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Systems
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Abstract

Different balancing techniques are applied to losslessimear systems, with
open-loop balancing applied to their scattering repredimt. It is shown that they all
lead to the same result: the pair of to-be-balanced funsti®given by two copies of
the physical energy function, yielding thus no informatadout the relative importance
of the state components in a balanced realization. In peaticin the linear lossless
case all balancing singular values and similarity invagame equal to one. This result
is extended to general passive systems, in which case the-balanced functions are
ordered into a single sequence of inequalities, and thdasityiinvariants are all less

than or equal to one.
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. INTRODUCTION

Modeling of technological or physical systems often leadhigh-dimensional
dynamical models. The same occurs if distributed-parammiedels are spa-
tially discretized. An important issue concerns model ot of these high-
dimensional systems, both for analysis and control.

Within the systems and control literature a popular andagie¢pol for model
reduction ishalancing dating back to [6]. A favorable property of model reduction
based on balancing, as compared with other techniques suatodal analysis,

is that the approximation of the system is based on its ioptput properties.
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In this paper we investigate various balancing methods éoregal (linear and
nonlinear) systems which amgassiveor lossless Passive and lossless systems,
including their scattering representation, are treate&euction Il. In Section llI
different balancing approaches for lossless systems aestigated, leading to the
result that all balancing functions coincide with the plogsienergy. In Section
IV this is extended to passive systems, leading to a sequaicequalities, and
- in the linear case - to similarity invariants that are atidg¢han or equal to one.
Preliminary versions of the results obtained in this papsrehbeen reported in
[13].

[I. PASSIVE AND LOSSLESS SYSTEMS
Consider the square nonlinear input-state-output system

Sy t = a(x)+b(x)u 1)
y = c(z)+d(z)u
whereu,y € R™, andz € R™ are local coordinates for an-dimensional state
space manifoldt’. In such local coordinatesz) denotes am-dimensional vector,
b(xz) ann x m-dimensional matrix¢(z) anm-dimensional vector, whilé(x) is an
m x m~dimensional matrix. Throughout we assume the existeneadigtinguished
equilibrium z, that is,

a(zo) =0, c(zg) = 0. (2)
The systenmY is calledpassive[l7] if there exists a functior : X — R with
H(xy) =0 and H(x) > 0 for everyz, such that

H(x(t)) — H(x(t)) < / CdT ()t &)

t1

for all solution trajectoriegu(-), z(-),y(-)) of the system® and all time instants
t; < t;. This means that we define the clagsof admissible input functions
u : [to,00) — R™ for ¥ in such a manner that = a(x) + b(x)u, z(ty) = o,

has a unique solution djy, co) for all ¢y, zo, while the integral in the right-hand

side of (3) is always well-defined.
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The functionH is called astorage functiorand the inequality (3) is called the
dissipation inequalityThe system isosslesdf the inequality< in (3) is replaced
by an equality: N

His(t) - Hat) = [ " @ty @

t1
Remark 11.1. The assumptio/ (zy) = 0 is not needed within a general definition
of passive and lossless systems (see [17], [12]), but wilinaele for simplicity

throughout this paper.

Passive systems are abundant in physical modeling by eguéati with the
energy stored in the physical system amdy with the power supplied to the
system. Lossless systems result by assuming that there istemal energy
dissipation in the system. (In some cases, such as weaklypaethmechanical
structures, this may be a useful idealizing assumptionh ot analysis and
control.) Henceforth we call the inputstogether with the outputg of a passive
system thepower variables

It is well-known that if the functionH is differentiablethen the property of
being passive is equivalent to the Willems-Hill-Moylan ddrons [17], [4]

28 (z)a(x)  HE(x)b(z) — " (x)
b (2)Ge () —c(z)  —d(x) —d"(2)
for all =, u, while in the lossless case the inequaltyis replaced by an equal-

<0 (5)

ity. (Throughout%—f(x) will denote then-dimensionalcolumnvector of partial

derivatives ofH.) In the lossless case these conditions specialize to

08 (x)a(z) = 0
c(z) = b'(2)%(2) (6)
d(z) = —d'(x)

while in the passive case more explicit expressions areirduataby assuming
eitherd(x) +d* (x) > 0 (thestrictly passivecase) and taking Schur complements,

or by assumingi(x) = 0, in which case (5) reduces to

agf(x)a(x) < 0 . @)
c(r) = b(2)5 (2)
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For alinear system

