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Abstract

Port-based network modeling of physical systems leads to a model class of nonlinear systems known as port-Hamiltonian
systems. Port-Hamiltonian systems are defined with respect to a geometric structure on the state space, called a Dirac structure.
Interconnection of port-Hamiltonian systems results in another port-Hamiltonian system with Dirac structure defined by the
composition of the Dirac structures of the subsystems. In this paper the composition of Dirac structures is being studied, both
in power variables and in wave variables (scattering) representation. This latter case is shown to correspond to the Redheffer
star product of unitary mappings. An equational representation of the composed Dirac structure is derived. Furthermore,
the regularity of the composition is being studied. Necessary and sufficient conditions are given for the achievability of a
Dirac structure arising from the standard feedback interconnection of a plant port-Hamiltonian system and a controller port-
Hamiltonian system, and an explicit description of the class of achievable Casimir functions is derived.
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1 Introduction

Port-based network modeling of complex physical sys-
tems (with components stemming from different physi-
cal domains) leads to a class of nonlinear systems, called
port-Hamiltonian systems, see e.g. [11,24,12,13,3,20,25].
Port-Hamiltonian systems are defined by a Dirac struc-
ture (formalizing the power-conserving interconnection
structure of the system), an energy function (the Hamil-
tonian), and a resistive relation. A key property of Dirac
structures is that the power-conserving interconnection
of Dirac structures again defines a Dirac structure, see
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[13,21]. This implies that any power-conserving inter-
connection of port-Hamiltonian systems is again a port-
Hamiltonian system, with the Dirac structure being the
composition of the Dirac structures of its constituent
parts, Hamiltonian the sum of the Hamiltonians, and re-
sistive relations determined by the individual resistive
relations. As a result power-conserving interconnections
of port-Hamiltonian systems can be studied to a consid-
erable extent in terms of the composition of their Dirac
structures. In particular, the feedback interconnection of
a plant port-Hamiltonian system with a controller port-
Hamiltonian system can be studied from the vantage-
ground of the composition of a plant Dirac structure
with a controller Dirac structure.

In this work we present some fundamental results about
the composition of Dirac structures. First, we derive ex-
pressions for the composition of Dirac structures, and
we study its regularity properties. Secondly, we describe
the composition in wave variables (scattering represen-
tation). We show how this leads to the Redheffer star
product of unitary operators. Thirdly, we extend the re-
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sults concerning the achievable 'closed-loop’ Dirac struc-
tures obtained in [21,13], and we derive an explicit char-
acterization of the obtainable Casimir functions of the
closed-loop system. In previous publications, see e.g.
[26,3,20,15], these closed-loop Casimirs have shown to
be instrumental in problems of stabilization of port-
Hamiltonian systems. Partial and preliminary versions
of the material covered in this paper have been presented
in [1,23].

2 Dirac structures and port-Hamiltonian sys-
tems

2.1 Dirac structures

Let us briefly recall the definition of a Dirac structure.
We start with a space of power variables F x F*, for
some linear space F, with power defined by

P=<f"1f> (f,f)eFxF", (1)
where < f* | f > denotes the duality product, that is,
the linear functional f* € F* actingon f € F. We call F
the space of flows f, and F* the space of efforts e = f*,
with < e | f > the power of the pair (f,e) € F x F*.
Typical examples of power variables are pairs of voltages
and currents (with, say, the vector of currents being the
flow vector, and the vector of voltages being the effort
vector), or conjugated pairs of generalized velocities and
forces in the mechanical domain. By symmetrizing the
definition of power we define a bilinear form <,> on
the space of power variables F x F*, given as

< (f“,e“),(fb,eb) >i=< e o>+ <eét | f¢ >,
(f* e, (f° ") e F x F*. (2)

Definition 1 [2,4] A (constant) Dirac structure on F x
F* 15 a subspace
DCFxF*

such that D = D+, where L denotes orthogonal comple-
ment with respect to the indefinite bilinear form <,>.

It follows that < e | f >= 0 for all (f, e) € D, and hence
any Dirac structure is power-conserving. Furthermore,
if F is finite-dimensional, then any Dirac structure D C
F x F* satisfies dimD = dim F.

Remark 2 For many systems, especially those with 3 —
D mechanical components, the interconnection structure
is actually modulated by the energy or geometric vari-
ables. This leads to the notion of non-constant Dirac
structures on manifolds, see e.g. [2,4,3,20,19]. For sim-
plicity of exposition we focus in the current paper on the
constant case, although everything can be extended to the
case of Dirac structures on manifolds.

Dirac structures on finite-dimensional linear spaces ad-
mit different representations. Here we just mention one
type that will be used in the sequel. Every Dirac struc-
ture D can be represented in kernel representation as

D={(fe)eF x F*|Ff+Ee=0} (3)

for linear maps F': F — V and E : F* — V satisfying

(i) EF*+ FE* =0,

(4)
(i4) rank F 4+ E = dim F,

where V is a linear space with the same dimension as

F, and where F* : V* — F* and E* : V* — F** = F

are the adjoint maps of I’ and F, respectively. It follows

that D can be also written in image representation as

D={(f,e)e F x F*|f=FE"Ne=F*"\) eV}
(5)
Sometimes it will be useful to relax the choice of the
linear mappings F' and E by allowing V to be a linear
space of dimension greater than the dimension of F.
In this case we shall speak of relazed kernel and image
representations.
Matrix kernel and image representations are obtained
by choosing linear coordinates for F, F* and V. Indeed,
take any basis f1, -, f, for F and the dual basis e; =
fr, - en = fi for F*, where dim F = n. Furthermore,
take any set of linear coordinates for V. Then the linear
maps F' and F are represented by n x n matrices F' and
E satisfying EFT + FET = 0 and rank[F|E] = dim F.
In the case of a relaxed kernel and image representation
F and E will be n’ x n matrices with n’ > n.

2.2 Port-Hamiltonian systems

Consider a lumped-parameter physical system given by a
power-conserving interconnection defined by a constant
Dirac structure D, and a number of energy-storing ele-
ments with total vector of energy-variables x. For sim-
plicity we assume that the energy-variables are living in
a linear space X, although everything can be generalized
to the case of manifolds (see Remark 2). The constitutive
relations of the energy-storing elements are specified by
their individual stored energies, leading to a total energy
(or Hamiltonian) H(z).

The space of flow variables for the Dirac structure D is
split into X x F with f, € & the flows corresponding
to the energy-storing elements, and f € F denoting the
remaining flows (corresponding to dissipative elements
and external ports). Correspondingly, the space of effort
variables is split as X'* x F*, with e, € X* the efforts cor-
responding to the energy-storing elements and e € F*
the remaining efforts. Thus D C X x X* x F x F*.

