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Abstract

It is shown how port-based modeling of lumped-parameter complex physical systems
(multi-body systems, electrical circuits, electromechanical systems, ..) naturally leads
to a geometrically defined class of systems, called port-Hamiltonian systems. These are
Hamiltonian systems defined with respect to a power-conserving geometric structure cap-
turing the basic interconnection laws, and a Hamiltonian function given by the total
stored energy. The structural properties of port-Hamiltonian systems are discussed, in
particular the existence of Casimir functions and its implications for stability and stabi-
liztion. Furthermore it is shown how passivity-based control results from interconnecting
the plant port-Hamiltonian system with a controller port-Hamiltonian system, leading to
a closed-loop port-Hamiltonian system. Finally, extensions to the distributed-parameter
case are provided by formulating boundary control systems as infinite-dimensional port-
Hamiltonian systems .

1 Introduction

Nonlinear systems and control theory has witnessed tremendous developments over the last
three decades, see for example the textbooks [22, 36]. Especially the introduction of geometric
tools like Lie brackets of vector fields on manifolds has greatly advanced the theory, and has
enabled the proper generalization of many fundamental concepts known for linear control
systems to the nonlinear world. While the emphasis in the seventies and the eighties has been
primarily on the structural analysis of smooth nonlinear dynamical control systems, in the
nineties this has been combined with analytic techniques for stability, stabilization and robust
control, leading e.g. to backstepping techniques and nonlinear H∞- control. Moreover, in the
last decade the theory of passive systems, and its implications for regulation and tracking, has
undergone a remarkable revival. This last development was also spurred by work in robotics
on the possibilities of shaping by feedback the physical energy in such a way that it can be
used as a suitable Lyapunov function for the control purpose at hand, see e.g. the influential
paper [59]. This has led to what is sometimes called passivity-based control, see e.g. [38].

In the present paper we want to further stress the importance of modeling for nonlinear
control theory. Of course, this is well-known for (nonlinear) control applications, but in
our opinion also the development of nonlinear control theory for physical systems should be
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integrated with a theoretical framework for modelling. We discuss how network modeling
of (lumped-parameter) physical systems naturally leads to a geometrically defined class of
systems, called port-Hamiltonian systems1. This provides a unified mathematical framework
for the description of physical systems stemming from different physical domains, such as
mechanical, electrical, thermal, as well as mixtures of them.

Historically, the Hamiltonian approach has its roots in analytical mechanics and starts
from the principle of least action, via the Euler-Lagrange equations and the Legendre trans-
form, towards the Hamiltonian equations of motion. On the other hand, the network ap-
proach stems from electrical engineering, and constitutes a cornerstone of systems theory.
While most of the analysis of physical systems has been performed within the Lagrangian
and Hamiltonian framework, the network modelling point of view is prevailing in modelling
and simulation of (complex) physical systems. The framework of port-Hamiltonian systems
combines both points of view, by associating with the interconnection structure (“generalized
junction structure” in bond graph terminology) of the network model a geometric structure
given by a Poisson structure, or more generally a Dirac structure. The Hamiltonian dynamics
is then defined with respect to this Poisson (or Dirac) structure and the Hamiltonian given by
the total stored energy, as well as the energy-dissipating elements and the ports of the system.
This is discussed in Section 2 for the case of Poisson structures (no algebraic constraints),
and in Section 4 for the general case of Dirac structures. Dirac structures encompass the
“canonical” structures which are classically being used in the geometrization of mechanics,
since they also allow to describe the geometric structure of systems with constraints as aris-
ing from the interconnection of sub-systems. Furthermore, Dirac structures allow to extend
the Hamiltonian description of distributed-parameter systems to include variable boundary
conditions, leading to distributed-parameter port-Hamiltonian systems with boundary ports.
This will be briefly explained in Section 5 based on [54, 28, 29].

The structural properties of lumped-parameter port-Hamiltonian systems are investigated
in Section 3 through geometric tools stemming from the theory of Hamiltonian systems. It
is indicated how the interconnection of port-Hamiltonian systems again leads to a port-
Hamiltonian system, and how this may be exploited for control and design. In particular,
we investigate the existence of Casimir functions for the feedback interconnection of a plant
port-Hamiltonian system and a controller port-Hamiltonian system, leading to a reduced
port-Hamiltonian system on invariant manifolds with shaped energy. We thus provide an
interpretation of passivity-based control from an interconnection point of view.

Acknowledgements This paper is based on joint work with several co-authors. In
particular we thank Bernhard Maschke and Romeo Ortega for fruitful collaborations. Some
of the material covered in this paper has appeared in [47].

1In previous publications we also used the terminology “Port-Controlled Hamiltonian (PCH) systems”, or
“generalized port-controlled Hamiltonian systems”.
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2 Port-Hamiltonian systems

2.1 From the Euler-Lagrange and Hamiltonian equations to port-

Hamiltonian systems

Let us briefly recall the standard Euler-Lagrange and Hamiltonian equations of motion. The
standard Euler-Lagrange equations are given as

d

dt

(
∂L

∂q̇
(q, q̇)

)

−
∂L

∂q
(q, q̇) = τ, (1)

where q = (q1, . . . , qk)
T are generalized configuration coordinates for the system with k degrees

of freedom, the Lagrangian L equals the difference K − P between kinetic energy K and
potential energy P , and τ = (τ1, . . . , τk)

T is the vector of generalized forces acting on the
system. Furthermore, ∂L

∂q̇
denotes the column-vector of partial derivatives of L(q, q̇) with

respect to the generalized velocities q̇1, . . . , q̇k, and similarly for ∂L
∂q

. In standard mechanical
systems the kinetic energy K is of the form

K(q, q̇) =
1

2
q̇T M(q)q̇ (2)

where the k × k inertia (generalized mass) matrix M(q) is symmetric and positive definite
for all q. In this case the vector of generalized momenta p = (p1, . . . , pk)

T , defined for any
Lagrangian L as p = ∂L

∂q̇
, is simply given by

p = M(q)q̇, (3)

and by defining the state vector (q1, . . . , qk, p1, . . . , pk)
T the k second-order equations (1)

transform into 2k first-order equations

q̇ = ∂H
∂p

(q, p) (= M−1(q)p)

ṗ = −∂H
∂q

(q, p) + τ

(4)

where

H(q, p) =
1

2
pTM−1(q)p + P (q) (=

1

2
q̇T M(q)q̇ + P (q)) (5)

is the total energy of the system. The equations (4) are called the Hamiltonian equations of
motion, and H is called the Hamiltonian. The following energy balance immediately follows
from (4):

d

dt
H =

∂T H

∂q
(q, p)q̇ +

∂T H

∂p
(q, p)ṗ =

∂T H

∂p
(q, p)τ = q̇T τ, (6)

expressing that the increase in energy of the system is equal to the supplied work (conservation
of energy).

If the Hamiltonian H(q, p) is assumed to be the sum of a positive kinetic energy and a
potential energy which is bounded from below, that is

H(q, p) =
1

2
pT M−1(q)p + P (q) (7)

M(q) = MT (q) > 0, ∃C > −∞ such that P (q) ≥ C.
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then it follows that (4) with inputs u = τ and outputs y = q̇ is a passive (in fact, lossless)
state space system with storage function H(q, p)−C ≥ 0 (see e.g. [61, 20, 47] for the general
theory of passive and dissipative systems). Since the energy is only defined up to a constant,
we may as well as take as potential energy the function P (q)−C ≥ 0, in which case the total
energy H(q, p) becomes nonnegative and thus itself is the storage function.

System (4) is an example of a Hamiltonian system with collocated inputs and outputs,
which more generally is given in the following form

q̇ =
∂H

∂p
(q, p) , (q, p) = (q1, . . . , qk, p1, . . . , pk)

ṗ = −
∂H

∂q
(q, p) + B(q)u, u ∈ R

m, (8)

y = BT (q)
∂H

∂p
(q, p) (= BT (q)q̇), y ∈ R

m,

Here B(q) is the input force matrix, with B(q)u denoting the generalized forces resulting
from the control inputs u ∈ R

m. The state space of (8) with local coordinates (q, p) is usually
called the phase space. In case m < k we speak of an underactuated system. If m = k and the
matrix B(q) is everywhere invertible, then the Hamiltonian system is called fully actuated.

Because of the form of the output equations y = BT (q)q̇ we again obtain the energy
balance

dH

dt
(q(t), p(t)) = uT (t)y(t) (9)

Hence if H is non-negative (or, bounded from below), any Hamiltonian system (8) is a loss-
less state space system. For a system-theoretic treatment of the Hamiltonian systems (8),
especially if the output y can be written as the time-derivative of a vector of generalized
configuration coordinates, we refer to e.g. [8, 43, 44, 10, 36].

A major generalization of the class of Hamiltonian systems (8) is to consider systems
which are described in local coordinates as

ẋ = J(x)∂H
∂x

(x) + g(x)u, x ∈ X , u ∈ R
m

y = gT (x)∂H
∂x

(x), y ∈ R
m

(10)

Here J(x) is an n × n matrix with entries depending smoothly on x, which is assumed to be
skew-symmetric

J(x) = −JT (x), (11)

and x = (x1, . . . , xn) are local coordinates for an n-dimensional state space manifold X .
Because of (11) we easily recover the energy-balance dH

dt
(x(t)) = uT (t)y(t), showing that (10)

is lossless if H ≥ 0. We call (10) with J satisfying (11) a port-Hamiltonian system with
structure matrix J(x) and Hamiltonian H ([24, 30, 25]). Note that (8) (and hence (4)) is a
particular case of (10) with x = (q, p), and J(x) being given by the constant skew-symmetric

matrix J =
[

0 Ik

−Ik 0

]

, and g(q, p) =
[

0
B(q)

]

.

