Energy-conserving formulation of RLC-circuits with linear resistors
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Abstract— In this paper firstly, the dynamics of LC-circuits ~ energy stored in the capacitors (resp. the magnetic energy

without excess elements is expressed in terms of contact /7, (p,) € C>°(R) stored in the inductors) and twgort
systems encompassing in a single formulation the Hamilto- variables : the variation of charge, i.e. the curréate

nian formulation and the pseudo-gradient formulation called R th it f tic fl ie th It
the Brayton-Moser equations. Indeed the contact formulation (resp. the variation of magnetic flux, i.e. the voltage

encompasses both the Hamiltonian system and its the adjoint vz € R) and theco-energyvariable vc € R denoting
variational system. Secondly we express the dynamics of the voltage (resp. the current € R) related by the
RLC-circuits with linear resistors in the contact formalism  constitutive relations

by extending the state space to an associated space of

Thermodynamic phase which again encompasses as well the . dgc _ der,
Hamiltonian formulation with dissipation as the Brayton- = g L= g
Moser formulation. OHc and . OH,

vo = a—(QC) L=y (¢r)

Furthermore we shall assume that no of the elements

are degenerated, that is that there is a bi-univoque corre-

The dynamics of electrical circuits has been the subspondance between tremergyvariablesz = (q¢, 1) €
ject of various analytical formulation including variat@l  \s — Rne x R™ and the co-energyvariablesz* =

formulations, Lagrangian and Hamiltonian formulations,,., ;,) e 7* /. In other words, the map&c : gc — ve

and pseudo-gradient formulations [5] [2] [6] [14] [7] [13] and i, : ve +— g are C bijections, thus there exists

[15] .[23] [26]. In this paper we shall (?ieal with the Go : ve — qo and ¢y, ¢ ir — ¢r such thatic o o =
relation between the Hamiltonian formulation of LC- and(jc odc = Id andiy o ¢r = ¢ o4z = Id, see [14] for

RLC-circuits [2] [18] and the pseudo-gradient formulationy,ore details.

(also called Brayton-Moser ) formulation [6] [23] [14].  The inductors and capacitors are interconnected through

Therefore we shall use a formulation in terms of a con gircyit which related the energy and co-energy variables
tact vector field associated with the lift of Hamiltoniany,, kirchhoff's laws as follows:

systems on some Thermodynamical Phase Space [10] [8].
We shall show that this formulation encompasses both ic\ _ (0 Bt ve\ _ g (1)
representations and allows to relate them by considering v,)] \-B 0 ir) ’

the prolongation of a Hamiltonian system to its adjoint . . .
system. where B is the fundamental matrix of cycles associated

with the maximal tree given by the capacitors (by assump-
Il. LC-CIRCUIT STRUCTURE tion that the circuit has no element in excess) [17], [14].

In this section, we will recall briefly some basic defi- o ) _
nition of LC-circuits and the Brayton-Moser and Hamil-B- Hamiltonian formulation of the dynamics
tonian equations for connected LC-circuits without excess The dynamics of LC-circuits have been formulated in

elements [18]. various ways using variational, Lagrangian and Hamilto-
nian formulations (see the references in [18]). However the
] o Hamiltonian formulation which are closest to the objects
The energy storing elements of the circuits are thgefining a circuit, use the energy variables as state vasabl
capacitors and inductors with constitutive relations d&fin 54 define the dynamics with the Hamiltonian being the
as follows. total electro-magnetic energy and using a Poisson bracket

Definition 2.1 {18], [17]): A capacitor (resp. an induc- associated with Kirchhoffs’ laws (1) for circuits without
tor) is defined by arenergyvariableqc € R denoting the  glements in excess.

electrical charge (resp. the total magnetic flux € R),
an real functionH¢«(gc) € C*°(R) denoting the electrical

. INTRODUCTION

A. Constitutive and circuit equations of an LC-circuit

Remark 2.1:In the case of LC-circuits with elements in
excess, the Hamiltonian formulation may be extended to
D. Eberard and BM. are with Laboratory of Chemi- implicit Hamiltonian systems defined with respect to Dirac

cal Engineering and Automation, University of Lyon 1, Structures associated to Kirchhoff's laws [25], [17] [2].