On the other hand, the vector of flows of the energy-
storing elements is given by &, and the vector of efforts



is given by %—1;1 (x). (We will write both vectors through-

out as column vectors; in particular, %—f(z) is the col-

umn vector with i—th component given by % (z).) In-
deed, the energy storing elements satisfy the total en-

ergy balance 42 (x(t)) = ang (2(t))&(t). The flows and
efforts of the energy-storing elements are interconnected
by setting f, = —& (the minus sign is included to have a
consistent power flow direction; see the discussion in the
next section) and e, = %—f(m). By substitution of the
interconnection constraints into the specification of the
Dirac structure D, that is, (fs, es, f,e) € D, this leads
to the dynamical system

called a port-Hamiltonian system. Because of the power-
conserving property of Dirac structures we immediately
obtain the power balance

dH(x(t)) oTH o
S = S )i () =

= <ex(t) [ fo(t) >=<e(®) [ f(1) >, (7)

expressing that the increase of of internal energy of the
port-Hamiltonian system is equal to the externally sup-
plied power.

Equational representations of the port-Hamiltonian sys-
tem (6) are obtained by choosing a specific representa-
tion of the Dirac structure D. For example, if D is given
in matrix kernel representation

D ={(fu,€x,f,€) €EX X X* x F x F*
| Eofe + Ever + Ff+Ee=0}, (8)

with EzFZT + FzEf + EFT + FET = 0 and rank

[F,:E,:F:E] = dim(X x F), then the port-Hamiltonian
system is given by the equations

oH

(x(t)) + Ff(t) + Ee(t)  (9)

consisting in general of differential equations and alge-
braic equations in the state variables  (DAES), together
with equations relating the state variables to the exter-
nal port variables f,e.

An important special case of port-Hamiltonian systems
is the class of input-state-output port-Hamiltonian sys-
tems, where there are no algebraic constraints on the
state variables, and the flow and effort variables f and e
are split into power-conjugate input-output pairs (u, y):

reX (10)

Fig. 1. The composition of D4 and Dp.

where the matrix J(x) is skew-symmetric, that is J(z) =
—JT(x). The Dirac structure of the system is given by
the graph of the skew-symmetric map

(11)

3 Composition of Dirac structures

First we study the composition of two Dirac structures
with partially shared variables. Consider a Dirac struc-
ture D4 on a product space F1 X F3 of two linear spaces
F1 and Fs, and another Dirac structure Dp on a prod-
uct space F2 X F3, with F3 being an additional linear
space. The space F5 is the space of shared flow variables,
and F5 the space of shared effort variables; see Figure 1.
Since the incoming power in D4 due to the power vari-
ables in Fy x F3 should equal the outgoing power from
Dp we cannot simply equate the flows f4 and fp and
the efforts e4 and ep, but instead we define the inter-
connection constraints as

= —fp € F
fa I 2 (12)
eAs = ep € .7:2*
Thus the composition of the Dirac structures Dy and
Dg, denoted by D4 || D, is defined as

D4 || Dp :={(f1,e1, f3,e3) € F1 x Fi x F3 x F3 |
E'(fg,eg) e fg X f; s.t. (fl,el,fg,eg) c DA
and (—fa,e2, f3,e3) € D} (13)

The fact that the composition of two Dirac structures is
again a Dirac structure has been proved in [21,3]. Here
we provide a simpler alternative proof (inspired by a re-
sult in [14]), which provides a constructive way to derive
the equations of the composed Dirac structure from the
equations of the individual Dirac structures. Further-
more, this proof will also allow us to study the regularity
of the composition in the next subsection.

Theorem 3 Let Dy, Dp be Dirac structures as in Def-
ingtion 1 (defined with respect to Fy x Fi x Fa X F5, re-
spectively Fo x Fy x Fg x Fx, and their bilinear forms).
Then D4 || Dp is a Dirac structure with respect to the
bilinear form on F1 x F{ x Fz x F3.



Proof We make use of the following basic fact from
linear algebra:

[(BAst. AA=0)] & [Vast.aTA=0=a’b =0

Consider D4, Dp given in matrix image representation
as

T
DA:im[E F, Fou F 00]
1 1 2A 2A (14)

Dp :im|:0 0 Esp Fop Eg Fg}

Then,

(f1.e1, f3,e3) €Da || Dp &
& 34, A s.t. {fl e1 00 f3 egr =
Ey Fy Esp Foa 0 0 A4
0 0 Eop —Ibp E3 I3 AB] <
& V(B1, a1, B2, az, B3, a3) s.t.
Ey Fy Esq Foa 00

0 0 Esp —Fyp E3 F3
Blfitaler+B5 fs+ales=0«
<:>v(a1761;a27525a3563)s't'
By Foy Eaq 0 O
0 0 —FQB EQB F3 E3
Blfi+aler+ 0] fs+ates=0
<:)’v(alaﬁlaa?nﬁ3) S DA || DBa
BEfi+afer + 8  fa+ales =0«
& (fi,e1, fs,e3) € (Da | Dp)*

T TAT TpT T
(B1 o By o B3 a3)

Thus D4 | P = (Da || D)+ and is a Dirac struc-
ture. O

In the following theorem an explicit expression for the
composition of two Dirac structures in terms of matrix
kernel /image representations is given.

Theorem 4 Let F;,i = 1,2, 3, be finite-dimensional lin-
ear spaces with dim F; = n;. Consider Dirac structures
Dy CF Xff XJ:QX]:;,TLA =dim F; X Fo = ny +na,
DB C fQX‘F;X‘ng‘Fg, np = dimeng =
ng + ns, given by relaxed matriz kernel/image repre-
sentations (Fa, Ea) = ([F1|F2al, [E1|F24]), (Fa,Ea)
n'y X na matrices, n'y > na, respectively (Fp,Ep) =
([FaB|Fs), [E2B|Es)), (FB, EB) n’y X np matrices, ng >
ng. Define the (ny + n'p) x 2ng matriz

Iy Esp
—Fyp Eop

M= (15)

[o] 67 of 67 of 61| =0,

and let La, Lp be m x n'y, respectively m x n'y, matrices
with

L =[L4|Lg], ker L =im M (16)
Then

F =[LaF\|LpF:
[LaFy|LpFs] (a7)
E = [LsE1|LpEs)
is a relazed matriz kernel representation of Da || Dp.