As an important mathematical note, we remark that in many examples the structure
matrix J will satisfy the “integrability” conditions

n∑

l=1

[

Jlj(x)
∂Jik

∂xl
(x) + Jli(x)

∂Jkj

∂xl
(x) + Jlk(x)

∂Jji

∂xl
(x)

]

= 0, i, j, k = 1, . . . , n (12)
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In this case we may find, by Darboux’s theorem (see e.g. [60]) around any point
x0 where the rank of the matrix J(x) is constant, local coordinates x̃ = (q, p, s) =
(q1, . . . , qk, p1, . . . , pk, s1, . . . sl), with 2k the rank of J and n = 2k + l, such that J in these
coordinates takes the form

J =





0 Ik 0
−Ik 0 0
0 0 0



 (13)

The coordinates (q, p, s) are called canonical coordinates, and J satisfying (11) and (12) is
called a Poisson structure matrix. In such canonical coordinates the equations (10) take the
form

q̇ =
∂H

∂p
(q, p, s) + gq(q, p, s)u

ṗ = −
∂H

∂q
(q, p, s) + gp(q, p, s)u

ṡ = gs(q, p, s)u (14)

y = gT
q (q, p, s)

∂H

∂q
(q, p, s) + gT

p (q, p, s)
∂H

∂p
(q, p, s) + gT

s (q, p, s)
∂H

∂s
(q, p, s)

which is, apart from the appearance of the variables s, very close to the standard Hamiltonian
form (8). In particular, if gs = 0, then the variables s are merely an additional set of constant
parameters.

Although traditionally Hamiltonian systems arise from the Euler-Lagrange equations of
motion (which are usually derived from variational principles) the point of departure for the
theory of port-Hamiltonian systems is different. Indeed, port-Hamiltonian systems arise sys-
tematically from network models of physical systems. In network models of complex physical
systems the overall system is seen as the interconnection of energy-storing elements via basic
interconnection (balance) laws as Newton’s third law or Kirchhoff’s laws, as well as power-
conserving elements like transformers, kinematic pairs and ideal constraints, together with
energy-dissipating elements. The basic point of departure for the theory of port-Hamiltonian
systems is to formalize the basic interconnection laws together with the power-conserving
elements by a geometric structure, and to define the Hamiltonian as the total energy stored
in the system. Indeed, for the (restricted) form of port-Hamiltonian systems given above the
structure matrix J(x) and the input matrix g(x) may be directly associated with the network
interconnection structure, while the Hamiltonian H is just the sum of the energies of all the
energy-storing elements; see our papers [30, 24, 32, 31, 50, 52, 27, 46, 58]. In particular,
network models of complex physical systems formalized within the (generalized) bond graph
language ([41, 7]) can be shown to immediately lead to port-Hamiltonian systems; see e.g.
[19].

Example 2.1 (LCTG circuits). Consider a controlled LC-circuit (see Figure 1) consisting
of two inductors with magnetic energies H1(ϕ1),H2(ϕ2) (ϕ1 and ϕ2 being the magnetic flux
linkages), and a capacitor with electric energy H3(Q) (Q being the charge). If the elements
are linear then H1(ϕ1) = 1

2L1
ϕ2

1, H2(ϕ2) = 1
2L2

ϕ2
2 and H3(Q) = 1

2C
Q2. Furthermore let V = u

denote a voltage source. Using Kirchhoff’s laws one immediately arrives at the dynamical
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Q

C

ϕ1 ϕ2

V

L1 L2

Figure 1: Controlled LC-circuit

equations





Q̇
ϕ̇1

ϕ̇2



 =





0 1 −1
−1 0 0
1 0 0





︸ ︷︷ ︸

J







∂H
∂Q

∂H
∂ϕ1

∂H
∂ϕ2







+





0
1
0



u (15)

y =
∂H

∂ϕ1
(= current through first inductor)

with H(Q,ϕ1, ϕ2) := H1(ϕ1)+H2(ϕ2)+H3(Q) the total energy. Clearly the matrix J is skew-
symmetric, and since J is constant it trivially satisfies (12). In [31] it has been shown that in
this way every LC-circuit with independent elements can be modelled as a port-Hamiltonian
system. Furthermore, also any LCTG-circuit with independent elements can be modelled
as a port-Hamiltonian system, with J determined by Kirchhoff’s laws and the constitutive
relations of the transformers T and gyrators G. 2

Example 2.2 (Actuated rigid body). Consider a rigid body spinning around its center
of mass in the absence of gravity. The energy variables are the three components of the body
angular momentum p along the three principal axes: p = (px, py, pz), and the energy is the
kinetic energy

H(p) =
1

2

(

p2
x

Ix
+

p2
y

Iy
+

p2
z

Iz

)

,

where Ix, Iy, Iz are the principal moments of inertia. Euler’s equations describing the dynam-
ics are





ṗx

ṗy

ṗz



 =





0 −pz py

pz 0 −px

−py px 0





︸ ︷︷ ︸

J(p)







∂H
∂px

∂H
∂py

∂H
∂pz







+ g(p)u (16)

It can be checked that the skew-symmetric matrix J(p) satisfies (12). (In fact, J(p) is the
canonical Lie-Poisson structure matrix on the dual of the Lie algebra so(3) corresponding to
the configuration space SO(3) of the rigid body.) In the scalar input case the term g(p)u
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denotes the torque around an axis with coordinates g = (bx by bz)
T , with corresponding

collocated output given as

y = bx
px

Ix
+ by

py

Iy
+ bz

pz

Iz
, (17)

which is the velocity around the same axis (bx by bz)
T . 2

Example 2.3. A third important class of systems that naturally can be written as port-
Hamiltonian systems, is constituted by mechanical systems with kinematic constraints. Con-
sider as before a mechanical system with k degrees of freedom, locally described by k con-
figuration variables q = (q1, . . . , qk). Suppose that there are constraints on the generalized
velocities q̇, described as

AT (q)q̇ = 0, (18)

with A(q) a r × k matrix of rank r everywhere (that is, there are r independent kinematic
constraints). Classically, the constraints (18) are called holonomic if it is possible to find new
configuration coordinates q = (q1, . . . , qk) such that the constraints are equivalently expressed
as

q̇k−r+1 = q̇n−r+2 = · · · = q̇k = 0 , (19)

in which case one can eliminate the configuration variables qk−r+1, . . . , qk, since the kinematic
constraints (19) are equivalent to the geometric constraints

qk−r+1 = ck−r+1, . . . , qk = ck , (20)

for certain constants ck−r+1, . . . , ck determined by the initial conditions. Then the system
reduces to an unconstrained system in the remaining configuration coordinates (q1, . . . , qk−r).
If it is not possible to find coordinates q such that (19) holds (that is, if we are not able to
integrate the kinematic constraints as above), then the constraints are called nonholonomic.

The equations of motion for the mechanical system with Lagrangian L(q, q̇) and constraints
(18) are given by the Euler-Lagrange equations [35]

d

dt

(
∂L

∂q̇

)

−
∂L

∂q
= A(q)λ + B(q)u, λ ∈ R

r, u ∈ R
m

AT (q)q̇ = 0 (21)

where B(q)u are the external forces (controls) applied to the system, for some k × m matrix
B(q), while A(q)λ are the constraint forces. The Lagrange multipliers λ(t) are uniquely
determined by the requirement that the constraints AT (q(t))q̇(t) = 0 have to be satisfied for
all t.

Defining as before (cf. (3)) the generalized momenta the constrained Euler-Lagrange
equations (21) transform into constrained Hamiltonian equations (compare with (8)),

q̇ =
∂H

∂p
(q, p)

ṗ = −
∂H

∂q
(q, p) + A(q)λ + B(q)u

y = BT (q)
∂H

∂p
(q, p) (22)

0 = AT (q)
∂H

∂p
(q, p)
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with H(q, p) = 1
2pT M−1(q)p+P (q) the total energy. The constrained state space is therefore

given as the following subset of the phase space:

Xc = {(q, p) | AT (q)
∂H

∂p
(q, p) = 0} (23)

One way of proceeding with these equations is to eliminate the constraint forces, and to reduce
the equations of motion to the constrained state space. In [49] it has been shown that this
leads to a port-Hamiltonian system (10). Furthermore, the structure matrix Jc of the port-
Hamiltonian system satisfies the integrability conditions (12) if and only if the constraints
(18) are holonomic. (In fact, if the constraints are holonomic then the coordinates s as in
(13) can be taken to be equal to the “integrated constraint functions” qk−r+1, . . . , qk of (20),
and the matrix gs as in (14) is zero.)

An alternative way of approaching the system (22) is to formalize it directly as an implicit
port-Hamiltonian system, as will be sketched in Section 4.

2.2 Basic properties of port-Hamiltonian systems

As allude to above, port-Hamiltonian systems naturally arise from a network modeling of
physical systems without dissipative elements, see our papers [24, 30, 25, 32, 31, 26, 50, 48,
52, 27, 46]. Recall that a port-Hamiltonian system is defined by a state space manifold X
endowed with a triple (J, g,H). The pair (J(x), g(x)) , x ∈ X , captures the interconnection
structure of the system, with g(x) modeling in particular the ports of the system. This is
very clear in Example 2.1, where the pair (J(x), g(x)) is determined by Kirchhoff’s laws, the
paradigmatic example of a power-conserving interconnection structure, but it naturally holds
for other physical systems without dissipation as well. Independently from the interconnection
structure, the function H : X → R defines the total stored energy of the system. Furthermore,
port-Hamiltonian systems are intrinsically modular in the sense that a power-conserving inter-
connection of a number of port-Hamiltonian systems again defines a port-Hamiltonian system,
with its overall interconnection structure determined by the interconnection structures of the
composing individual systems together with their power-conserving interconnection, and the
Hamiltonian just the sum of the individual Hamiltonians (see [52, 46, 11]).

As we have seen before, a basic property of port-Hamiltonian systems is the energy-

balancing property
dH

dt
(x(t)) = uT (t)y(t). Physically this corresponds to the fact that the

internal interconnection structure is power-conserving (because of skew-symmetry of J(x)),
while u and y are the power-variables of the ports defined by g(x), and thus uT y is the
externally supplied power.

From the structure matrix J(x) of a port-Hamiltonian system one can directly extract
useful information about the dynamical properties of the system. Since the structure matrix
is directly related to the modeling of the system (capturing the interconnection structure)
this information usually has a direct physical interpretation.