E:Igg%ke@a‘zt;epr ?Jrn?@ all%/eo%lu?irv-l yonl. fr and  This Hamiltonian formulation is defined as follows. Define
A.J. van der échaft is with . Institute of Mathematics andthe Hamiltonian function

Computer Science, University of Groningen, The Netherlands
A. J.van. der. Schaft @mt h. rug. nl H(ge,¢r) = Ho(ge) + Hr(or) (2)



representing the total energy, as the sum of the storedRemark 2.2:The proof may be summarized as follows:
electric and magnetic energies in the capacitors and the

2 7%
inductors respectively given by A (x¥)a* = 8852 (z*)x*
qc R — E 8H* (33*)
Helae) = [ o(@da, ©) a \ o
0 *
and =1, cause — (z*) ==z
PL ®)
o = H
Hilor) = [ into)d. (4) 7 d:H()
0 0H
=Jz*, cause 6—(x) =z"
The dynamics is then given by the Hamiltonian equations ® (1d 0 8_P( .
. 0 —Id/) g v
i=Jd.H(x), (5)

Brayton and Moser’s formulation (7) may be interpreted
as a pseudo-gradient system defined with respect to the

where d. denotes the differentiation with respect to thepseudo-metriC'

variable z and the structure matri¥/, defined equation

(1), is defined by Kirchhoff's laws. w—1, 4 (Id 0\ Cloe) ™! 0
AT@) g Jg) = 0 —L(iy)™" ©
C. Brayton-Moser framework which is clearly associated with the constitutive relatagn

the energy-storing elements and is well-defined under the
The Brayton and Moser formulation is defined in aassumption that the elements are non-degenerated.
sort of dual way as a pseudo-gradient system [6] [23].
This system is defined with respect to a non-definite lll. CONTACT FORMULATION
metric associated with the constitutive relations of the In this section, we present the formulation of the dynam-
energy-storing elements and is generated by a functides of LC-circuit as a contact vector field. We shall see
called Brayton-Moser potential which is associated witfihat this formulation encompasses both the Hamiltonian
Kirchhoff's laws. The construction is the following. formulation 5) and the Brayton-Moser formulation (7) by
Define the co-energy functionH*(z*) to be thez- Projecting the contact dynamics on the Legendre subman-

Legendre transformation off (z) in the state spac&*A\’ ifolds generated by the energy or the co-energy function.
Let us start with some definitions of contact geometry.

H*(¢*) = o™z — H(x). (6) A. A very brief reminder on contact geometry

Roughly speaking, the contact structure is the analogue
Recall thatz* = (0H/9z)(x). Brayton and Moser [6] qf the symplectic structure for odd-dimensional manifold
have shown that the dynamics of such a LC-circuit is 9ivef] [16]. Contact geometry has been used in the frame
by of Thermodynamics in order characterize the properties of
s s id o)\ oP, ., thermodynamical systems [12] [4] [22]. In this frame the
A (@")ar = (0 —Id> %( ) 7) thermodynamic properties if a systems are characterized
as alegendre submanifoldf the Thermodynamic Phase

where space which may in general be defined by some cotangent
bundle7 = R x T*R"™. Contact geometry has also been

v 0’H* C(ve) 0 used to define the reversible and irreversible transforma-
A" (x") = D2 (%) = ( 0 L(iL)) ’ tions of thermodynamical systems [19] [11] [10]. In the

sequel we shall briefly recall the main geometrical objects
with the capacitor and the inductor matrices given by needed and expressed in coordinates (for an intrinsic
definition we refer to [16] and in the context of systems’