& = Axr+ Bu

y = Czx+ Du ®)
with distinguished equilibriumy = 0 we may as well restrict to quadratic storage
functions H(z) = 27 Qx with @ = QT > 0. In this case the Willems-Hill-
Moylan conditions specialize to the Kalman-Yakuboviclp®o Linear Matrix

Inequality (LMI)

<0, (9)

ATQ+QA QB-CT
BTQ-C -D-DT

which again specializes in the lossless case to
ATQ+QA=0, ¢c=BTQ, D=-DT, (10)
and in the passive case wiih = 0 to the LMI
ATQ+QA <0, C=BTQ (11)

For a passive system, there exists in generaktof storage functions, having
the following interesting structure [17]. Define for anytsta of X the available

storageS,(x) as .
Su(a) = swp = [Tt 12)

u,T>0
where the supremum is taken over all admissible input fonsti. € 4. It can be
shown [17], [12] that® is passive if and only ifS,(x) is finite for all x, and that
in this caseS, defines a storage function. Next, define thquired supplysS, (x)

to reachx att = 0 starting fromz, as

Sy(x) = inf /_ u® (t)y(t)dt (13)

u,T>0,2(—T)=xo | _p
where again the infimum is ovef. If the system is reachable fromy then it
can be shown [17], [12] tha is passive if and only if there exists a constant
K > —o0o such thatS, (z) > K for all z € X, in which caseS, defines a storage

function for . Furthermore, it follows [17], [12] that for alt

Sa(x) < S(x) < S5p(x) (14)
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for all storage function$, and thusS, is theminimaland S, the maximalstorage
function [17], [12]. In the case of a lossless system thatath bieachable from
and controllable ta:, the inequality (14) reduces to the equality(x) = H(z) =
S,(x) [17], and H is the unique storage function.

In the case of a linear passive systéhgiven by (8) withD = 0 the available
storages, is given as%xTan where(), is theminimal solution to the LMI (11)
while the required supply i%xTer where ), is the maximal solution to this

same LMI.

Remark 11.2. Note that for a passive system with non-zero internal endigy
sipation we need not always get strict inequalities in (1d4dleed, consider the

ubiquitous mass-spring-damper system

g 0 = lq 0
= m + u, u = force
p —k =1 |p 1
y = [0 %] 1N = velocity
p_

with physical energyH (¢,p) = 5-p? + +kq¢?, and internal energy dissipation
corresponding to the damper with coefficient 0. The LMI (11) takes the form

(1] —k q11 412 " q11 412 0 % <0
m —% qi2 422 qi2 422 —k —ﬁ

qin qi12
o 1 =0 3]

qi2 422

The last equation yieldg,, = 0 as well asgs, = % Substituted in the inequality
this yields as unique solution; = &, corresponding to a unique storage function
H(q,p) = 3=p* + 3kq*, which is equal toS, and S,. The reason for this at
first sight perhaps surprising equality is the fact that tenitions of S, and S,

involve sup andinf (instead ofmax andmin).

For a passive system witH continuously differentiable it immediately follows
from (5) that % (x)a(x) < 0. Thus if H is positive definitethat is, H(z) > 0
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for every x # x(, then H in this case is a valid Lyapunov function; implying
that the equilibriumz, is at leaststable Furthermore, in the lossless caBeis
conserved along trajectories of the system«or 0, showing that the system is
not asymptotically stable aroune,. Hence standard open-loop balancing cannot
be directly applied to lossless systems, while its appilitglio passive systems
will depend on the ’pervasiveness’ of internal energy giason (and its outcome

may critically depend on - sometimes unknown - dissipatiarameters).

A. Scattering representation

In order to overcome this asymptotic stability obstacle tomdelate open-loop
balancing to physical energy considerations it is usefsitich to the well-known
[1], [3] scattering representatiol, of >, which is obtained by the following

transformation of the power variablesandy:

1
= L(u+
v \?(u y) (15)
z = Z(-u+y)
with inverse
_ 1
u = ﬁ(v—z) (16)
y = pv+z2)

Substitution of these last expressions idtowith d(z) = 0 yields the scattering
representatiort, [1], [12]
& = a(x) — b(z)c(x) +V2b(x)v
Y (17)
z = V2c(z) —v
which can be regarded as an input-state-output system mptit# (the 'incoming

wave’) and output (the 'outgoing wave’).

