonian

s(u).

By the di erent sign the entropy s(u) satis es

(@ REI@ o) O
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expressing the fact that the entropy s(u) is monotonously
Increasing .

The exchange of heat through the boundary of the system can be
iIncorporated by splitting the edges ( 1-cells) into internal edges with
the resistive relation and external (boundary) edges. This would
lead to

= (@) RE) @ g+ afs

with fy; e denotlng the heat ux, respectively, thermodynamical
driving force, through the boundary 1-cells.
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Another type of Hamiltonian dynamics is obtained by considering
the relations

fxl = dkexz; fxl 2 k;exz 2 k1
fxz = @exl; e 2 k;fxz 2 k1
de ning again a Dirac structure, together with two energy-storage
relations
X! = fa; ea = @T(xD)
X_2 — fx2; eXZ — @—%(XZ)

leading to the oscillatory dynamics

X_l dk @)Ié| (Xl 2)

X2 = @(X 1 x?)

Example 1 : (k =2) Discretized Maxwell's equations on a
2-dimensional domain
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Conclusions

Port-Hamiltonian systems provide a uni ed framework for
modeling, analysis, and simulation of complex
lumped-parameter multi-physics systems.

Starting point for (nonlinear) control. Suggests new contr ol
paradigms.

Inclusion of distributed-parameter components.

Lumping of distributed-parameter systems to
nite-dimensional PH systems.

Structure-preserving model reduction

Extensions to thermodynamic systems and chemical reaction
networks.

Further exploration of the network graph information.
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THANK YOU !

See www.math.rug.nl/~arjan for further info.

See also the forthcoming book
Modeling and Control of Complex Physical Systems; the
Port-Hamiltonian Approach , Geoplex consortium, Springer, 2009.