Proof. Consider the notation corresponding to Figure
1 where for any Ag € R™a, A\p € R"5 their associated
elements in Dy, respectively Dp, are given by

fi ET I3 E§
e Fr e FT
= e L= | e
fa E3a I Esp
€A | F27:4 €B FQTB
(18)
Since
E, | fal _[-rs Efp
N | eA €eR Fsp (19)

it follows that (f1, f3,e1,e3) € D4 || Dp if and only if
T
3 [/\E/\g} € ker MT such that (18) holds. By (16) we

T
can write [)\g)\g] € ker M7T as

][
s | LG

Substituting (20) in (18) we obtain

A, A ER™ (20)

DA H DB = {(f1)€13f3ae3) |

fl E? T
A
FT
=t A AER™) (21)
f3 E3 T
LB
€3 Fg

which corresponds to the representation (17). O

Remark 5 The minimal number of rows m in the defini-
tion of the matriz L in (16) is given as m = dimker M7
(since ker L = im M is equivalent to im LT = ker M'T).

Remark 6 The relaxed kernel/image representation
(17) can be readily understood by premultiplying the



equations characterizing the composition of D4 with Dp

bil
€1
Fy By Fha Eaa 0 0 fa
0 0 —Fop Fop F35 Fj es
I3

€3

=0, (22)

by the matric L = [La|Lg]. Since LM = 0 this results
as in (17) in the relaxed kernel representation

LaFifi+ LaEies+ LpFsfs+ LpEses =0 (23)

It readily follows that the power-conserving interconnec-
tion of any number of Dirac structures is again a Dirac
structure; see also [13,21]). Indeed, consider ¢ Dirac
structures Dy C Fi X Fj X Fre X Fip kb = 1,--- 4,
interconnected to each other via a Dirac structure
Dr C Fn x Fiy X -+ x Frg x Fj,. This can be re-
garded as the composition of the product Dirac structure
Dy X -+ x Dy with the interconnection Dirac structure
D;. Hence by the above theorem the result is again a
Dirac structure.

Furthermore, it is immediate that the composition of
Dirac structures is associative in the following sense.
Given two Dirac structures Dg C Fi x F; X Fa x F5
and Dp C F2 x F5 x F3 x F3, and their composition
Da || Di. Now compose the composed Dirac structure
D4 || Dp with a third Dirac structure Do C Fz X Fi X
Fy x Fj, resulting in the composition (D4 || D) || De.
It is immediately checked that the same composed Dirac
structure results from first composing Dp with D¢, and
then composing the outcome with D4, that is

(Pa | Pr) || Po = Da || (Pp || De)

Hence we may as well omit the brackets, and simply
write Dy || Dgp || De.

Remark 7 Instead of the canonical interconnection
fa=—fB, ea = ep another standard power-conserving
interconnection is the ‘gyrative’ interconnection

fa=ep, [fB=—ea (24)
(The standard feedback interconnection, regarding fa, fp
as inputs, and ea, ep as outputs, is of this type.) Com-
position of two Dirac structures D 4, Dp by this gyrative
interconnection also results in a Dirac structure, since it
equals the interconnection Dy || Dy || Dp, where Dy is
the ’symplectic’ Dirac structure given by

fra=—erB, fip=era (25)

interconnected to D4 and Dg via the canonical intercon-
nections fra = —fa,era =ea, fip = —fB, €13 =e€p.

3.1 Regularity of compositions

In this subsection we study a particular property in the
composition of Dirac structures, namely the property
that the variables corresponding to the ports through
which the connection takes place (the internal power
variables) are uniquely determined by the values of the
external power variables.

Definition 8 Given two Dirac structures Dy C Fi X
Fi x Fox F5 and Dp C Fo x F5 x F3 x F5. Their
composition is said to be reqular if the values of the power
variables in Fo X F5 are uniquely determined by the values
of the power variables in F1 x Fi x Fs x F3; that is, the
following implication holds

(fl,el,f2,€2) € DA; (_f23623f3;€3) € DB
(fi,e1, f2,82) € Da, (—f2,é2, f3,€3) € Dp

— f2 = fg, €y = ég (26)

Proposition 9 The composition of two Dirac struc-
tures D4 and Dp given in matrixz kernel representation
by ([Fi|F2al, [E1|Eaa]) and ([F3|Fas], [Es|Eap)), re-
spectively, is a regular composition if and only if the
(n1 4 2ng2 +n3) x 2ng matriz M defined in (15) is of full
rank (= 2ns).

Proof Let (fl,el,f3,€3) (S DA || DB, and let (fg,eg)
be such that (f1,e1, f2, e2) € Da, (f3,e3, —f2,€2) € Dp.
Then (f3, e5) satisfies

(fl;elaféaeé)EDAa(f3;€3a_f2/)€/2)EDB<:>

_ . 0,0, f2,82) € Da

= ! ! t ﬁ ( ] )
(f2,€2) := (fa — f5,e2 — €5) satisfies {(0,0,—f2,é2) €Dy
~r T
[F1|Er|FoalE2al 00 fFel]” =0
~, T

[F3|Es| — Fap|E2p] [0 0 fF €F] =0
[Foa|lEaal[fFe]T =0 T
Ul Bt o = VT <herds

Hence fo = 0,85 = 0 if and only if ker M = 0. O

Other ways to interpret regularity immediately follow. In
view of the image representations of the Dirac structures
D4 and Dp the matrix M has full rank if and only if

W+ Dy =Fo x Fj (27)
where the projections D7, D} are defined as D) =

{(f2,e2) € Fa x F5 | 3f1,e1 8.t (f1,e1, fa,e2) € Da}
and similarly for DF. Hence the composition Dy || Dg



is regular if and only if (27) holds, which means that
every value (fa,e2) € Fo x Fy can be achieved as a lin-
ear combination (f5,e5) + (f4, e5) by properly selecting
(f1,e1) and (f3,e3) satisfying (f1,e1, f45,€e5) € D and
( éla 612la f?n 63) € Dp.

Furthermore, we note that if the matrix M has full rank
(= 2n3) then dimker M = (ny +2n2+n3) —2ne = ny +
ng, and hence the matrix L as defined in Theorem 4 has
n1+ng rows. Thus if we start in Theorem 4 from ordinary
(that is, non-relaxed) matrix kernel representations of
D4 and D then the matrix kernel /image representation
F,E of the composition D4 || Dp defined in (17) is
again an ordinary kernel/image representation. In fact,
it follows that the matrix kernel/image representation
defined in (17) is ordinary if and only if the composition
Da || Dp is regular. Summarizing

Proposition 10 The composition Dy || Dp is regular
if and only if (27) holds, if and only if the matriz ker-
nel/image representation defined in (17) (starting from
ordinary kernel/image representations for Dy and Dg)
s ordinary.