_ 94c NI theory to [8] [10].
Clvo) = %(UC) and - L(ir) = iy, (i), A contact formd may be expressed in canonical coor-
dinatesz®, 2!, ..., 2", p1,...,pn Of the Thermodynamic
and themixed-potentialP(z*) defined by Phase Spac&, by
P(z*) =it Bug = Po(2*) = —P(z*),  (8) 0 =da® =) pida’, (10)

=1
where Po = ic ve (resp.Pr, =i ©1) denotes the power Then,7 endowed with this contact formis called acon-
across the capacitors (resp. in the inductors). tact manifoldand one may define Legendre submanifolds



as the solution of the Pfaffian equation associated with tHg. Contact dynamics of LC-circuits

contact structure. o We shall now use the lift of the Hamiltonian systems
Definition 3.1: A Legendre  submanifoldis a n- o the Thermodynamic Phase Space according to [11],
dimensional submanifold of’, solution of the equation [10] in order to relate the Hamiltonian and Brayton-Moser

0 =0. ) _ ] formulation of LC-circuit dynamics.
A Legendre submanifold may also be defined, in coordi- The first step consist associated with the space of energy
nates, as follows. variables\' = R"® x R" 3 (q¢,¢r), the Thermo-

Theorem 3.1[Q]): For a given set of canonical coor- gynamic Phase Spade x T*N > (2°,qc, 1, pc,pL)
dinates and any partitiod U J of the set of indices \yhere 10 is the coordinate associated with the energy

{1,...,n} and for any differentiable functiod(z’,p;) and pc and py, are the variables conjugated with the
of n variables,i € I,j € J, the formulas energy variablesi and ¢,. The second step consist in
o oF g oF OF considering the Legendre submanifold associated with the
v=F TPig s T T T, P T aar (11)  total electromagnetic energ§ (qc, 1) given by (2), (3)

i i and (4). It is then simply given by the definition of the
define a Legendre submanifold @2"*+! denoted L. co-energy variables and the energy:

Conversely, every Legendre submanifoldRi**! is de- A
fined in a neighborhood of every point by these formulas, £z = {H(qc,¢L),qc, %L, 0c(qc),in(pr)},  (14)
for at least one of the” possible choices of the subskt In [11], [10] it has been shown that the Hamiltonian

1":?|r instarllce, e:ch fubnctioﬁ{ Ide C>(R") defines the dynamics (5) may be lifted to the whole Thermodynamic
ollowing Legendre submanito Phase Space as the contact vector field generated by the

Ly ={H(z),2,dH(z)}, (12) Hamiltonian function:

also called thel-jet of H. When H is defined by a K(z,p) = —p'Jd, H(x), (15)

thermodynamical potential, then the Legendre submanifolghs contact Hamiltonian satisfies the invariance condlitio
defines the thermodynamical properties of the system. Fgf e theorem 3.2 by antisymmetry of, hence the
instance the thermodynamical potential may be chosen {ogendre submanifold y; is invariant. It may be noticed
be the internal energy of the thermodynamical system firstly that the contact Hamiltoniark is bilinear in p

see [11], [10]. _ and ¢.H and has the dimension of power ds{z,p) =
With the contact structure, one may associate a class o i

vector fields callectontact vector fields —p'Jd,. H(x) = (pc,pr)* (;i

Definition 3.2: A contact fieldis a vector fields that  Furthermore this contact Hamiltonian can be related
preserves the contact structure. with the Brayton-Moser mixed-potenti& in the following
In fact, there is an isomorphism between the class afay. Define theextendedr virtual power across capacitors
contact fields and the space of smooth functionsZan P and in the inductors’; as
In a set of canonical coordinat¢s®, =, p), a contact field