A very important property which may be directly inferred from the structure matrix is the
existence of dynamical invariants independent of the Hamiltonian H, called Casimir functions.
Consider the set of p.d.e.’s

∂T C

∂x
(x)J(x) = 0, x ∈ X , (24)
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in the unknown (smooth) function C : X → R. If (24) has a solution C then it follows that
the time-derivative of C along the port-controlled Hamiltonian system (10) satisfies

dC

dt
=

∂T C

∂x
(x)J(x)

∂H

∂x
(x) +

∂T C

∂x
(x)g(x)u (25)

=
∂T C

∂x
(x)g(x)u

Hence, for the input u = 0, or for arbitrary input functions if additionally ∂T C
∂x

(x)g(x) = 0,
the function C(x) remains constant along the trajectories of the port-Hamiltonian system,
irrespective of the precise form of the Hamiltonian H. A function C : X → R satisfying (24)
is called a Casimir function (of the structure matrix J(x)).

The existence of non-trivial solutions C to (24) clearly assumes that rank J(x)
< dimX , but is also related to the integrability conditions (12). In fact, if canonical
coordinates (q, p, s) as in (13) have been found, then the Casimir functions are precisely all
functions C : X → R depending only on the s-coordinates.

From (25) it follows that the level sets LC := {x ∈ X|C(x) = c} , c ∈ R, of a Casimir
function C are invariant sets for the autonomous Hamiltonian system ẋ = J(x) ∂H

∂x
(x). Fur-

thermore, the dynamics ẋ = J(x) ∂H
∂x

(x) restricted to any level set LC is given as the reduced
Hamiltonian dynamics

ẋC = JC(xC)
∂HC

∂x
(xC) (26)

with HC and JC the restriction of H, respectively J, to LC . More generally, if C = (C1, . . . , Cr)
are independent Casimir functions, then in any set of local coordinates (z1, . . . , zl, C1, . . . , Cr)
for X the Hamiltonian dynamics ẋ = J(x) ∂H

∂x
(x) takes the form

[
ż

Ċ

]

=

[
J̃(z, C) 0

0 0

]




∂H
∂z

∂H
∂C



 ,

leading to the reduced Hamiltonian dynamics

ż = J̃(z, C = c)
∂H

∂z

on any multi-level set {x ∈ X| (C1(x), . . . , Cr(x)) = c ∈ R
r}.

The existence of Casimir functions has immediate consequences for stability analysis of
(10) for u = 0. Indeed, if C1, · · · , Cr are Casimirs, then by (24) not only dH

dt
= 0 for u = 0,

but

d

dt
(H + Ha(C1, · · · , Cr)) (x(t)) = 0 (27)

for any function Ha : R
r → R. Hence, even if H is not positive definite at an equilibrium

x∗ ∈ X , then H + Ha(C1, · · · , Cr) may be positive definite at x∗ by a proper choice of Ha,
and thus may serve as a Lyapunov function. This method for stability analysis is called the
Energy-Casimir method, see e.g. [23].

Example 2.4 (Example 2.1 continued). The quantity φ1 + φ2 is a Casimir function.
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Example 2.5 (Example 2.2 continued). The quantity 1
2p2

x + 1
2p2

y + 1
2p2

z (total angular
momentum) is a Casimir function.

For a further discussion of the dynamical properties of Hamiltonian systems (especially if
J satisfies the integrability conditions (12)) we refer to the extensive literature on this topic,
see e.g. [1, 23].

2.3 Port-Hamiltonian systems with dissipation

Energy-dissipation is included in the framework of port-Hamiltonian systems (10) by termi-
nating some of the ports by resistive elements. Indeed, consider instead of g(x)u in (10) a
term

[
g(x) gR(x)

]
[

u
uR

]

= g(x)u + gR(x)uR (28)

and extend correspondingly the output equations y = gT (x)∂H
∂x

(x) to

[
y
yR

]

=





gT (x)∂H
∂x

(x)

gT
R(x)∂H

∂x
(x)



 (29)

Here uR, yR ∈ R
mr denote the power variables at the ports which are terminated by static

resistive elements

uR = −F (yR) (30)

where the resistive characteristic F : R
mr → R

mr satisfies

yT
RF (yR) ≥ 0, yR ∈ R

mr (31)

(In many cases, F will be derivable from a so-called Rayleigh dissipation function R : R
mr → R

in the sense that F (yR) = ∂R
∂yR

(yR).) In the sequel we concentrate on port-Hamiltonian systems
with ports terminated by linear resistive elements

uR = −SyR (32)

for some positive semi-definite symmetric matric S = ST ≥ 0. Substitution of (32) into (28)
leads to a model of the form

ẋ = [J(x) − R(x)] ∂H
∂x

(x) + g(x)u

y = gT (x)∂H
∂x

(x)

(33)

where R(x) := gR(x)SgT
R(x) is a positive semi-definite symmetric matrix, depending smoothly

on x. In this case the energy-balancing property (8) takes the form

dH
dt

(x(t)) = uT (t)y(t) − ∂T H
∂x

(x(t))R(x(t)) ∂H
∂x

(x(t))

≤ uT (t)y(t).

(34)

showing that a port-Hamiltonian system is passive if the Hamiltonian H is bounded from
below. We call (33) a port-Hamiltonian system with dissipation. Note that in this case two

10



geometric structures play a role: the internal interconnection structure given by J(x), and an
additional resistive structure given by R(x), which is determined by the port structure gR(x)
and the linear constitutive relations uR = −SyR of the resistive elements.

Regarding Casimir functions for a port-Hamiltonian system with dissipation (33) we con-
sider functions C : X → R satisfying the set of p.d.e.’s

∂T C

∂x
(x) [J(x) − R(x)] = 0, x ∈ X , (35)

implying that the time-derivative of C along solutions of the system (33) for u = 0 is zero
(irrespective of the Hamiltonian H).
A stronger notion of Casimir functions is obtained by considering functions C : X → R which
are Casimir functions for both geometric structures defined by J(x) and R(x), that is

∂T C
∂x

(x)J(x) = 0

∂T C
∂x

(x)R(x) = 0

(36)

If (36) holds for independent functions C1, . . . , Cr, then in any set of local coordinates (z, C) =
(z1, . . . zl, C1, . . . Cr) the dynamics (33) for u = 0 takes the form

[
ż

Ċ

]

=

([
J̃(z, C) 0

0 0

]

−

[
R̃(z, C) 0

0 0

])




∂H
∂z

∂H
∂C



 , (37)

which can be restricted on any multi-level set {x ∈ X|(C1(x), . . . , Cr(x)) = c ∈ R
r} to

ż =
[

J̃(z, C = c) − R̃(z, C = c)
] ∂H

∂z
(z, C = c) (38)

E

F

C

R

Figure 2: Capacitor microphone

Example 2.6. ([35]) Consider the capacitor microphone depicted in Figure 2. Here the
capacitance C(q) of the capacitor is varying as a function of the displacement q of the right
plate (with mass m), which is attached to a spring (with spring constant k > 0 ) and a damper
(with constant c > 0), and affected by a mechanical force F (air pressure arising from sound).

11



Furthermore, E is a voltage source. The dynamical equations of motion can be written as
the port-Hamiltonian system with dissipation





q̇
ṗ

Q̇



 =









0 1 0
−1 0 0
0 0 0



−





0 0 0
0 c 0
0 0 1/R


















∂H
∂q

∂H
∂p

∂H
∂Q










+





0
1
0



F +





0
0

1/R



E

y1 = ∂H
∂p

= q̇

y2 = 1
R

∂H
∂Q

= I

(39)

with p the momentum, R the resistance of the resistor, I the current through the voltage
source, and the Hamiltonian H being the total energy

H(q, p,Q) =
1

2m
p2 +

1

2
k(q − q̄)2 +

1

2C(q)
Q2, (40)

with q̄ denoting the equilibrium position of the spring. Note that F q̇ is the mechanical power,
and EI the electrical power applied to the system. In the application as a microphone the
voltage over the resistor will be used (after amplification) as a measure for the mechanical
force F .

Example 2.7. ([Ortega et al. [39]]) A permanent magnet synchronous motor can be written
as a port-Hamiltonian system with dissipation (in a rotating reference, i.e. the dq frame) for
the state vector

x = M





id
iq
ω



 , M =





Ld 0 0
0 Lq 0

0 0 j
np



 (41)

the magnetic flux linkages and mechanical momentum (id, iq being the currents, and ω the
angular velocity), Ld, Lq stator inductances, j the moment of inertia, and np the number

of pole pairs. The Hamiltonian H(x) is given as H(x) =
1

2
xT M−1x (total energy), while

furthermore J(x), R(x) and g(x) are determined as

J(x) =





0 L0x3 0
−L0x3 0 −Φq0

0 Φq0 0



 ,

R(x) =





RS 0 0
0 RS 0
0 0 0



 , g(x) =





1 0 0
0 1 0
0 0 − 1

np





(42)

with RS the stator winding resistance, Φq0 a constant term due to interaction of the permanent
magnet and the magnetic material in the stator, and L0 := Ldnp/j. The three inputs are the

stator voltage (vd, vq)
T and the (constant) load torque. Outputs are id, iq and ω.
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In some cases the interconnection structure J(x) may be actually varying, depending on
the mode of operation of the system, as exemplified by the following simple dc-to-dc power
converter with a single switch. See for a further treatment of power converters in this context
[39].

Example 2.8. Consider the ideal boost converter given in Figure 3.

R

s = 1

s = 0

L

E C

Figure 3: Ideal boost converter

The system equations are given as

[
ẋ1

ẋ2

]

=

([
0 −s
s 0

]

−

[
0 0
0 1/R

])[ ∂H
∂x1

∂H
∂x2

]

+

[
1
0

]

E

y =
∂H

∂x1

(43)

with x1 the magnetic flux linkage of the inductor, x2 the charge of the capacitor, and
H(x1, x2) = 1

2L
x2

1 + 1
2C

x2
2 the total stored energy. The internal interconnection structure

matrix J is either

[
0 0
0 0

]

or

[
0 −1
1 0

]

, depending on the ideal switch being in position

s = 0 or s = 1.

3 Control of port-Hamiltonian systems

The aim of this section is to discuss a general methodology for port-Hamiltonian systems (with
or without dissipation) which exploits their Hamiltonian properties in an intrinsic way, see
e.g. [33, 34, 39, 47]. An expected benefit of such a methodology is that it leads to physically
interpretable controllers, which possess inherent robustness properties. Future research is
aimed at corroborating these claims.