Remark 11.3. Similar, but more involved, formulas can be derived for tlase

d # 0 under the assumption that the matfix- d(x) is invertible.
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For subsequent use we collect the following equalitiestiredathe power vari-

ablesu, y with the wave variables, z:

slholP=30zI> = u'y
shulP+5lyll? = [z +u"y =] v|*—u"y (18)
lvl2+1]z|*> = [|ul*+]||v]?* (parallelogram identity

The first equality represents the basic relation betweepdher variables and the
wave variables. Indeed, using the first equality we obtagnftitiowing equivalent
characterization of passivity in terms of the scatteringresentatiori:,:

His() - Haw) < [ 510 P =5 120 [Pde (19)

t1

for all solution trajectoriegv(-), z(+), z(-)) of the systen®; and all time instants
t1 < t,. In the lossless case the inequality in (19) is replaced bgaurality. The
term 1 || v(¢) ||* equals the incoming power (due to the incoming wayewhile

1|l 2(t) ||* is the outgoing power (due to the outgoing waye

Remark 11.4. This amounts to the well-known fact (see e.g. [3]) that tredtscing
representation of a passive system lasgain < 1, and in the linear case [1]
to the correspondance betwepasitive-realand bounded-realkransfer matrices

under the scattering transformation.

The transformation to the scattering representation hadatowing implica-
tions for asymptotic stability. We concentrate on the,icait lossless case. Iff
is continuously differentiable and positive definite thea @btain forv = 0

d 1

THE®) == 120 I'= = ly@®) I (20)

ensuring asymptotic stability i, is zero-state detectabl@vith x, representing
the zero-state) [12]. Similarly, theme-reversedsystem>., for z = 0 satisfies

d 1

T HE0) = =5 1) IP= = y(e) I (21)

This motivates the following assumption:
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Assumption 11.1. Consider the passive syste The equilibriumz, is globally
asymptotically stable foE, with v = 0 and for the time-reversed system with
z=0.

Remark 11.5. From (17) we conclude that Assumption Il.1 amounts to assgmi
that =, is globally asymptotically fort = a(x) — b(x)c(x) as well as fori =
—la(x) +b(x)c(x)]. In the linear lossless case this is guaranteed by requiniaiy
the pair(C, A) is detectable

[1l. BALANCING OF LOSSLESS SYSTEMS

In this section we will apply various balancing procedum@sossless systems.
First we apply nonlinear open-loop balancing [10] to thettecang representation
Y. This involves the computation of tr@bservability functionthe subscript ’s’

standing for 'scattering’)

Ow)i= [ 51100 | at. 22)

with v = 0 and initial conditionz(0) = =. Because} || z(t) ||? is the outgoing
power, the observability functio@,(x) equals theutgoing physical energyince
Y is lossless it follows from (19) with equality, together Wit (xo) = 0 and
Assumption I1.1, thatO, is well-defined (that is; € L?[0,00)), and O,(z) =
H(x).

Secondly, open-loop balancing fal, involves the computation of theontrol-

lability function

0
Cufa) =int [ 51 vte) P at (23)

where the infimum is taken over alP input functionsv : (—oo, 0) — R™ taking
the state fromry att = —oo to x att = 0 (more accurately, the time-reversed
controlled system starting from at timet¢ = 0 converges fot — —oo to x).
Thus C,(x) is the minimal physical energy that is needed to transferstiage

from z, to x. Applying the first line of (18) and (4) together witti(z,) = 0 we
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see that for any such

Poos oy Pde = [0 51 =@) 1 dt+ [ u”(t)y(t)dt

0 , (24)
= [z =) 1? dt + H(),
implying thatv € L? if and only if = € L?. Furthermore, it implies
0
1
Cula) =int[ [ 11 #(0) | @] + H(a) (25)

leading (using Assumption 11.1) to the optimal input L? being such that = 0,
while Cs(z) = H(z). In fact, we conclude that the minimal enerﬁgloo o) |2
dt to reachz att = 0 is achieved by letting to be such that theutgoingwave
vector on(—oo, 0) is zero. Therefore the minimal input energy is equaH(r).
This is 'dual’ to the computation of the observability fuioet for =(0) = =z,
where we alreadsgtart from the assumption that thegoingwave v equals zero,
resulting in an output energy equal fé(x). (Note that alternatively we could
have started from theninimizationof [ 1 || z(t) || dt under the constraint

x(o0) = xo andderiving as the optimal input = 0 !) We conclude that
O, =H = (26)

Hence, since open-loop balancing is based on compavingnd C, no infor-
mation is obtained about the relative importance of theestaimponents in a

balanced realization.