D SN ot D _ t ot
X, generated by the functiofi € C>(7), is written Pelpe,ir) =iy Bpc and Pr(vc,pr) = —veB p(ié)

n of \ o of [ ) where we splitp = (pc,pr). Then the contact Hamilto-
Xy = f—= Zpka—pk 920 + ) Zpka—pk nian may be written as the sum of these Brayton-Moser
k=1 k=1 extended potentials:

“/af & of @ o
+;<w@_3—pkﬁ)' K =Pc+Pp,
; . : (13) When one evaluates the contact Hamiltoni&mon £, the
Notice that the last term is precisely the same as the Hamjlyariance condition in the theorem 3.2 is equivalent to the

tonian field given by the canonical symplectic structure ORentity of the Brayton-Moser potential of the equatior: (8)
the cotangent bundl&*R™. Furthermore, when modelling ©

the dynamics of a physical system, it appears that contact Kz, = Po(a®) + P(z*) = 0. 17)
Hamiltonian has the dimension pbwer[11], [10]. o
Another key difference with symplectic geometry is that " the sequel we shall note that both the Hamiltonian
to ensure the conservation of enérgjong trajectories of formulation (5) and the Brayton-Moser formulation (7)
the contact field, we assumgidentically zero onZ. are contained in the contact field formulation. In a first
Theorem 3.2:Let (T,6) be a contact manifold and a instance, consider the-component of the contact field

Legendre submanifold. Then, for every smooth functfon (13)_restr|cted to t_he _Legendre :?ubmanlfoﬂ:}{. It s
on T, X, is tangent to iff £ C f=1(0). precisely the Hamiltonian dynamics of the LC-circuit.
’ Indeed, according to (13), thecomponent ofX x is given
1Legendre submanifolds have to be related witigrange submani- by oK
folds used in Analytical Mechanics to represent energyléeve . on _
2|ntrinsically satisfied in symplectic geometry. Op (:c p) - deH(x) ’ (18)



In a second instance, consider gfheomponent ofX i,  resistors, there exists two deinite positive matriesand
restricted to the Legendre submanifolly;. Since K is Ry of the resistances of the energy dissipating elements.

independent of:°, we have One then definesa potential Pp associated with the
9K . O°H e dissipated powein the resistors and given by
p= = P @) = (A @] Ip. R
. . Pp(z”) = SveRe ve — SigReir (19)
Recall that4* is symmetric and that 2 2
- 3_H(x) . where
Plen = 5 W) =% Rg' = BLRZ'Be and Ry = BLR.By.
it follows I .
5 The Brayton-Moser potential is then augmented with the
o =L o [ gegayy—1 (1D 0\ 9P | dissipative potential to #otal mixed-potential [6] [14] as
=@ e =] () g, dese
where P is defined equation (8). These are precisely the Piot(z*) = P(2*) — Pp(z”), (20)

Brayton-Moser equations (7). . where P is the standardmixed-potential function defined
Proposition 3.1: The contact vector field, generated equation (8).

by the contact Hamiltonian (15) both encompasses the pamark 4.1:Notice that Pp,

Hamiltonian for_mul_atior! (5) and Brayton-Moser formulz_;\-noteS the power given by the difference between the
tion (7) of LC-circuits without excess elements by considy,q|iaqe_controlledresistors function (also called the resis-

ering either the projection on the energy variables or on thg co-contenYt and thecurrent-controlledresistors func-
co-energy variables of the restriction of the contact fielg (also called the resistonteny.
to the Legendre submanifold;;. The Brayton-Moser formulation of the dynamics of the

This enlightens also the Fiual nature of both dynamicg 3L C-circuit is then given by [6] in terms of the co-energy
the Brayton-Moser equations may be seen as the adjoipl;isples:

variational formulation of the Hamiltonian dynamics. In-

defined equation (19) de-

deed, the adjoint system prolonge the dynamics of a system A (z¥)a* = <|d 0 > %(I*) , (21)
on the cotangent bundle and leads to lift a Hamiltonian 0 —ld/ 9z~
system on a Thermodynamic Phase Space7™*\ [10]. There exists also a Hamiltonian formulation of the

dynamics of the RLC-circuit in terms of the energy vari-
) ) ~ables. In this formulation the structure matrix is changed