We have already seen that port-Hamiltonian systems are passive if the Hamiltonian H is
bounded from below. Hence in this case we can use all the results from the theory of passive
systems, such as asymptotic stabilization by the insertion of damping by negative output feed-
back, see e.g. [47]. The emphasis in this section is however on the somewhat complementary
aspect of shaping the energy of the system, which directly involves the Hamiltonian structure
of the system, as opposed to the more general passivity structure.
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3.1 Control by interconnection

Consider a port-Hamiltonian system (33)

P :
ẋ = [J(x) − R(x)] ∂H

∂x
(x) + g(x)u

y = gT (x)∂H
∂x

(x)

x ∈ X (44)

regarded as a plant system to be controlled. In the previous section we have seen that many
physical systems can be modelled in this way, and that the defining entities J(x), g(x), R(x)
and H have a concrete physical interpretation. Furthermore, if H is bounded from below
then (44) is a passive system.
Recall the well-known result that the standard feedback interconnection of two passive systems
again is a passive system; a basic fact which can be used for various stability and control
purposes. In the same vein we can consider the interconnection of the plant (44) with another
port-Hamiltonian system

C :

ξ̇ = [JC(ξ) − RC(ξ)]∂HC

∂ξ
(ξ) + gC(ξ)uC

yC = gT
C(ξ)∂HC

∂ξ
(ξ)

ξ ∈ XC (45)

regarded as the controller system, via the standard feedback interconnection

u = −yC + e

uC = y + eC

(46)

with e, eC external signals inserted in the feedback loop. The closed-loop system takes the
form

[
ẋ

ξ̇

]

= (

[

J(x) −g(x)gT
C (ξ)

gC(ξ)gT (x) JC(ξ)

]

︸ ︷︷ ︸

Jcl(x,ξ)

−

[

R(x) 0

0 RC(ξ)

]

︸ ︷︷ ︸

Rcl(x,ξ)

)

[
∂H
∂x

(x)

∂HC

∂ξ
(ξ)

]

+

[
g(x) 0

0 gC(ξ)

] [
e
eC

]

[
y
yC

]

=

[

g(x) 0

0 gC(ξ)

][
∂H
∂x

(x)

∂HC

∂ξ
(ξ)

]

(47)

which again is a port-Hamiltonian system, with state space given by the product space X×XC ,
total Hamiltonian H(x) + HC(ξ), inputs (e, eC) and outputs (y, yC). Hence the feedback
interconnection of any two port-Hamiltonian systems results in another port-Hamiltonian
system; just as in the case of passivity.
It is of interest to investigate the Casimir functions of the closed-loop system, especially
those relating the state variables ξ of the controller system to the state variables x of the
plant system. Indeed, from a control point of view the Hamiltonian H is given while HC

can be assigned. Thus if we can find Casimir functions Ci(ξ, x), i = 1, · · · , r, relating ξ to x
then by the Energy-Casimir method the Hamiltonian H + HC of the closed-loop system may
be replaced by the Hamiltonian H + HC + Ha(C1, · · · , Cr), thus creating the possibility of
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obtaining a suitable Lyapunov function for the closed-loop system.
In particular, let us consider Casimir functions of the form

ξi − Gi(x) , i = 1, . . . ,dimXC = nC (48)

That means (see (35)) that we are looking for solutions of the p.d.e.’s (with ei denoting the
i-th basis vector)

[

−
∂T Gi

∂x
(x) eT

i

]




J(x) − R(x) −g(x)gT
C(ξ)

gC(ξ)gT (x) JC(ξ) − RC(ξ)



 = 0

or written out
∂T Gi

∂x
(x) [J(x) − R(x)] − gi

C(ξ)gT (x) = 0

∂T Gi

∂x
(x)g(x)gT

C (ξ) + J i
C(ξ) − Ri

C(ξ) = 0

(49)

with ∂T Gi

∂x
denoting as before the gradient vector

(
∂Gi

∂x1
, . . . , ∂Gi

∂xn

)

, and gi
C , J i

C , Ri
C denoting

the i-th row of gC , JC , respectively RC .
Suppose we want to solve (49) for i = 1, . . . , n̄ , with n̄ ≤ nC (possibly after permutation

of ξ1, . . . , ξnC
). with J̄C(ξ), R̄C(ξ) the n̄ × n̄ left-upper submatrices of JC , respectively RC .

The following proposition has been shown in [47].

Proposition 3.1. The functions ξi − Gi(x), i = 1, . . . , n̄ ≤ nC , satisfy (49) (and thus are
Casimirs of the closed-loop port-controlled Hamiltonian system (47) for e = 0, ec = 0) if and
only if G = (G1, . . . , Gn̄)T satisfies

∂T G
∂x

(x)J(x)∂G
∂x

(x) = J̄C (ξ)

R(x)∂G
∂x

(x) = 0

R̄C(ξ) = 0

∂T G
∂x

(x)J(x) = g̃C (ξ) gT (x)

(50)

with J̄C(ξ), R̄C(ξ) the n̄ × n̄ left-upper submatrices of JC , respectively RC .

In particular, we conclude that the functions ξi−Gi(x), i = 1, . . . n̄, are Casimirs of (47) for
e = 0, eC = 0, if and only if they are Casimirs for both the internal interconnection structure
Jcl(x, ξ) as well as for the dissipation structure Rcl(x, ξ). Hence, as in (38), it follows directly
how the closed-loop port-controlled Hamiltonian system with dissipation (47) for e = 0, eC = 0
reduces to a system any multi-level set {(x, ξ) |ξi = Gi(x) + ci, i = 1, . . . , n̄}, by restricting
both Jcl and Rcl to this multi-level set.

Example 3.2. [56] Consider the “plant” system

[
q̇
ṗ

]

=

[
0 1
−1 0

]






∂H
∂q

∂H
∂p




+

[
0
1

]

u

y =
[

0 1
]






∂H
∂q

∂H
∂p






(51)

15



with q the position and p being the momentum of the mass m, in feedback interconnection
(u = −yC + e, uC = y) with the controller system (see Figure 4)

m
e

b

kc

mc

k

Figure 4: Controlled mass





∆̇qc

ṗc

∆̇q



 =





0 1 0
−1 −b 1
0 −1 0














∂HC

∂∆qc

∂HC

∂pc

∂HC

∂∆q










+





0
0
1



uC

yC = ∂HC

∂∆q

(52)

where ∆qc is the displacement of the spring kc, ∆q is the displacement of the spring k, and pc

is the momentum of the mass mc. The plant Hamiltonian is H(p) = 1
2m

p2, and the controller

Hamiltonian is given as HC (∆qc, pc,∆q) = 1
2( p2

c

mc
+ k(∆q)2 + kc(∆qc)

2). The variable b > 0
is the damping constant, and e is an external force. The closed-loop system possesses the
Casimir function

C(q,∆qc,∆q) = ∆q − (q − ∆qc), (53)

implying that along the solutions of the closed-loop system

∆q = q − ∆qc + c (54)

with c a constant depending on the initial conditions. With the help of LaSalle’s Invariance
principle it can be shown that restricted to the invariant manifolds (54) the system is asymp-
totically stable for the equilibria q = ∆qc = p = pc = 0. 2

Let us next consider the special case n̄ = nC , in which case we wish to relate all the
controller state variables ξ1, . . . , ξnC

to the plant state variables x via Casimir functions
ξ1−G1(x), . . . , ξnC

−GnC
(x). Denoting G = (G1, . . . , GnC

)T this means that G should satisfy
(see (50))

∂T G
∂x

(x)J(x)∂G
∂x

(x) = JC (ξ)

R(x)∂G
∂x

(x) = 0 = RC(ξ)

∂T G
∂x

(x)J(x) = gC (ξ) gT (x)

(55)

In this case the reduced dynamics on any multi-level set

LC = {(x, ξ)|ξi = Gi(x) + ci, i = 1, . . . nC} (56)
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can be immediately recognized. Indeed, the x-coordinates also serve as coordinates for LC .
Furthermore, the x-dynamics of (47) with e = 0, eC = 0 is given as

ẋ = [J(x) − R(x)]
∂H

∂x
(x) − g(x)gT

C (ξ)
∂HC

∂ξ
(ξ). (57)

Using the second and the third equality of (55) this can be rewritten as

ẋ = [J(x) − R(x)]

(
∂H

∂x
(x) +

∂G

∂x
(x)

∂HC

∂ξ
(ξ)

)

. (58)

and by the chain-rule property for differentiation this reduces to the port-Hamiltonian system

ẋ = [J(x) − R(x)]
∂Hs

∂x
(x), (59)

with the same interconnection and dissipation structure as before, but with shaped Hamilto-
nian Hs given by

Hs(x) = H(x) + HC(G(x) + c). (60)

An interpretation of the shaped Hamiltonian Hs in terms of energy-balancing is the following.
Since RC(ξ) = 0 by (55) the controller Hamiltonian HC satisfies dHC

dt
= uT

CyC . Hence along
any multi-level set LC given by (56), invariant for the closed loop port-Hamiltonian system
(47) for e = 0, eC = 0

dHs

dt
=

dH

dt
+

dHC

dt
=

dH

dt
− uT y (61)

since u = −yC and uC = y. Therefore, up to a constant,

Hs(x(t)) = H(x(t)) −

∫ t

0
uT (τ)y(τ)dτ, (62)

and the shaped Hamiltonian Hs is the original Hamiltonian H minus the energy supplied
to the plant system (44) by the controller system (45) (modulo a constant; depending on the
initial states of the plant and controller).

Remark 3.3. Note that from a stability analysis point of view (62) can be regarded as
an effective way of generating candidate Lyapunov functions Hs from the Hamiltonian H.
(Compare with the classical construction of Lur’e functions.)