Finally, still another way to characterize regularity is to
consider the independency of the equations describing
Da and Dp. (A similar notion of regularity of intercon-
nection is employed in the behavioral theory of intercon-
nection of dynamical systems, c.f. [28].)

Proposition 11 The composition of two Dirac struc-
tures D and Dp, whose individual matrixz kernel repre-
sentations define a set of n1 + no, respectively no + ng,
independent equations, is reqular if and only if the result-
ing n1 + 2no + ns equations obtained by taking together
the equations of D4 and Dp are independent.

Proof The nj+2ny+ng equations (22) are independent
if and only if the dimension of the kernel of the matrix in
(22) isequal to 2n14+2n942n3—(n1+2n2+ns3) = n1+ns.
Because the dimension of D4 || Dp is equal to ny + ng3
(since Dy || Dp is a Dirac structure) it follows that the
equations (22) are independent if and only if (f2,e2) in
(22) is determined by (f1,e1) and (f3,e3). O

Example 12 A simple example of a non-regular compo-
sitton is a port-Hamiltonian system with dependent out-
put constraints. Indeed, consider an input-state-output
port-Hamiltonian system (10). In kernel representation
its Dirac structure 1s given as

DA = {(f:ba exvua y) |
1 J
0 T

Consider the composition with the Dirac structure Dp

g
corresponding to the zero-output constraint y = gT%—f

fot S L y=0} (28

0, i.e., Dp = {(u,y) | y = 0}. The matrix M in this
g 0
0 —1I|, which has full rank if and

01
only ifrank g = dimy. Hence ifrank g < dimy, the com-
position s not regular, and the input variable u is not
uniquely determined. This irreqularity is common in me-
chanical systems where dependent kinematic constraints
lead to non-uniqueness of the constraint forces. (A typical
example is a table with four legs standing on the ground.)

case is given by M =

4 Scattering representation

In this section we show how by using in the total space
of power variables F x F* a different splitting than the
‘canonical’ duality splitting (in flows f € F and efforts
e € F*), we may obtain other useful representations of
Dirac structures (and port-Hamiltonian systems).

Consider the space of power variables given in general
form as F x F*, for some finite-dimensional linear space
F. The duality product < e | f > defines the instanta-
neous power of the signal (f, e) € F x F*. The basic idea
of a scattering representation is to rewrite the power as
the difference between two non-negative terms, that is,
the difference between an incoming power and an out-
going power. This is accomplished by the introduction
of new coordinates for the total space F x F*, based on
the canonical bilinear form (2). From a matrix represen-
tation of <, > it immediately follows that <, > is an
indefinite bilinear form, which has n singular values +1
and n singular values —1 (n = dim F).

A pair of subspaces X1, X~ C F x F* is called a pair of
scattering subspaces if

(i) teX - =F x F*

(ii) < of,04 >>0forall 0], 0 € ¥F unequal to 0.

< o7,05 ><0forallo;,0; € X~ unequal to 0.

(ili) < ot,0” >=0forallot € XT, 07 € ¥7.

It is readily seen that any pair of scattering subspaces
(X1, %7) satisfies dim X = dim X~ = dim F. The col-
lection of pairs of scattering subspaces can be character-
ized as follows.

Lemma 13 Let (X%,X7) be a pair of scattering sub-
spaces. Then there exists an invertible linear map R :
F — F*, with

<(R+R)f|f>>0, forall0#feF, (29)
such that
(R7te,e) e Fx F*|eec F*}

¢ (30)
ST ={(f,-Rf)e FxF*| feF}



Conversely, for any invertible linear map R : F — F*
satisfying (29) the pair (X, %7) defined in (30) is a pair
of scattering subspaces.

Proof. Let (X1,X7) be a pair of scattering subspaces.
Since <, > is positive definite on ¥, X+ N (F x0) =0
and X1t N (0 x F*) = 0. Hence we can write X1 as in
(30) for some invertible linear map R. Checking positive-
definiteness of <,>>> on X7 then yields (29). Similarly,
YT N(Fx0)=0,X Nn(0xF*) = 0. Orthogonality
of ¥~ with respect to X1 (condition (iii)) implies that
3~ is given as in (30). Conversely, a direct computation
shows that (X1, 37) defined in (30) for R satisfying (29)
defines a pair of scattering subspaces. O

The fundamental relation between the representation in
terms of power vectors (f, e) € Fx F* and the scattering
representation is given by the following. Let (X7, %7) be
a pair of scattering subspaces. Then every pair of power
vectors (f,e) € F x F* can be also represented as

(fae):UJr‘f'Ui (31)

for uniquely defined ot € ¥1, 0~ € ¥, called the wave
vectors. Using orthogonality of ¥ w.r.t. ¥~ it immedi-
ately follows that for all (fi,e;) = o} +o; ,i=1,2

< (f1,e1), (fa,e2) >=< 0,04 >p+ — <07 ,05 >z~

(32)
where <, >s,+ denotes the inner product on 1 defined
as the restriction of <,>> to 7, and <, >5- denotes
the inner product on X~ defined as minus the restriction
of «,> to 7. Taking f1 = fo = f,e; = e2 = e and

thus o) = o) =ot,0; =0, =0, leads to

<el|f>=35<(f,e),(f,e) >=
1 + gt 1 - (33)
5 <0,0" >p+ —5 <0 ,0 >5-
Equation (33) yields the following interpretation of the
wave vectors. The vector o™ can be regarded as the in-
coming wave vector, with half times its squared norm
being the incoming power, and the vector o~ is the out-
going wave vector, with half times its squared norm be-
ing the outgoing power.

Remark 14 Note that the incoming wave vector o™ cor-
responding to (f,e) is zero if and only ife = —R* f. The
physical interpretation of this condition is that the in-
coming wave vector is zero if the port is terminated on
the ’matching’ resistive relation er = R*fr (with the
standard interconnection er = e, fr = —f ).

Let D C F x F* be a Dirac structure, that is, D = D+
with respect to <, >. What is its representation in wave
vectors? Since <,>> is zero restricted to D it follows

that for every pair of scattering subspaces (X1, 37)

DAYt =0, DPNY” =0, (34)

and hence (see also [20]) D can be represented as the
graph of an invertible linear map O : T — X~

D={oc"+0 |o-=00", 0" €x"} (35)

Furthermore, by (32) < 07,04 >s1=< Qo] , 005 >5-
for every o7, 05 € ¥, and thus

O: (T, <,>51) = (Z7,<,>x-) (36)

is a unitary map (isometry). Conversely, every unitary
map O as in (36) defines a Dirac structure by (35). Thus
for every pair of scattering subspaces (X7, X7) we have
a one-to-one correspondence between unitary maps (36)
and Dirac structures D C F x F*.