In this section, we shall show that the contact formalisngy 3 matrix composed of the sum of a skew-symmetric
allows to give anenergy-conservingormulation of RLC-  part corresponding precisely to the LC subcircuit and a

circuit with (linear) resistors. As stated in [9][24], weah  symmetric matrix corresponding to the energy-dissipating
use a port-based approach to include energy-dissipatigiements:

elements in the circuit. In other words, we may consider j R\ 0
an RLC-circuit as a LC-circuit with ports which will be L0 R

connected to the port variables of the resistors. The structure matrix’ — R corresponds to the definition of

By extgnding the §tate space of the LC-circuit with an bracket on the space of energy variatlésalled Leibniz
extra yarlable associated with the entropy, we are apﬁeracket [20]. The dynamics of the RLC-circuit is defined
to define an augmented total energy function which is

Wwith respect to this Leibniz bracket and generated by

conserved (according to the first law of Therm(_)o_lynamic)t e HamiltonianH being the total electromagnetic energy
Furthermore, using the previous remark on adjointness ? )and leads to the following dissipative Hamiltonian
Hamiltonian and Brayton-Moser equations, we will getsystem'

both dissipative dynamics with the contact formulation.

IV. CONSERVATIVE FORMULATION OFRLC-CIRCUITS

(22)

i=(J - R)d,H(z), (23)

A. Reminder on the Hamiltonian and Brayton-Moser dy:- . .
. S We shall now use the energy-conserving formulation of
namics of RLC-circuits

. _ dissipative Hamiltonian systems, provided by the the con-
Let us first recall the Brayton-Moser and Hamiltoniangact formalism [8], to express (in the same way as in the LC
equations for RLC-circuits with linear resistors. Denofe b case) both Hamiltonian and pseudo-gradient formulations

(VRe,iRe) @nd (vg, ,ir, ) the port variables of the resis- of R| C-circuit dynamics.
tive elements belonging to the tree and co-tree subnetworks

respectively. According to [21] Lemma 1, there exists twd3. Energy-conserving formulation of dissipative Hamilto-
matricesB and B, such that nian systems

Let us briefly recall a result stated in [8]. Consider
the case of an autonomous dissipative Hamiltonian system
which completes the matrix of fundamental loops (1piven by (23), whereR denotes a symmetric positive
including the resistive ports. As we consider héreear  definite matrix of dissipation. In order to determine the

VRo = Bcue and Z.RL = Briyr, .



contact Hamiltonian generating this dynamics, we firsive define moreover the extended potential associated with
extend the base manifold as follows : the dissipation as:

N, =N xR=R" ﬁD:ﬁD_%pD.
0

where we denote bys an additional coordinate ofR T

: . . hen the contact Hamiltonian may be written as the sum
associated with an abstract entropy. We then define t%‘f these Brayton-Moser extended potentials:
extendedhermodynamic phase space '

K=Po+ P+ Pp. 28
7. =R X T*N. 3 (2%, 5,p,ps) , (24) ct i+ (28)
Applying the previous result to an RLC-circuit, that is

WhF?(ra(ran;hrek ZoglgﬁgtedhV;zgrlﬁ]i):srgtear:gsdo?%ﬁé ad di_the contact Hamiltonian functiok. given in (25) with
- phy b the dissipation matrixR defined in (22), leads to the

tional two coordinateg S, ps are they represent the ex-\ . iy nian dynamics (23) together with the time variation
tensive and intensive states of an infinite thermal reservoi . .
of entropy (given in (26)).