Example 3.4. A mechanical system with damping and actuated by external forces u ∈ R
m

is described as a port-Hamiltonian system

[
q̇
ṗ

]

=
(
[

0 Ik

−Ik 0

]

−

[
0 0
0 D(q)

]
)

[
∂H
∂q

∂H
∂p

]

+

[
0

B(q)

]

u

y = BT (q)∂H
∂p

(63)

with x = [ q
p ], where q ∈ R

k are the generalized configuration coordinates, p ∈ R
k the

generalized momenta, and D(q) = DT (q) ≥ 0 is the damping matrix. In most cases the
Hamiltonian H(q, p) takes the form

H(q, p) =
1

2
pTM−1(q)p + P (q) (64)
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where M(q) = MT (q) > 0 is the generalized inertia matrix, 1
2pTM−1(q)p = 1

2 q̇T M(q)q̇ is
the kinetic energy, and P (q) is the potential energy of the system. Now consider a general
port-Hamiltonian controller system (45), with state space R

m. Then the equations (55) for
G = (G1(q, p), . . . , Gm(q, p))T take the form

∂T G
∂q

∂G
∂p

− ∂T G
∂p

∂G
∂q

= JC (ξ)

D(q)∂G
∂p

= 0

∂T G
∂p

= 0, ∂T G
∂q

= gC(ξ)BT (q)

(65)

or equivalently

JC = 0,
∂G

∂p
= 0, gT

C(ξ)B(q) =
∂G

∂q
(q) (66)

Now let gC(ξ) be the m × m identity matrix. Then there exists a solution G =
(G1(q), . . . , Gm(q)) to (66) if and only if the columns of the input force matrix B(q) sat-
isfy the integrability conditions

∂Bil

∂qj
(q) =

∂Bjl

∂qi
(q), i, j = 1, . . . k, l = 1, . . . m (67)

Hence, if B(q) satisfies (67), then the closed-loop port-Hamiltonian system (47) for the con-
troller system (45) with JC = 0 admits Casimirs ξi−Gi(q), i = 1, . . . ,m, leading to a reduced
port-Hamiltonian system

[
q̇
ṗ

]

= (

[
0 Ik

−Ik 0

]

−

[
0 0
0 D(q)

]

)






∂Hs

∂q

∂Hs

∂p




+

[
0

B(q)

]

e

y = BT (q)∂Hs

∂p

(68)

for the shaped Hamiltonian

Hs(q, p) = H(q, p) + HC(G1(q) + c1, . . . , Gm(q) + cm) (69)

If H(q, p) is as given in (64), then

Hs(q, p) =
1

2
pT M−1(q)p + [P (q) + HC(G1(q) + c1, · · · , Gm(q) + cm)] (70)

and the control amounts to shaping the potential energy of the system, see [59, 38]. 2

3.2 Passivity-based control of port-Hamiltonian systems

In the previous section we have seen how under certain conditions the feedback interconnec-
tion of a port-Hamiltonian system having Hamiltonian H (the “plant”) with another port-
Hamiltonian system with Hamiltonian HC (the “controller”) leads to a reduced dynamics
given by (see (59))

ẋ = [J(x) − R(x)]
∂Hs

∂x
(x) (71)
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for the shaped Hamiltonian Hs(x) = H(x) + HC(G(x) + c), with G(x) a solution of (55).
From a state feedback point of view the dynamics (71) could have been directly obtained by
a state feedback u = α(x) such that

g(x)α(x) = [J(x) − R(x)]
∂HC

∂x
(G(x) + c) (72)

Indeed, such an α(x) is given in explicit form as

α(x) = −gT
C(G(x) + c)

∂HC

∂ξ
(G(x) + c) (73)

A state feedback u = α(x) satisfying (72) is customarily called a passivity-based control law,
since it is based on the passivity properties of the original plant system (44) and transforms
(44) into another passive system with shaped storage function (in this case Hs).
Seen from this perspective we have shown in the previous section that the passivity-based
state feedback u = α(x) satisfying (72) can be derived from the interconnection of the port-
Hamiltonian plant system (44) with a port-Hamiltonian controller system (45). This fact has
some favorable consequences. Indeed, it implies that the passivity-based control law defined
by (72) can be equivalently generated as the feedback interconnection of the passive system
(44) with another passive system (45). In particular, this implies an inherent invariance
property of the controlled system: the plant system (71), the controller system (60), as well
as any other passive system interconnected to (71) in a power-conserving fashion, may change
in any way as long as they remain passive, and for any perturbation of this kind the controlled
system will remain stable.
The implementation of the resulting passivity-based control u = α(x) is a somewhat complex
issue. In cases of analog controller design the interconnection of the plant port-Hamiltonian
system (44) with the port-Hamiltonian controller system (45) seems to be the logical option.
Furthermore, in general it may be favorable to avoid an explicit state feedback, but instead
to use the dynamic output feedback controller (45). On the other hand, in some applications
the measurement of the passive output y may pose some problems, while the state feedback
u = α(x) is in fact easier to implement, as illustrated in the next example.

Example 3.5 (Example 3.4 continued). The passivity-based control u = α(x) resulting
from (66) is given by (assuming gC to be the identity matrix and B(q) to satisfy (67))

ui = −
∂HC

∂ξi
(G(q) + c), i = 1, . . . m (74)

This follows from (73), and can be directly checked by substituting (74) into (63) and using the
equality B(q) = ∂G

∂q
(q). Comparing the implementation of the state feedback controller (74)

with the implementation of the port-Hamiltonian controller system based on the measurement
of

y = BT (q)
∂H

∂p
(q, p) = BT (q)q̇ (75)

one may note that the measurement of the generalized velocities (75) is in some cases (for
example in a robotics context) more problematic than the measurement of the generalized
positions (74). 2
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Remark 3.6. On the other hand, the control of the port-Hamiltonian plant system (44) by
interconnection with the port-Hamiltonian controller system (45) allows for the possibility of
inserting an asymptotically stabilizing damping not directly in the plant but instead in the
controller system, cf. Example 3.2.

In the rest of this section we concentrate on the passivity-based (state feedback) control
u = α(x). The purpose is to more systematically indicate how a port-Hamiltonian system with
dissipation (44) may be asymptotically stabilized around a desired equilibrium x∗ in two steps:

I Shape by passivity-based control the Hamiltonian in such a way that it has a strict
minimum at x = x∗. Then x∗ is a (marginally) stable equilibrium of the controlled system.

II Add damping to the system in such a way that x∗ becomes an asymptotically stable
equilibrium of the controlled system.

As before, we shall concentrate on Step I. Therefore, let us consider a port-Hamiltonian
system with dissipation (44) with X the n-dimensional state space manifold. Suppose we
wish to stabilize the system around a desired equilibrium x∗, assigning a closed-loop energy
function Hd(x) to the system which has a strict minimum at x∗ (that is, Hd(x) > Hd(x

∗) for
all x 6= x∗ in a neighbourhood of x∗). Denote

Hd(x) = H(x) + Ha(x), (76)

where the to be defined function Ha is the energy added to the system (by the control action).
We have the following

Proposition 3.7. [39, 34] Assume we can find a feedback u = α(x) and a vector function
K(x) satisfying

[J(x) − R(x)] K(x) = g(x)α(x) (77)

such that

(i) ∂Ki

∂xj
(x) =

∂Kj

∂xi
(x), i, j = 1, . . . , n

(ii) K(x∗) = −∂H
∂x

(x∗)

(iii) ∂K
∂x

(x∗) > −∂2H
∂x2 (x∗)

(78)

with ∂K
∂x

the n×n matrix with i-th column given by ∂Ki

∂x
(x), and ∂2H

∂x2 (x∗) denoting the Hessian
matrix of H at x∗. Then the closed-loop system is a Hamiltonian system with dissipation

ẋ = [J(x) − R(x)]
∂Hd

∂x
(x) (79)

where Hd is given by (76), with Ha such that

K(x) =
∂Ha

∂x
(x) (80)

Furthermore, x∗ is a stable equilibrium of (79).
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A further generalization is to use state feedback in order to change the interconnection
structure and the resistive structure of the plant system, and thereby to create more flex-
ibility to shape the storage function for the (modified) port-controlled Hamiltonian system
to a desired form. This methodology has been called Interconnection-Damping Assignment
Passivity-Based Control (IDA-PBC) in [39, 40], and has been succesfully applied to a number
of applications. The method is especially attractive if the newly assigned interconnection
and resistive structures are judiciously chosen on the basis of physical considerations, and
represent some “ideal” interconnection and resistive structures for the physical plant. For an
extensive treatment of IDA-PBC we refer to [39, 40].

4 Implicit port-Hamiltonian systems

From a general modeling point of view physical systems are, at least in first instance, often
described as DAE’s, that is, a mixed set of differential and algebraic equations. This stems
from the fact that in many modeling approaches the system under consideration is naturally
regarded as obtained from interconnecting simpler sub-systems. These interconnections in
general, give rise to algebraic constraints between the state space variables of the sub-systems;
thus leading to implicit systems. While in the linear case one may argue that it is often
relatively straightforward to eliminate the algebraic constraints, and thus to reduce the system
to an explicit form, in the nonlinear case such a conversion from implicit to explicit form is
usually fraught with difficulties. Indeed, if the algebraic constraints are nonlinear they need
not be analytically solvable (locally or globally). More importantly perhaps, even if they are
analytically solvable, then often one would prefer not to eliminate the algebraic constraints,
because of the complicated and physically not easily interpretable expressions for the reduced
system which may arise.

Therefore it is important to extend the framework of port-Hamiltonian systems, as
sketched in the previous sections, to the context of implicit systems. In order to give the
definition of an implicit port-Hamiltonian system (with dissipation) we first consider the no-
tion of a Dirac structure, formalizing the concept of a power-conserving interconnection, and
generalizing the notion of a structure matrix J(x) as encountered before.

4.1 Power-conserving interconnections

Let us return to the basic setting of passivity, starting with a finite-dimensional linear space
and its dual, in order to define power. Thus, let F be an `-dimensional linear space, and
denote its dual (the space of linear functions on F) by F ∗. The product space F × F ∗ is
considered to be the space of power variables, with power defined by

P =< f∗|f >, (f, f ∗) ∈ F × F∗, (81)

where < f ∗|f > denotes the duality product, that is, the linear function f ∗ ∈ F∗ acting on
f ∈ F . Often we call F the space of flows f , and F ∗ the space of efforts e, with the power
of an element (f, e) ∈ F × F ∗ denoted as < e|f >.

Remark 4.1. If F is endowed with an inner product structure <,>, then F ∗ can be naturally
identified with F in such a way that < e|f >=< e, f >, f ∈ F , e ∈ F ∗ ' F .
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Example 4.2. Let F be the space of generalized velocities, and F ∗ be the space of generalized
forces, then < e|f > is mechanical power. Similarly, let F be the space of currents, and F ∗

be the space of voltages, then < e|f > is electrical power.