Remark 111.1. For a linear lossless system in scattering representatiothe
equality (26) amounts to the fact that the observabilityrdean M, which is the

unique solution to
(A— BC)'M, + M,(A— BC) = —20"C,

and the inverse of the controllability Gramid,, which is the unique solution
to
(A— BC)W,+ WA - BC)" = —2BB”,

are both equal ta). Hence MW, equals the identity matrix, and the Hankel

singular values are all equal to one.
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Next we consider LQG-balancing alosed-loop balancings introduced in
[5] for linear systems, and its extension to the nonlineaecaee [11]. Thus we
define forX the future energy functior; [5], [16], [11] as

Bya) =inf [ 5 u(o) P+ 1 o(0) I at @)

where the infimum is taken over all* input functionsu : [0, 00) — R™ taking
the system from state att = 0 to zy at timet = oo (more accurately, the
controlled system converges for— oo to ). Because of the second equality in

the second line of (18) it follows that

Ef(z) = infu[[y (| v(t) [* —u" ()y(t))dt]

= inf[f [ v() [*dt — [57u" ()y(t)d!] (28)

= infu[[f;7 [ v(®) [I* dt] + H ()
where the last equality follows from (4) foy = 0 andt, = oo together with
x(o0) = xg and H (z¢) = 0. This infimum is obvious attained atbeing such that
v = 0, leading to the equality’;(z) = H(x). (Note that by Assumption Il.%k,
is globally asymptotically stable fax, with v = 0, while v = 0 corresponds to
w =~y and hence tof* || u(t) |2 dt = [;* 4 [ u(t) |2+ | y(t) |* dt = H{(x),
showing that the minimizing: is in L2.)

Analogously, we define thpast energy functio’, as

0
Bya) =inf [ S ute) |2+ 1 ulo) | de (29)

where the infimum is taken over all input functioas (—oo,0) — R™ taking the
system from state, at¢ = —oo to = at timet = 0. Because of the first equality

in the second line of (18) it follows that

Ey(x) = inf,[[" (| 2(¢) [ +uT(t)y(t))dt]

= inf,[f° [ 2(0) |2 de + [° uT (t)y(t)di] (30)
= infu [0 | 2(t) 17 df] + H(x)
where the last equality follows from (4) faf = —oco andt¢, = 0 together with

z(—o00) = xy While H(xy) = 0. This infimum is obviously attained at being
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11

such that: = 0, leading to the equality,(x) = H(z). (Note that by Assumption
1.1 z, is globally asymptotically stable for the time-reversedwith z = 0.)

In conclusion, both the future and past energigsand £, are equal taf:
Ef=H=E, (31)

Thus, like in the case of open-loop balancing ¥y, nonlinear closed-loop bal-
ancing does not provide information about the relative irtgpme of the state

components.

Remark 111.2. When specialized to a linear lossless system (8) Mith- 0 the
above result amounts to the fact that the stabilizing smiuf? to the Control
Algebraic Riccati Equation (CARE)

ATP+ PA+CTC — PBBTP =0

and the inverse of the stabilizing solutisrto the Filter Algebraic Riccati Equation
(FARE)
AS + SAT + BBT — sCTCS =0

are both equal t@), because) satisfies (10). In particular the closed-loop similar-
ity invariants [5], [16] are all equal td. (It should be noted that in [5] (Theorem
3) the stronger result has been proved that the similaritgriants are all equal
to 1 if and only ifany balanced realizatiopd, B, C) satisfiesd + AT = 0 and
BBT = CT(C. Hence, not only are the closed-loop similarity invarianfsa
lossless linear system equal 19 but, conversely, any system with closed-loop
similarity invariants equal ta is lossless, up to an orthonormal transformation of
the input and output space.)

Furthermore, the optimal LQG compensator [5] #o1is seen to reduce to
i =Ai+B(y—19)+ Bu, §:=Ci

Hence, if the initial estimate:(0) is correct, that is;z(0) = x(0), then for all
t > 0 we will haveg(t) = y(t), implying thatu(t) = —y(¢) for all ¢ > 0, which

equals the minimizing input = —y for the future energy functior;.