4.1 Inner product scattering representations

A particular useful class of scattering subspaces
(X*T,%7) are those defined by an invertible map
R : F — F* satisfying (29) such that R = R*. In this
case R is determined by the inner product on F defined
as

<fufe>r=<Rfi| fa>=<Rfa| > (37
or equivalently by the inner product on F* defined as
< er,e3 >p-1:=< €2 | R7161 >=<e1 | R71€2 > (38)

In this case we may define an explicit representation
of the pair of scattering subspaces (X1,X7) as follows.
Define for every (f,e) € F x F* the pair s, s~ by

S+ =

(e+ Rf)e F*
(e — Rf) € F*

: (39)

S =

S

Let s;, s; correspond to (fi,e;),i = 1,2. Then by direct

1%
computation

2 < si",s; >p-1 = <ep,e3 >p-1 + < f1,f2 >R
+ < (f1,e1), (fa,e2) >
2< 87,8, >p-1 = <ej,ea>p-1+ < fi,fa >nr
— < (f1,e1), (fa,e2) >
(40)
Hence, if (fi, e;) € T, orequivalently s; = e;—Rf; = 0,
then 2 < s, s5 >p-1= 2 < (f1,€1), (f2,e2) >, while
if (fi,e;) € 7, or equivalently s;” = e; + Rf; = 0, then



2 < 57,8, >p-1= —2 <K (f1,€e1),(f2,€2) > . Thus the
mappings

o= (L9 ETT — st = e+ RNEF
= (€D s = be- Ri) € F

are isometries (with respect to the inner products on $+
and X7, and the inner product on F* defined by (38)).
Hence we may identify the wave vectors ot,o~ with
s+, s,

Let us now consider the representation of a Dirac struc-
ture D in terms of the wave vectors (s7,s7) (see also
the treatment in [20], § 4.3.3). For every Dirac structure
D C F x F* there exist linear mappings F' : F — V and
E : F* — V satistying (4). Thus for any (f,e) € D the
wave vectors (sT,s7) defined by (41) are given as

st = J5(F*A+ RE*\) = J5(F* + RE*)\
s = J5(F*A— RE*\) = J5(F* = RE*)\, Ae V-

The mapping F* + RE™ is invertible. Indeed, suppose
that (F*+RE*)(\) = 0. By (4(i)) also EF*\+ FE*)\ =
0. It follows that ERE*A+ FR™1F*)\ = 0, and hence by
positive-definiteness of R and (4(ii)) A = 0. Therefore

s~ = (F* — RE*)(F* + RE*) st (42)

Hence the unitary map O : F* — F* associated with
the Dirac structure (recall that we identify X1 and ¥~
with F* by (41)) is given as

O = (F* — RE*)(F* + RE*)™! (43)
By adding EF* + FE* = 0 it follows that
(FR™' + E)(F* + RE*) = (FR™! — E)(F* — RE")

and hence also (since similarly as above it can be shown
that FR~! — E is invertible)

O=(FR'-E)YFR '4+E) (44)

From here it can be verified that O*R~1O = R~!, show-
ing that indeed (as proved before by general considera-
tions) O : F* — F* is a unitary mapping.

Given a kernel/image representation (F, E) for a Dirac
structure D, it is obvious that for any invertible map
C:V —V alsoD = kerC(F + E) = ker(CF + CE).
Hence there are infinitely many (F, E') pairs representing
D in kernel/image representation, corresponding to only
one O map in the chosen scattering representation.

Theorem 15 Consider any inner product R on F and
the resulting scattering representation. The set of (F, F)

pairs representing a given Dirac structure D on F x F*
with scattering representation O is given as

((F.E)|F=X(O+I)R, E=X(0-1),X
F* — V invertible }  (45)

Proof Obviously, any (F, E) pair corresponding to D
can be expressed as F' = (A+ B)R,E = A — B, where
A= L(FR 4+ E),B = L(FR™! — E). By (44) the
mappings A and B are invertible, while O = B~!A.
Hence substituting A = BO F and F can be expressed
as F = B(O+I)R,E = B(O—1), and taking C = B~1
the following 'canonical’ kernel representation for D is
found

E=0-1 (46)

yielding the parametrization of D given in (45). O

{F’ =(0O+1)R

4.2 Composition in scattering representation

Recall that composition in power vector representation
is simply given by the interconnection constraints

fAZ—fBEf,eAzeBE.F* (47)
Now consider the scattering representation of the power

vectors (fa,ea) with respect to an inner product Ry as
given by the wave vectors

SX = \/Lﬁ(eA +RAfA) e F* (48)
Sy = \/Lg(eA—RAfA) e F*

and analogously the scattering representation of the
power vectors (fp,ep) with respect to another inner
product Rp, given by

SJEF; = \%(eB JrRBfB) c F* (49)
Sg = \%(63 _RBfB) c F*

Then the interconnection constraints (47) on the power
vectors yield the following interconnection constraints
on the wave vectors

sfg —Sp = %(RA — RB)fa (50)
Sh— 8, = %(RA — Rp)fa
together with
sjg — 5, = V2RAfA (51)
sp — sg = \/§RBfA



Fig. 2. Composition of D4 and Dp using wave vectors.

leading to

SA=5p = S5~ 54 (52)

RyN(sh—s3) + Rp'(sh—s5) =0

The first equation of (52) can be interpreted as a power
balance of the wave vectors. Indeed, in our convention for
power flow sT are incoming wave vectors for the system
and thus outgoing wave vectors for the point of inter-
connection, while s~ are outgoing wave vectors for the
system and thus incoming wave vectors for the point of
interconnection. Hence the first equation of (52) states
that the loss (= difference) between the outgoing wave
vector s’ and the incoming wave vector sj is equal to
the loss between the outgoing wave vector SE and the in-
coming wave vector s,. The second equation expresses
a balance between the loss as seen from A and the loss
as seen from B.

The scattering at A is said to be matching with the scat-
tering at B if R4 = Rp. In this case (47) is equivalent
to the following interconnection constraints between the
wave vectors:

Sh =95 (53)
+ _ —
Sp = Sa>

simply expressing that the outgoing wave vector for A
equals the incoming wave vector for B, and conversely.
In the rest of this section we restrict ourselves to the
matching case Ry = Rp = R. Also, in order to sim-
plify computations, we consider a coordinate represen-
tation such that R is given by the identity matrix (=
Euclidean inner product). Furthermore, for ease of no-
tation we denote sz, sg by va,vp and s, s5 by 24, 2B.
Thus we consider the composition as in Figure 2 of two
Dirac structures D4, Dp by the interconnection equa-
tions (in scattering representation) va = zp,z4 = vB.
By redrawing Figure 2 in standard feedback interconnec-
tion form as in Figure 3 it is readily seen that this cor-
responds to the well-known Redheffer star product (see
e.g. [18]) of O 4 and Op.