There exists on F × F∗ a canonically defined symmetric bilinear form

< (f1, e1), (f2, e2) >F×F∗:=< e1|f2 > + < e2|f1 > (82)

for fi ∈ F , ei ∈ F∗, i = 1, 2. Now consider a linear subspace

S ⊂ F ×F∗ (83)

and its orthogonal complement with respect to the bilinear form <,>F×F∗ on F×F∗, denoted
as

S⊥ ⊂ F ×F∗. (84)

Clearly, if S has dimension d, then the subspace S⊥ has dimension 2` − d. (Since dim
(F × F∗) = 2`, and <,>F×F∗ is a non-degenerate form.)

Definition 4.3. [9, 12, 11] A constant Dirac structure on F is a linear subspace D ⊂ F ×F ∗

such that

D = D⊥ (85)

It immediately follows that the dimension of any Dirac structure D on an `-dimensional
linear space is equal to `. Furthermore, let (f, e) ∈ D = D⊥. Then by (82)

0 =< (f, e), (f, e) >F×F∗= 2 < e|f > . (86)

Thus for all (f, e) ∈ D we obtain

< e | f >= 0. (87)

Hence a Dirac structure D on F defines a power-conserving relation between the power
variables (f, e) ∈ F × F ∗.

Remark 4.4. The condition dim D = dim F is intimately related to the usually expressed
statement that a physical interconnection can not determine at the same time both the flow
and effort (e.g. current and voltage, or velocity and force).

Constant Dirac structures admit different matrix representations. Here we just list a
number of them, without giving proofs and algorithms to convert one representation into
another, see e.g. [11].
Let D ⊂ F ×F∗, with dim F = `, be a constant Dirac structure. Then D can be represented
as

1. (Kernel and Image representation, [11, 50]).

D = {(f, e) ∈ F × F∗|Ff + Ee = 0} (88)

for ` × ` matrices F and E satisfying

(i) EF T + FET = 0

(ii) rank [F
...E] = `

(89)
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Equivalently,

D = {(f, e) ∈ F × F∗|f = ET λ, e = F T λ, λ ∈ R
`} (90)

2. (Constrained input-output representation, [11]).

D = {(f, e) ∈ F × F∗|f = Je + Gλ, GT e = 0} (91)

for an ` × ` skew-symmetric matrix J , and a matrix G such that ImG =
{f |(f, 0) ∈ D}. Furthermore, KerJ = {e|(0, e) ∈ D}.

3. (Hybrid input-output representation, [6]).
Let D be given as in (88). Suppose rank F = `1(≤ `). Select `1 independent columns of

F , and group them into a matrix F 1. Write (possibly after permutations) F = [F 1...F 2]

and, correspondingly E = [E1
...E2], f =

[
f1

f2

]

, e =

[
e1

e2

]

. Then the matrix [F 1
...E2]

can be shown to be invertible, and

D =

{(
f1

f2

)

,

(
e1

e2

) ∣
∣
∣
∣

(
f1

e2

)

= J

(
e1

f2

)}

(92)

with J := −

[

F 1...E2

]−1 [

F 2...E1

]

skew-symmetric.

4. (Canonical coordinate representation, [9]).
There exist linear coordinates (q, p, r, s) for F such in these coordinates and dual coor-
dinates for F∗, (f, e) = (fq, fp, fr, fs, eq, ep, er, es) ∈ D if and only if







fq = ep, fp = −eq

fr = 0, es = 0
(93)

Example 4.5. Kirchhoff’s laws are an example of (88), taking F the space of currents and
F∗ the space of voltages.

Given a Dirac structure D on F , the following subspaces of F , respectively F ∗, are of impor-
tance

G1 := {f ∈ F | ∃e ∈ F∗ s.t. (f, e) ∈ D}

P1 := {e ∈ F∗ | ∃f ∈ F s.t. (f, e) ∈ D}
(94)

The subspace G1 expresses the set of admissible flows, and P1 the set of admissible efforts. It
follows from the image representation (90) that

G1 = Im ET

P1 = Im F T

(95)
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4.2 Implicit port-Hamiltonian systems

From a network modeling perspective a (lumped-parameter) physical system is naturally
described by a set of (possibly multi-dimensional) energy-storing elements, a set of energy-
dissipating or resistive elements, and a set of ports (by which interaction with the environment
can take place), interconnected to each other by a power-conserving interconnection, see Figure
5.

ports

elements

energy-

storing

elements

power-

conserving

interconnection

resistive

Figure 5: Implicit port-Hamiltonian system with dissipation

Here the power-conserving interconnection also includes power-conserving elements like
(in the electrical domain) transformers, gyrators, or (in the mechanical domain) transformers,
kinematic pairs and kinematic constraints.
Associated with the energy-storing elements are energy-variables x1, · · · , xn, being coordinates
for some n-dimensional state space manifold X , and a total energy H : X → R. The power-
conserving interconnection is formalized in first instance (see later on for the non-constant
case) by a constant Dirac structure D on the finite-dimensional linear space F := FS×FR×FP ,
with FS denoting the space of flows fS connected to the energy-storing elements, FR denoting
the space of flows fR connected to the dissipative (resistive) elements, and FP the space
of external flows fP which can be connected to the environment. Dually, we write F ∗ =
F∗

S × F∗
R × F∗

P , with eS ∈ F∗
S the efforts connected to the energy-storing elements, eR ∈ F∗

R

the efforts connected to the resistive elements, and eP ∈ F∗
P the efforts to be connected to

the environment of the system.

The flow variables of the energy-storing elements are given as ẋ(t) = dx
dt

(t), t ∈ R, and the

effort variables of the energy-storing elements as ∂H
∂x

(x(t)) (implying that < ∂H
∂x

(x(t))|ẋ(t) >=
dH
dt

(x(t)) is the increase in energy). In order to have a consistent sign convention for energy
flow we put

fS = −ẋ

eS = ∂H
∂x

(x)

(96)

Similarly, restricting to linear resistive elements as in (32), the flow and effort variables
connected to the resistive elements are related as

fR = −ReR (97)
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for some matrix R = RT ≥ 0.

Substitution of (96) and (97) into the Dirac structure D leads to the following geometric
description of the dynamics

(fS = −ẋ, fR = −ReR, fP , eS =
∂H

∂x
(x), eR, eP ) ∈ D (98)

We call (98) an implicit port-Hamiltonian system (with dissipation), defined with respect to
the constant Dirac structure D, the Hamiltonian H and the resistive structure R.

An equational representation of an implicit port-Hamiltonian system is obtained by taking
a matrix representation of the Dirac structure D as discussed in the previous subsection. For
example, in kernel representation the Dirac structure on F = FS ×FR ×FP may be given as

D = {(fS , fR, fP , eS , eR, eP ) |

FSfS + ESeS + FRfR + EReR + FP fP + EP eP = 0}
(99)

for certain matrices FS , ES , FR, ER, FP , EP satisfying

(i) ESF T
S + FSET

S + ERF T
R + FRET

R + EP F T
P + FP ET

P = 0

(ii) rank

[

FS

...FR

...FP

...ES

...ER

...EP

]

= dimF
(100)

Then substitution of (96) and (97) into (99) yields the following set of differential-algebraic
equations for the implicit port-Hamiltonian system

FS ẋ(t) = ES
∂H

∂x
(x(t)) − FRReR + EReR + FP fP + EP eP , (101)

Different representations of the Dirac structure D lead to different representations of the
implicit port-Hamiltonian system, and this freedom may be exploited for simulation and
analysis.

Actually, for many purposes this definition of port-Hamiltonian system is not general
enough, since often the Dirac structure is not constant, but modulated by the state vari-
ables x. In this case the matrices FS , ES , FR, ER, FP , EP in the kernel representation depend
(smoothly) on x, leading to the implicit port-Hamiltonian system

FS(x(t))ẋ(t) = ES(x(t))∂H
∂x

(x(t)) − FR(x(t))ReR(t)

+ER(x(t))eR(t) + FP (x(t))fP (t) + EP (x(t))eP (t), t ∈ R

(102)

with

ES(x)F T
S (x) + FS(x)ET

S (x) + ER(x)F T
R (x) + FR(x)ET

R(x)

+ EP (x)F T
P (x) + FP (x)ET

P (x) = 0, ∀x ∈ X

rank

[

FS(x)
...FR(x)

...FP (x)
...ES(x)

...ER(x)
...EP (x)

]

= dimF

(103)
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Remark 4.6. Strictly speaking the flow and effort variables ẋ(t) = −fS(t), respectively
∂H
∂x

(x(t)) = eS(t), are not living in a constant linear space FS , respectively F∗
S , but instead in

the tangent spaces Tx(t)X , respectively co-tangent spaces T ∗
x(t)X , to the state space manifold

X . This is formalized in the definition of a non-constant Dirac structure on a manifold ; see
the references [9, 12, 11, 47].

It can be checked that the definition of a port-Hamiltonian system as given in (33) is a special
case of (102), see [47]. By the power-conservation property of a Dirac structure (cf. (87)) it
follows directly that any implicit port-Hamiltonian system satisfies the energy-balance

dH
dt

(x(t)) = < ∂H
∂x

(x(t))|ẋ(t) >=

= −eT
R(t)ReR(t) + eT

P (t)fP (t),

(104)

as was the case for an (explicit) port-Hamiltonian system (33).

The algebraic constraints that are present in the implicit system (102) are expressed by
the subspace P1, and the Hamiltonian H. In fact, since the Dirac structure D is modulated
by the x-variables, also the subspace P1 is modulated by the x-variables, and thus the effort
variables eS , eR and eP necessarily satisfy

(eS , eR, eP ) ∈ P1(x), x ∈ X , (105)

or, because of (95),

eS ∈ Im F T
S (x), eR ∈ Im F T

R (x), eP ∈ Im F T
P (x). (106)

The second and third inclusions entail the expression of eR and eP in terms of the other
variables, while the first inclusion determines, since eS = ∂H

∂x
(x), the following algebraic

constraints on the state variables

∂H

∂x
(x) ∈ Im F T

S (x). (107)

Remark 4.7. Under certain non-degeneracy conditions the elimination of the algebraic con-
straints (107) for an implicit port-Hamiltonian system (98) can be shown to result in an
explicit port-Hamiltonian system.