(t_hermostat) representing the thermal environment of the We shall now see that the dynamics of theariables
circuit. : ) . X
recftncted to the Legendre submanifolly;, is precisely

.Th|s extended thermodynamic phase space 1S en@ow e Brayton-Moser dynamics (7) with the mixed-potential
with a canonical contact forrfi, defined as the extension .
(20). Indeed, X provides

of the contact forn¥ defined equation (10) :
0’H

—9_ — g0 _ y— 21 _oPs pOH
0. =0 — psdS = dz” — pdr — psdS . P= 53 () [(J+R)p 2T0 R 5 ()| .
We now define thaewenergy function Recall thatpiz,, = =* and psc,. = To, it follows
H(z,8) = H(z) + TyS , obviously
2
where Ty is a parameter standing for the constant virtual Ploy, =T* = O°H (J—R)z*.
temperature of the environment, that generates the follow- ‘ Oa?
ing Legendre submanifold (see (12)) Furthermore, as
0H OH 0H id 0\ 9dPp
= € = — _6 = R * = _— *
EHE {He(x,S),x, 57 Oz Oz ) EYS TO} x (0 |d) or* (l‘ )7

of the contact forn¥.. Notice thatps restricted toly_is e then obtain the Brayton-Moser equations:
the temperature of the system denofedThen, we define

) 0K,
the contact hamiltonian function PlLy, = E(%P) <= (21).
t
K.——p'(J—R) OH psOH" ,0H (25) In conclusion one again obtains that the contact for-
dr  Tp 0r  Ox mulation of RLC circuits on the extended thermodynamic

By construction, this contact hamiltonigk, vanishes on SpaceZ. in (24) encompasses both the formulation of their
Ly,. Furthermore, it generates a contact vector fielddynamics as dissipative Hamiltonian systems and Brayton-
giving the following dynamics when restricted fiy;, and  Moser systems (pseudo-gradient systems).
projected no thez, S) coordinates: Proposition 4.1: The contact vector fiel& ;. generated
. by the contact Hamiltonian (28) both encompasses the
& =(J - R)d; H() dissipative Hamiltonian formulation (23) and Brayton-

() (26) Moser formulation (21) of RLC-circuits without excess
O elements by considering either the projection on the energy
We recognize the dynamics of a dissipative hamiltoniamariables or on the co-energy variables of the restriction o
system together with the time variation of the entropythe contact field to the Legendre submanifdlg .
Notice that this result agrees with the thermodynamic
principles : the energyd. is conserved and the entropy
function is increasing. In this paper we have proposed a relation of the Hamil-
tonian formulation of the dynamics of LC- and RLC-
circuit with the Brayton-Moser formulation by using its

The previous results may be applied to the dynamics dift to an associated Thermodynamical Phase Space. We
RLC circuits. And let us first relate the contact Hamiltoniarhave shown that the dynamics on this extended space is
(25) to the Brayton and Moser potentials. Defining thgyenerated by a contact Hamiltonian function which may
extension of the dissipative potenti&),, cf (19), by the be defined using Brayton-Moser mixed potential associ-
function Pp on M ated with some virtual power associated as well to the

_ 1 1 Kirchhoff's equations as to the dissipation through the
Pp(ve,pc,ir,pL) = 5”373611’0 - §itLRLpL7 (27)  resistors. The total electromagnetic energy, on the other

V. CONCLUSION

C. Contact formulation of RLC-circuits



dide corresponds in this formulation to the definition of18] B.M. Maschke, A.J. van der Schaft, and P.C. Breedveldinrinsic

the Legendre submanifold associated with the constitutive
relations of the energy storing elements (capacitors and
inductors). In this way we have provided a frame where thgo]

interconnection structure (i.e. Kirchhoff's laws), thecegy

properties of the systems and the dissipation are defined [%9]
real valued functions. Using some general results predentgRi]
in [10] [8], these results may be easily generalized t
circuits with sources and in this way open the way to ne
perspectives to the interconnection, dissipation andggner
shaping method for the stabilization of power systems. [23]
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