Proposition 16 The scattering representation of Da ||
Dp is given by O 4 x Op, with the unitary mappings O 4
and Op being the scattering representation of D4 and Dp
respectively, and * denoting the Redheffer star product.

Note that this immediately yields that the Redheffer star
product of two unitary mappings is again a unitary map-

vl Z1
—_—
Oa
VA = 2B zZA = v
_—— Os
z3 v3

Fig. 3. Figure 2 redrawn as the Redheffer star product of O 4
and Og.

Fig. 4. Dp || Dc

ping (since Dy || D is again a Dirac structure.) Explicit
formulas for O 4 x Op have been recently obtained in [9]
(see also [1]).

5 Achievable Dirac structures

A main question in the theory of control by interconnec-
tion’ of port-Hamiltonian systems is to investigate which
closed-loop port-Hamiltonian systems can be achieved
by interconnecting a given plant port-Hamiltonian sys-
tem P with a to-be-designed controller port-Hamiltonian
system C'. Desired properties of the closed-loop system
may e.g. include the internal stability of the closed-
loop system and its behavior at an interaction port.
The Impedance Control problem as formulated in e.g.
[8] as the problem of designing the controller system in
such a way that the closed-loop system has a desired
‘impedance’ at the interaction port may be approached
from this point of view.

Within the framework of the current paper the control by
interconnection problem of port-Hamiltonian systems is
restricted to the investigation of the achievable Dirac
structures of the closed-loop system. That is, given the
Dirac structure Dp of the plant system P and the to-be-
designed Dirac structure D¢ of the controller system C,
what are the achievable Dirac structures Dp || D¢ (see
Figure 4.

Theorem 17 Given a plant Dirac structure Dp with
port variables f1,e1, fo, €2, and a desired Dirac structure
D with port variables f1,e1, f3,e3. Then there exists a
controller Dirac structure D¢ such that D = Dp || Do if
and only if one of the following two equivalent conditions



Fig. 5. D="Dp | D} || D.

is satisfied

DY c D°
D" C D}

where

DY = {(f1,e1) | (f1,€1,0,0) € Dp}

DE :={(f1,e1) | I(fa, e2) s.t. (f1,e1, f2,e2) € Dp}

DO = {(fl,el) | ( 1,61,0 0) c D}

D™ = {(f1,e1) | 3(f3,e3) s.t. (f1,€1, f3,e3) € D}
(56)

Remark 18 A partial version of this theorem was given

in [21].

The following simple proof of Theorem 17 (using an idea
from [14]; compare with the proof given in [21]) is based
on the following, partially sign-reversed, copy (or ’inter-
nal model’) D} of the plant Dirac structure Dp

Dp = {(f1,e€1, fa,e2) | (—f1,e1, —f2,€2) € Dp}, (57)
which is easily seen to be a Dirac structure if and only
if Dp is a Dirac structure.

Proof of Theorem 17. First we will show that there
exists a controller Dirac structure Do such that D =
Dp || D¢ if and only if the two conditions (54) and (55)
are satisfied. At the end we will prove that conditions
(54) and (55) are actually equivalent.

Necessity of (54) and (55) is obvious. Sufficiency is shown
using the controller Dirac structure

Dc:=Dp || D

(see Figure 5). To check that D C Dp || D¢, consider
(f1,e1, f3,e3) € D. Because (f1,e1) € D7, applying (55)
yields that 3(fs, es) such that (fi,e1, fa,e2) € Dp. It
follows that (— f1, e1, — fa, €2) € Dj. Recall the following
interconnection constraints in Figure 5:
f2 = _f2*a62 = e;afik = _f{aeT = 6/1

By taking (f1,¢e}) = (f1,e1) in Figure 5 it follows that
(fi,e1, f3,e3) € Dp || Dc. Therefore, D C Dp || Dc.

To check that Dp || Do C D, consider (f1,e1, f3,e3) €
Dp || De. Then there exist fo = —f3,e2 = €5, ff =
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—f1, et = e} such that

(fi,e1, f2,e2) € Dp (58)
(ffaeiaf;ae;)ED;:)(f{aellana‘?Q)EDP (59)
(f{aellaf&e?:) eD (60)

Subtracting (59) from (58), making use of the the lin-
earity of Dp, we get

(fl 7f{ael 76/17050) € DP <~ (fl 7f{ael *6/1) E(D%
61

Using (61) and (54) we get
(fl—f{,el—ell,0,0)eD (62)

Finally, adding (60) and (62), we obtain (f1, e1, f3,e3) €
D, and so Dp || De C D.

Finally we show that conditions (54) and (55) are equiv-
alent. In fact, we prove that (D) = D™ and the same
for Dp. Here, - denotes the orthogonal complement with
respect to the canonical bilinear form on F; x F7 defined
as

< (fie), (fre)) > =<e* | fP>+<e | f* >

for (f&,e9),(f2,eb) € Fi x Ff. Then since D% C D°
implies (D%)1 C (D%)*+ the equivalence between (54)
and (55) is immediate.

In order to show (D°)+
implying that

= D™ first take (f1,e1) € (D™)*,

< €1|]E1 >+ < é1|f1 >=0

< (fi,e1), (fi,é1) > =

for all (f1,é1) for which there exists f3,é3 such that
(f1,€1, f3,€3) € D. This immediately implies that
(f1,€1,0,0) € Dt = D, and thus that (fi,e;) € DO.
Hence, (D™)* < D° and thus (D°)+ < D~. To prove
the converse inclusion, take (f1,e1) € D™, implying that
there exists (f3,e3) such that (f1, ey, f3,e3) € D = D+.
Hence,

<ellfi>+<éfi>+<es|fs>+<éslfs>=0

for all (fl,él,fg,é3)~ € D implying < ei|fi > + <
é1|f1 >=( for all (fl,él,0,0) € D, and thus (fl;el) €
(DYt O

Remark 19 By allowing Dp to be interconnected to an
interconnection structure Ko that is not necessarily a
Dirac structure we do not gain anything for the set of
achievable Dirac structures. Indeed, let Ko be any sub-
space (not necessarily a Dirac structure) of the space of
variables fa,ea, f3,e3 and suppose that Dp || Ko = D
(where the composition Dp || K¢ is defined in the same
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Fig. 6. Port-Hamiltonian plant system P.

way as for Dirac structures). Then, as in the necessity
part of the proof of Theorem 17, this implies that (54,
55) are satisfied, and thus, by the sufficiency part of the
proof, there also exists a Dirac structure Do such that
Dp || De = D. This means that if we want to realize
a power-conserving interconnection structure there is no
loss of generality in restricting to ’controller’ intercon-
nection structures that are power-conserving.