The Casimir functions C : X → R of the implicit system (102) are determined by the subspace
G1(x). Indeed, necessarily (fS , fR, fP ) ∈ G1(x), and thus by (95)

fS ∈ Im ET
S (x), fR ∈ Im ET

R(x), fP ∈ Im ET
P (x). (108)

Since fS = ẋ(t), the first inclusion yields the flow constraints

ẋ(t) ∈ Im ET
S (x(t)), t ∈ R. (109)

Thus C : X → R is a Casimir function if dC
dt

(x(t)) = ∂T C
∂x

(x(t))ẋ(t) = 0 for all ẋ(t) ∈
Im ET

S (x(t)). Hence C : X → R is a Casimir of the implicit port-Hamiltonian system (98) if
it satisfies the set of p.d.e.’s

∂C

∂x
(x) ∈ Ker ES(x) (110)
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Remark 4.8. Note that C : X → R satisfying (110) is a Casimir function of (98) in a strong
sense: it is a dynamical invariant

(
dC
dt

(x(t)) = 0
)

for every port behavior and every resistive
relation (97).

Example 4.9. [11, 51] The constrained Hamiltonian equations (22) can be viewed as an
implicit port-Hamiltonian system, with respect to the Dirac structure D, given in constrained
input-output representation (91) by

D = {(fS , fP , eS , eP )|0 = AT (q)eS , eP = BT (q)eS ,

−fS =

[
0 Ik

−Ik 0

]

eS +

[
0

A(q)

]

λ +

[
0

B(q)

]

fP , λ ∈ R
r}

(111)

In this case, the algebraic constraints on the state variables (q, p) are given as

0 = AT (q)
∂H

∂p
(q, p) (112)

while the Casimir functions C are determined by the equations

∂T C

∂q
(q)q̇ = 0, for all q̇ satisfying AT (q)q̇ = 0. (113)

Hence, finding Casimir functions amounts to integrating the kinematic constraints AT (q)q̇ =
0. In particular, if the kinematic constraints are holonomic, and thus can be expressed as
(19), then q̄k−r+1, · · · , q̄k generate all the Casimir functions. 2

Remark 4.10. For a proper notion of integrability of non-constant Dirac structures, gener-
alizing the integrability conditions (12) of the structure matrix J(x), we refer e.g. to [11].

In principle, the theory presented before for explicit port-Hamiltonian systems can be directly
extended, mutatis mutandis, to implicit port-Hamiltonian system. In particular, the standard
feedback interconnection of an implicit port-Hamiltonian system P with port variables fP , eP

(the “plant”) with another implicit port-Hamiltonian system with port variables f C
P , eC

P (the
“controller”) is readily seen to result in a closed-loop implicit port-Hamiltonian system with
port variables. Furthermore, as in the explicit case, the Hamiltonian of this closed-loop system
is just the sum of the Hamiltonian of the plant port-Hamiltonian system and the Hamiltonian
of the controller port-Hamiltonian system. Finally, the Casimir analysis for the closed-loop
system can be performed along the same lines as before.

5 Distributed-parameter port-Hamiltonian systems

From a modeling and control point of view it is very desirable to be able to include distributed-
parameter components into the Hamiltonian description of complex physical systems. How-
ever, in extending the Hamiltonian theory as for instance exposed in [37] to distributed-
parameter control systems a fundamental difficulty arises in the treatment of boundary con-
ditions. Indeed, the treatment of infinite-dimensional Hamiltonian systems in the literature
seems mostly focussed on systems with infinite spatial domain, where the variables go to zero
for the spatial variables tending to infinity, or on systems with boundary conditions such that
the energy exchange through the boundary is zero. On the other hand, from a control and
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interconnection point of view it is essential to be able to describe a distributed-parameter
system with varying boundary conditions inducing energy exchange through the boundary,
since in many applications interaction with the environment (e.g. actuation or measurement)
takes place through the boundary of the system. Clear examples are the telegraph equations
(describing the dynamics of a transmission line), where the boundary of the system is de-
scribed by the behavior of the voltages and currents at both ends of the transmission line,
or a vibrating string (or, more generally, a flexible beam), where it is natural to consider the
evolution of the forces and velocities at the ends of the string. Furthermore, in both examples
it is obvious that in general the boundary exchange of power (voltage times current in the
transmission line example, and force times velocity for the vibrating string) will be non-zero,
and that in fact one would like to consider the voltages and currents or forces and velocities
as additional boundary variables of the system, which can be interconnected to other systems.
Also for numerical integration and simulation of complex distibuted-parameter systems it
is essential to be able to describe the complex system as the interconnection or coupling of
its subsystems via their boundary variables; for example in the case of coupled fluid-solid
dynamics.

From a mathematical point of view, it is not obvious how to incorporate non-zero energy
flow through the boundary in the existing Hamiltonian framework for distributed-parameter
systems. The problem is already illustrated by the Hamiltonian formulation of e.g. the
Korteweg-de Vries equation (see e.g. [37]). Here for zero boundary conditions a Poisson
bracket can be formulated with the use of the differential operator d

dx
, since by integration

by parts this operator is obviously skew-symmetric. However, for boundary conditions cor-
responding to non-zero energy flow the differential operator is not skew-symmetric anymore
(since after integrating by parts the remainders are not zero ).

In [54, 28, 29] we have provided a framework to overcome this fundamental problem by
using the notion of an infinite-dimensional Dirac structure. The infinite-dimensional Dirac
structure employed in these papers has a specific form by being defined on certain spaces of
differential forms on the spatial domain of the system and its boundary, and making use of
Stokes’ theorem. Its construction emphasizes the geometrical content of the physical variables
involved, by identifying them as differential k-forms, for appropriate k. This framework has
been used [54] for a port-Hamiltonian representation of the telegrapher’s equations of an ideal
transmission line, Maxwell’s equations on a bounded domain with non-zero Poynting vector
at its boundary, a vibrating string with traction forces at its ends, and planar beam models
[17, 18]. Furthermore the framework has been extended to cover Euler’s equations for an ideal
fluid on a domain with permeable boundary, see also [53].

Throughout, let Z be an n-dimensional smooth manifold with smooth (n−1)-dimensional
boundary ∂Z, representing the space of spatial variables.

Denote by Ωk(Z), k = 0, 1, · · · , n, the space of exterior k-forms on Z, and by Ωk(∂Z), k =
0, 1, · · · , n − 1, the space of k-forms on ∂Z. (Note that Ω0(Z), respectively Ω0(∂Z), is the
space of smooth functions on Z, respectively ∂Z.) Clearly, Ωk(Z) and Ωk(∂Z) are (infinite-
dimensional) linear spaces (over R). Furthermore, there is a natural pairing between Ωk(Z)
and Ωn−k(Z) given by

< β|α >:=

∫

Z

β ∧ α (∈ R) (114)

with α ∈ Ωk(Z), β ∈ Ωn−k(Z), where ∧ is the usual wedge product of differential forms
yielding the n-form β ∧ α. In fact, the pairing (114) is non-degenerate in the sense that if
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< β|α >= 0 for all α, respectively for all β, then β = 0, respectively α = 0.
Similarly, there is a pairing between Ωk(∂Z) and Ωn−1−k(∂Z) given by

< β|α >:=

∫

∂Z

β ∧ α (115)

with α ∈ Ωk(∂Z), β ∈ Ωn−1−k(∂Z). Now let us define the linear space

Fp,q := Ωp(Z) × Ωq(Z) × Ωn−p(∂Z), (116)

for any pair p, q of positive integers satisfying

p + q = n + 1, (117)

and correspondingly let us define

Ep,q := Ωn−p(Z) × Ωn−q(Z) × Ωn−q(∂Z). (118)

Then the pairing (114) and (115) yields a (non-degenerate) pairing between Fp,q and Ep,q

(note that by (117) (n − p) + (n − q) = n − 1). As before, symmetrization of this pairing
yields the following bilinear form on Fp,q × Ep,q with values in R:

�
(
f1

p , f1
q , f1

b , e1
p, e

1
q , e

1
b

)
,
(
f2

p , f2
q , f2

b , e2
p, e

2
q , e

2
b

)
�:=

∫

Z

[
e1
p ∧ f2

p + e1
q ∧ f2

q + e2
p ∧ f1

p + e2
q ∧ f1

q

]
+
∫

∂Z

[
e1
b ∧ f2

b + e2
b ∧ f1

b

]
(119)

where for i = 1, 2

f i
p ∈ Ωp(Z), f i

q ∈ Ωq(Z)

ei
p ∈ Ωn−p(Z), ei

p ∈ Ωn−q(Z)

f i
b ∈ Ωn−p(∂Z), ei

b ∈ Ωn−q(∂Z)

(120)

The spaces of differential forms Ωp(Z) and Ωq(Z) will represent the energy variables of two
different physical energy domains interacting with each other, while Ωn−p(∂Z) and Ωn−q(∂Z)
will denote the boundary variables whose (wedge) product represents the boundary energy
flow. For example, in Maxwell’s equations (Example 5.4) we will have n = 3 and p = q = 2;
with Ωp(Z) = Ω2(Z), respectively Ωq(Z) = Ω2(Z), being the space of electric field inductions,
respectively magnetic field inductions, and Ωn−p(∂Z) = Ω1(∂Z) denoting the electric and
magnetic field intensities at the boundary, with product the Poynting vector.

Theorem 5.1. Consider Fp,q and Ep,q given in (116), (118) with p, q satisfying (117), and
bilinear form �,� given by (119). Define the following linear subspace D of Fp,q × Ep,q

D = {(fp, fq, fb, ep, eq, eb) ∈ Fp,q × Ep,q|

[
fp

fq

]

=

[
0 (−1)rd
d 0

] [
ep

eq

]

,

[
fb

eb

]

=

[
1 0
0 −(−1)n−q

] [
ep|∂Z

eq|∂Z

]

} (121)

where |∂Z denotes restriction to the boundary ∂Z, and r := pq + 1. Then D = D⊥, that is,
D is a Dirac structure.
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The proof of Theorem 5.1 relies on Stokes’ theorem, and the infinite-dimensional Dirac
structure defined in Theorem 5.1 is therefore called a Stokes-Dirac structure.