DRAFT



12

Nonlinear closed-loop balancing applied to theattering representation,
yields the same result. Indeed, due to the third line of (1B (parallelogram
identity), the future and past energy function§ and E, for the scattering
representation arequal to the future and past energy functions for the power
variable representation.

Finally, another form of balancing is based on comparingaVesilable storage
function S, and the required supply functidf). of 3. For the linear case (usually
under the additional assumption of an invertible feedtgromatrix D, implying
strict passivity) this so-calledositive-real balancindnas been studied in [8], [9],
[15], [7], and more recently in [2], [14]. The approach can dplied to any
nonlinear passive system. In the lossless case, howevenenbr the system is

reachable from and controllable i@ the functionsS, and .S, are equal [17]:
Se=H=25, (32)

Remark 111.3. In the linear lossless case the minimal and maximal solufign
and Q, of the LMI (11) are equal, and thu®,Q,; ! = I, implying that the
similarity invariants of positive-real balancing are atjual to one.

Summarizing we may collect the above results in the follgwin

Theorem 111.4. Consider a lossless nonlinear systeinthat is both reachable

from and controllable tory, and satisfying Assumption Il.1. Then

E;=0,=S,=H=8,=C,=E, (33)

IV. THE PASSIVE CASE

What happens with the series of equalities (33) in the passase ? First of
all, recall that in the passive cawath internal energy dissipation there may be a

gap between the available storage and the required supply,:

Sa < H <5, (34)
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What happens with the other balancing functions ? First, ate that by the first
line of (18) withv =0

Os(x) = fooo 3 1 2@) |17 dt = ooo u” (t)y(t)dt (35)
< SUDy 70— fo u (t)y(t)dt = Sa()
showing thatO, < S,. Furthermore, using the expression for in the scattering

representation we trivially obtain (take= 0)
E(z) = inf, [J7 3 || u(t) 1P +5 || 2(t) |1* dt

< Jo 3 2@ |? dt = Os()
On the other hand, by making use of the representation of dméradlability

(36)

function C, obtained in (25), we obtain (recall that the infimum is takesro
all functionsv such that the time-reversed system starting frorat timet¢ = 0

converges tacy for t — —o0)
Cy(x) = infu[f° 3 || () 12 dt + [° . uT(£)y(t)d]
> inf, [7_ t)dt (37)
> infy, r50,0(-T)=r0 f v t)dt = Sy (x)
and hence’, > S,.. Furthermore,
Ey(x) = inf, [° 5 o) > +5 [ 2(t) |* dt
> inf, [U 5 | 2(t) 1 dt = Cy(x)

showing thatE, > C. Collecting all these inequalities we obtain

(38)

Theorem IV.1. For any passive systeh that is reachable fromx, and satisfying
Assumption 11.1
EfSOSSSGSHSST’SCSSEp (39)

Remark 1V.2. In the linear case this sequence of inequalities reducessiog

notation previously introduced)
P<M,<Qu<Q<Q <W; ' <S5 (40)
Balancing of the pair),, @, amounts to choosing a basis such tQat= Q! =

I1, with II a diagonal matrix. Sincé&), < @, it immediately follows that the
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diagonal elements dfl (the square roots of the similarity invariants @fQ;!)
are all < 1. The same reasoning for the pai/,, W, ') and (P, S™!) implies

that the eigenvalues af/, IV, respectively ofPS, are all< 1.

V. CONCLUSIONS

We have shown that open-loop balancing, closed-loop balgnand positive-
real balancing of general lossless systems all lead to thee gasult: the two
balancing functions obtained are equal to the physicalggnéror proving these
results the scattering representation turned out to beumsintal, and, in fact,
open-loop balancing was performed in this representatiothe passive case we
obtained instead a sequence of inequalities, which givas for obtaining useful
information regarding the relative importance of state ponents. It would be
of interest to investigate when the inequalities in (39) artually strict, and how
the similarity invariants diverge from each other.

As a result, all balancing methods for passive systems pityreeem to com-
pare the amount of dissipation that is present in the systgrat®ns, as opposed to
e.g. modal analysis for weakly damped mechanical systerpselninary attempt
to reconcile these two approaches is given in [13], wheré tfiles passive system
Is written into port-Hamiltonian form, and then the balargctransformations are
constrained to the class of transformations that leaveriteedonnection structure

of the port-Hamiltonian system invariant.
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