The proof of Theorem 17 immediately provides us with a
closed expression for a ’canonical’ controller Dirac struc-
ture D¢ such that D = Dp || De:

Proposition 20 Given a plant Dirac structure Dp, and
D satisfying the conditions of Theorem 17. Then Do :=
D% || D, with D} defined as in (57), achieves D = Dp ||
Dc.

Example 21 Consider the plant system P

0 01 00| |4 00
; —10 00| |2 10| |u

p1 _ Op1 + 1 (63)
o 00 01 %g 00/ | us

. oOH

Po 00-10] |42 01

(see Figure 6), composed by two masses my and
ma, linked by a spring ki, subject to external forces
uy1 and us. The state of the plant system is xp =
(q1,p1,q2,p2), with q; denoting the positions of both
masses and p; the corresponding momenta, i = 1,2.
The Hamiltonian of the plant system P is Hp(xp) =

2 2
% (7};—11 + % + k1(q2 — q1)2) and the Dirac structure

Dp € F1 x Fy x Fa x Fy of P is given in kernel/image
representation by (see [20] for an explicit computation)

[100000] 01 0 000]

010010 1.0 0 000

001000 0 0 0 100
FP: )EP:

000101 0 0-1 000

000000 0-1 0 010

1000000 0 0 0-101]

The desired port-Hamiltonian system Q (Figure 7) is the
same as P with the second mass mo connected to an extra
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Fig. 7. Port-Hamiltonian desired system Q.

mass ms by a spring ks. The equations of Q) are given as

@ | [ o1 0o 0 o0][%He] [0]
I 10 0 0 00| |%e 1
G2 | _| 00 0 1 00]]|%2 L0,
Po 00-1 0 10| |52 0
Agy 00 0-1 01| |33 0
ps | [ 00 0 0-10]|%e| |o]

with uy the external force. The state of @ is xqo =
(g1,p1, 92,02, Ags, p3), with q;,i = 1,2, denoting as be-
fore the position of masses m1, ms and Aqs the elonga-
tion of spring ko. Furthermore, p;,1 = 1,2, 3, denote the
momenta of the three masses. The Hamiltonian of Q is
2 2 2

f@@@ﬁz%@%+§%+§§+m@2—mﬁ+kxA%P)
while the Dirac structure D € F1 x Ff x F3 x F3 of Q
is given in kernel/image representation as

[1000000] 01 0 0 000]
0100001 1.0 0 0 000
0010000 00 1 000
F=|0001000[,E=| 0 0-1 0 100
0000100 0 0-1 010
0000010 0 0 0-100
10000000 | L 0-1 0 0 001

By construction, D is trivially achievable from Dp by
interconnection. In the following, this will be formally
checked as an illustration of Theorem 17. Furthermore,
we will explicitly compute the controller Dirac structure
Dc as defined in Proposition 20 and show how this cor-
responds to the Dirac structure of the extra mass-spring
system, and that the desired Dirac structure D is indeed
obtained by composition of Dp with Dc. According to
Theorem 17, conditions (54) or (55) should be satisfied.
This can be most easily checked as follows. Since Dp is
given in kernel representation as ker[Fp|Ep] it follows
that DY = ker[F3|EY], where F and EY are obtained
from Fp, respectively Ep, by deleting the columns cor-
responding to Fa, respectively Fj. Similarly, D° is ob-
tained from D = ker[F|E] as D' = ker[F°|E"], where F©
and EY are obtained from F, respectively E, by deleting
the columns corresponding to Fs, respectively F5. Check-
ing the condition (54) D% C D° now amounts to check-
ing that the rows of [F°|E°] are linear combinations of
the rows of [F3|EY], which is easily seen to be the case



for the Dirac structures Dp and D at hand. Proposition
20 defines the controller Dirac structure Do as Dy || D
(whose composition with Dp should be equal to D). Note
that D} is simply given by Fy = —Fp and E}, = Ep.
Application of Theorem 4 yields after some calculations
that D¢ is given in kernel/image representation as

—-100 0 10
Fe=1| 010|, Ec=|1 01 (64)
001 0-10

This is directly seen to be the Dirac structure of the con-
troller system

Aqg = % +v
p3 = —kalg, (65)
F = kAgs

which can be identified with a mass-spring system with
mass ms and spring ko, with v denoting the velocity of
the left-end of the spring ko and F' the spring force at this
point. It directly follows that D = Dp || D¢

In scattering representation Proposition 20 takes the fol-
lowing form. First note that if Op is the scattering rep-
resentation of Dp, then the scattering representation of
D% is given by O3, Indeed, if we substitute in (39) — f
for f, then s™ becomes s~ and conversely. Thus the uni-
tary map corresponding to D} is the inverse of the map
Op corresponding to Dp.

Corollary 22 Given a plant Dirac structure Dp, and D
satisfying the conditions of Theorem 17, in scattering rep-
resentation given by Op, respectively O. Then De with
scattering representation O¢ defined by O¢ = (9;1 * O
achieves O = Op x O¢. Hence, under the conditions of
Theorem 17, O = Op % (’);1 *O.

5.1 Achievable Casimirs and constraints

An important application of Theorem 17 concerns the
characterization of the Casimir functions which can be
achieved for the closed-loop system by interconnecting
a given plant port-Hamiltonian system with associated
Dirac structure Dp with a controller port-Hamiltonian
system with associated Dirac structure D¢. This consti-
tutes a cornerstone for passivity-based control of port-
Hamiltonian systems as developed e.g. in [15,16]. Du-
ally, we characterize the achievable algebraic constraints
for the closed-loop system. In order to explain these no-
tions consider first a port-Hamiltonian system without
external (controller or interaction) ports. Also assume
for simplicity that there is no resistive port. Thus we con-
sider a state space X with Dirac structure D C X x X'*.
Then the following subspaces of X, respectively X*, are
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of importance

Gy = {fs € X | Je, € X* such that (fy,e;) € D}

Py := {e, € X* | 3f, € X such that (f,,e,) € D}
(66)
The subspace G expresses the set of admissible flows,
and P; the set of admissible efforts.