The definition of a distributed-parameter Hamiltonian system with respect to a Stokes-
Dirac structure can now be stated as follows. Let Z be an n-dimensional manifold with
boundary ∂Z, and let D be a Stokes-Dirac structure. Consider furthermore a Hamiltonian
density (energy per volume element)

H : Ωp(Z) × Ωq(Z) × Z → Ωn(Z) (122)

resulting in the total energy

H :=

∫

Z

H ∈ R (123)

Recall, see (114), that there exists a non-degenerate pairing between Ωp(Z) and Ωn−p(Z),
respectively between Ωq(Z) and Ωn−q(Z). This means that Ωn−p(Z) and Ωn−q(Z) can be
regarded as dual spaces to Ωp(Z), respectively Ωq(Z) (although strictly contained in their
functional analytic duals). Let now αp, ∂αp ∈ Ωp(Z), αq, ∂αq ∈ Ωq(Z). Then under weak
smoothness conditions on H

H(αp + ∂αp, αq + ∂αq) =

∫

Z

H (αp + ∂αp, αq + ∂αq, z) =

∫

Z

H (αp, αq, z) +

∫

Z

[δpH ∧ ∂αp + δqH ∧ ∂αq] + higher order terms in ∂αp, ∂αq (124)

for certain differential forms

δpH ∈ Ωn−p(Z)

δqH ∈ Ωn−q(Z)
(125)

Furthermore, from the non-degeneracity of the pairing between Ωp(Z) and Ωn−p(Z), respec-
tively between Ωq(Z) and Ωn−q(Z), it immediately follows that these differential forms are
uniquely determined. This means that (δpH, δqH) ∈ Ωn−p(Z) × Ωn−q(Z) can be regarded
as the (partial) variational derivatives (see e.g. [37]) of H at (αp, αq) ∈ Ωp(Z) × Ωq(Z).
Throughout this paper we shall assume that the Hamiltonian H admits variational deriva-
tives satisfying (124).

Now consider a time-function

(αp(t), αq(t)) ∈ Ωp(Z) × Ωq(Z), t ∈ R, (126)

and the Hamiltonian H(αp(t), αq(t)) evaluated along this trajectory. It follows that at any
time t

dH

dt
=

∫

Z

[

δpH ∧
∂αp

∂t
+ δqH ∧

∂αq

∂t

]

(127)

The differential forms
∂αp

∂t
,

∂αq

∂t
represent the generalized velocities of the energy variables

αp, αq. They are connected to the Stokes-Dirac structure D by setting

fp = −
∂αp

∂t

fq = −
∂αq

∂t

(128)
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(again the minus sign is included to have a consistent energy flow description). Since the
right-hand side of (127) is the rate of increase of the stored energy H, we set

ep = δpH

eq = δqH
(129)

Definition 5.2. The distributed-parameter port-Hamiltonian system with n-dimensional
manifold of spatial variables Z, state space Ωp(Z) × Ωq(Z) (with p + q = n + 1), Stokes-
Dirac structure D given by (121), and Hamiltonian H, is given as (with r = pq + 1)

[

−
∂αp

∂t

−
∂αq

∂t

]

=

[
0 (−1)rd
d 0

] [
δpH
δqH

]

[
fb

eb

]

=

[
1 0
0 −(−1)n−q

] [
δpH|∂Z

δqH|∂Z

]
(130)

By the power-conserving property of any Dirac structure it immediately follows that for
any (fp, fq, fb, ep, eq, eb) in the Stokes-Dirac structure D

∫

Z

[ep ∧ fp + eq ∧ fq] +

∫

∂Z

eb ∧ fb = 0 (131)

Hence by substitution of (128), (129) and using (127) we obtain

Proposition 5.3. Consider the distributed parameter port-Hamiltonian system (130). Then

dH

dt
=

∫

∂Z

eb ∧ fb, (132)

expressing that the increase in energy on the domain Z is equal to the power supplied to the
system through the boundary ∂Z.

The system (130) can be called a (nonlinear) boundary control system in the sense of e.g.
[14]. Indeed, we could interpret fb as the boundary control inputs to the system, and eb as
the measured outputs (or the other way around).

Example 5.4 (Maxwell’s equations). Let Z ⊂ R
3 be a 3-dimensional manifold with

boundary ∂Z, defining the spatial domain, and consider the electromagnetic field in Z. The
energy variables are the electric field induction 2-form αp = D ∈ Ω2(Z):

D =
1

2
Dij(t, z)dzi ∧ dzj (133)

and the magnetic field induction 2-form αq = B ∈ Ω2(Z) :

B =
1

2
Bij(t, z)dzi ∧ dzj (134)

The corresponding Stokes-Dirac structure (n = 3, p = 2, q = 2) is given as (cf. (121))

[
fp

fq

]

=

[
0 −d
d 0

] [
ep

eq

]

,

[
fb

eb

]

=

[
1 0
0 1

] [
ep|∂Z

eq|∂Z

]

(135)
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Usually in this case one does not start with the definition of the total energy (Hamiltonian)
H, but instead with the co-energy variables δpH, δqH, given, respectively, as the electric field
intensity E ∈ Ω1(Z) :

E = Ei(t, z)dzi (136)

and the magnetic field intensity H ∈ Ω1(Z) :

H = Hi(t, z)dzi (137)

They are related to the energy variables through the constitutive relations of the medium (or
material equations)

∗D = εE
∗B = µH

(138)

with the scalar functions ε(t, z) and µ(t, z) denoting the electric permittivity, respectively
magnetic permeability, and ∗ denoting the Hodge star operator (corresponding to a Rieman-
nian metric on Z), converting 2-forms into 1-forms. Then one defines the Hamiltonian H
as

H =

∫

Z

1

2
(E ∧ D + H ∧ B), (139)

and one immediately verifies that δpH = E , δqH = H.
Nevertheless there are other cases (corresponding to a nonlinear theory of the electromagnetic
field, such as the Born-Infeld theory, see e.g. [21]) where one starts with a more general
Hamiltonian H =

∫

Z
h, with the energy density h(D, B) being a more general expression

than 1
2(ε−1 ∗ D ∧D + µ−1 ∗ B ∧ B).

Assuming that there is no current in the medium Maxwell’s equations can now be written
as (see [21])

∂D
∂t

= dH

∂B
∂t

= −dE

(140)

Explicitly taking into account the behavior at the boundary, Maxwell’s equations on a domain
Z ⊂ R

3 are then represented as the port-Hamiltonian system with respect to the Stokes-Dirac
structure given by (135), as

[
−∂D

∂t

−∂B
∂t

]

=

[
0 −d
d 0

] [
δDH
δBH

]

[
fb

eb

]

=

[
δDH|∂Z

δBH|∂Z

]
(141)

Note that the first line of (140) is nothing else than (the differential version of) Ampère’s law,
while the second line of (140) is Faraday’s law. Hence the Stokes-Dirac structure in (140),
(141) expresses the basic physical laws connecting D,B,H and E .
The energy-balance (132) in the case of Maxwell’s equations takes the form

dH

dt
=

∫

∂Z

δBH ∧ δDH =

∫

∂Z

H ∧ E = −

∫

∂Z

E ∧H (142)

with E ∧ H a 2-form corresponding to the Poynting vector (see [21]).
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Example 5.5 (Vibrating string). Consider an elastic string subject to traction forces at
its ends. The spatial variable z belongs to the interval Z = [0, 1] ⊂ R. Let us denote by
u(t, z) the displacement of the string. The elastic potential energy is a function of the strain
given by the 1-form

αq(t) = ε(t, z)dz =
∂u

∂z
(t, z)dz (143)

The associated co-energy variable is the stress given by the 0-form

σ = T ∗ αq (144)

with T the elasticity modulus and ∗ the Hodge star operator. Hence the potential energy is
the quadratic function

U(αq) =

∫ 1

0
σαq =

∫ 1

0
T ∗ αq ∧ αq =

∫ 1

0
T

(
∂u

∂z

)2

dz (145)

and σ = δqU .

The kinetic energy K is a function of the kinetic momentum defined as the 1-form

αp(t) = p(t, z)dz (146)

given by the quadratic function

K(αp) =

∫ 1

0

p2

µ
dz (147)

The associated co-energy variable is the velocity given by the 0-form

v =
1

µ
∗ αp = δpK (148)

In this case the Dirac structure is the Stokes-Dirac structure for n = p = q = 1, with an
opposite sign convention leading to the equations (with H := U + K)

[

−
∂αp

∂t

−
∂αq

∂t

]

=

[
0 −d
−d 0

] [
δpH
δqH

]

[
fb

eb

]

=

[
1 0
0 1

] [
δpH|∂Z

δqH|∂Z

]
(149)

or, in more down-to-earth notation

∂p
∂t

= ∂σ
∂z

= ∂
∂z

(Tε)

∂ε
∂t

= ∂v
∂z

= ∂
∂z

(
1
µ
p
)

fb = v|{0,1}

eb = σ|{0,1}

(150)
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with boundary variables the velocity and stress at the ends of the string. Of course, by

substituting ε = ∂u
∂z

into the 2nd equation of (150) one obtains ∂
∂z

(
∂u
∂t

− p
µ

)

= 0, implying

that

p = µ
∂u

∂t
+ µf(t) (151)

for some function f , which may be set to zero. Substitution of (151) into the first equation
of (150) then yields the wave equation

µ
∂2u

∂t2
=

∂

∂z

(

T
∂u

∂z

)

(152)

This framework can be extended to general beam models, see [17, 18].

6 Conclusions and future research

The theory presented in this paper opens up the way for many analysis, simulation and
control problems. Its potential for set-point regulation has already received some attention
(see [33, 34, 39, 40, 47]), while the extension to tracking problems is wide open. In this context
we also like to refer to some recent work concerned with the shaping of the Lagrangian, see e.g.
[5]. Also, the control of mechanical systems with nonholonomic kinematic constraints can be
fruitfully approached from this point of view, see e.g. [15], as well as the modelling and control
of multi-body systems, see [32, 27, 58]. The framework of port-Hamiltonian systems seems
perfectly suited to theoretical investigations on the topic of impedance control ; see already
[56] for some initial results in this direction. Furthermore, the connection with multi-modal
(hybrid) systems, corresponding to port-Hamiltonian systems with varying interconnection
structure, needs further investigations. Some applications of the framework of distributed-
parameter port-Hamiltonian systems have been already reported in [53, 42]; see also [55] for
related work on smart structures. Finally, current research is concerned with the spatial
discretization of port-Hamiltonian distributed-parameter systems to finite-dimensional port-
Hamiltonian systems [16], with direct applications towards simulation and control of such
systems.
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