A Casimir function K : X — R of the port-Hamiltonian
system is defined to be a function which is constant along
all trajectories of the port-Hamiltonian system, irrespec-
tively of the Hamiltonian H. Since f, = —z(t) € Gy,
it follows that K : X — R is a Casimir function if
4K (x(t)) = L (x(t))@(t) = 0 for all i(t) € G1. Equiv-
alently, this can be formulated by defining the following
subspace of the dual space of efforts
Py={e, € X*|(0,e,) € D} (67)
It can be readily seen that G; = Pg- where L denotes or-

thogonal complement with respect to the duality prod-
uct < | >. Hence K is a Casimir function iff Z& (2) € Pp.

Dually, the algebraic constraints for the port-Hamiltonian
system are determined by the space P, since necessar-

ily aaT—mH(:c) € Py, which will induce constraints on the
state variables x. Similar to the above it can be seen
that P, = Gy where the subspace of flows Gy is given as

Go={f. € X|(fs,0) € D} (68)

Let us now consider the question of characterizing the set
of achievable Casimirs for the closed-loop system Dp ||
D¢, where Dp is the given Dirac structure of the plant
port-Hamiltonian system with Hamiltonian Hp, and D¢
is the (to-be-designed) controller Dirac structure. In this
case, the Casimirs will depend on the plant state x as
well as on the controller state £. Since the controller
Hamiltonian Hc(§) is at our own disposal we will be
primarily interested in the dependency of the Casimirs
on the plant state . (Since we want to use the Casimirs
for shaping the total Hamiltonian H + H¢ to a Lyapunov
function, cf. [15,16].)

Consider the notation given in Figure 4, and assume that
the ports (f1,e1) are connected to the (given) energy
storing elements of the plant port-Hamiltonian system
(that is, f1 = —&,e; = 68%), while (f3,e3) are con-
nected to the (to-be-designed) energy storing elements
of a controller port-Hamiltonian system (that is, f3 =
—€ e3 = aa%). Note that the number of ports (f3,es)
can be freely chosen. The achievable Casimir functions

are characterized as follows. K(z,£) is an achievable
Casimir function if there exists a controller Dirac struc-



ture D¢ such that

8

0, 5 (,€),0 ( ) €Dp || Do (69)

6

Hence for every achievable Casimir function K (z, &) the
partial gradient %—f(x, ¢) belongs to the space

Pous = {61 | dD¢ s.t. des : (0,61,0,63) € Dp H Dc}

(70)
and, conversely (under integrability conditions) for any
e1 € Pogs there will exist an achievable Casimir function
K (z,£) such that %—I;(z,é) = e1. Thus the question of
characterizing the achievable Casimirs of the closed-loop
system, with respect to their dependence on the plant
state x, is translated to finding a characterization of the
space Pogs. This is answered by the following theorem.

Theorem 23 The space Pogs defined in (70) is equal to

P.= {e1 | 3(f2, e2) such that (0, e, fa,e2) € Dp}

Proof Pc,, C P trivially. By using the controller
Dirac structure Do = D}, we immediately obtain

PCPCas- g

Dually, the achievable constraints of the the intercon-
nection of the plant system with Dirac structure Dp and
Hamiltonian Hp(x) with a controller system with Dirac
structure Do and Hamiltonian He(€) are given as

OHp

O0H¢
(W(x)’

8—5(5)) € P,

where P is the subspace of efforts as described above

with respect to the Dirac structure Dp || De. It fol-

lows that the plant state x satisfies the constraints
T

66’;1” ()f1 = _ 9 Hc (&)fs for all fi, f3 such that

(f1,0, f5,0) € Dp || DC The possible flow vectors f in
this expression are given by the space

Gag =1{f1|3Dc s.t. 3f3

for which (f1,0, f5,0) € Dp || De}  (71)

Theorem 24 The space G 414 defined in (71) is equal to

G = {f1]3(fe, e2) such that (f1,0, f2,e2) € Dp}

Example 25 Consider the input-state-output port-
Hamiltonian plant system with inputs fo and outputs es

O
es = g% (x) 66 P (ac) es € R™

(72)
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It is easily seen that
Poas = P = {e1 | 3f such that 0 = J(z)e1 + g(x) f2},

implying that the achievable Casimirs K(x,&) are such
that e; = 6—(3@ €) satisfies J(x) 2 (x,€) € img(z) for
all €, that 15, K as a function Of:L' (for any fixed £) is
a Hamiltomcm function corresponding to a Hamiltonian
vector field contained in the distribution spanned by the
input vector fields given by the columns of g(x). Similarly

Gag =G ={fi|3f2 s.t. fi = —g(x)fo}

which tmplies that the achievable algebraic constraints

are of the form 6T6HP (z)g(z) = 2 algc (&) f3. This means

that the outputs es = g7 (x )BHP () can be constrained
in any way by interconnecting the system with a suitable
controller port-Hamziltonian system.

= img(x),

6 Conclusions

The results obtained in this paper raise a number of
questions. Port-based network modeling of multi-body
systems (see e.g. [13]) lead to a (large number of) im-
plicit equations describing the dynamics and the inter-
connection constraints. It is of interest to work out the
equational representation as obtained in Section 3 in this
case, and to give effective algorithms to reduce the ob-
tained (relaxed) kernel/image representation to a max-
imally explicit form, making use of the available addi-
tional structure. Also in other modeling contexts it is
profitable to have an explicit algorithm for the minimal
representation of the complex composed Dirac structure
arising from a network interconnection of Dirac struc-
tures at hand (combining graph-theoretical tools with
the geometric theory of Dirac structures).

Another venue for research concerns the extension of
the results obtained in this paper to infinite-dimensional
Dirac structures. Some results concerning the composi-
tion of finite-dimensional Dirac structures with infinite-
dimensional Dirac structures of a special type, namely
the Stokes-Dirac structures as defined in [25], have been
obtained in [17]. For general Dirac structures on Hilbert
spaces in [6] a counterexample has been provided show-
ing that the composition of infinite-dimensional Dirac
structures may not always result in another Dirac struc-
ture. Recently in [9], making use of scattering represen-
tations, necessary and sufficient general conditions have
been derived for the composition of infinite-dimensional
Dirac structures to define again a Dirac structure.

The interpretation of the canonical controller Dirac
structure as obtained in Section 5 deserves further
study. In fact, the definition of the canonical controller
Dirac structure achieving a certain desired closed-loop



Dirac structure suggests an ’internal model’ interpreta-
tion, with ensuing robustness properties. (Note that D¢
as constructed in Proposition 5.4 contains a copy of the
plant Dirac structure. Its construction can thus be seen
as a, static, network analogue of the usual, dynamic,
internal model principle, where (a part of) the plant
dynamics (or of the extended plant, that is, plant sys-
tem together with exosystem) is copied in the controller
system.) Finally, the characterization of the achievable
Dirac structures is only a first step towards charac-
terizing the achievable port-Hamiltonian closed-loop
behaviors.
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