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In this paper we extend results on interconnections of port-Hamiltonian systems to
infinite-dimensional port-Hamiltonian systems and to mixed finite and infinite dimensional
port-Hamiltonian systems. The problem of achievable Dirac structures is now studied for
systems with dissipation, in the finite-dimensional, infinite-dimensional and the mixed finite
and infinite-dimensional case. We also characterize the set of achievable Casimirs and study its
application for the control of port-Hamiltonian systems.

1. Introduction

Network modelling of complex physical systems (with
components from different physical domains), both
lumped and distributed parameter, leads to a class of
non-linear systems called port-Hamiltonian systems.
Port-Hamiltonian systems are defined with respect to a
Dirac structure (which formalizes the power-conserving
interconnection structure of the system), an energy
function (the Hamiltonian) and a resistive relation.
Key property of a Dirac structure is that a power
conserving interconnection (composition) of a number
Dirac structures again defines a Dirac structure. This
implies that any power-conserving interconnection of a
port-Hamiltonian system is again a port-Hamiltonian
system, with Dirac structure being the composition of
Dirac structures of its constituent parts, Hamiltonian
being the sum of individual Hamiltonians and total
resistive relation determined by the resistive relations
of the components taken together. As a result power-
conserving interconnections of port-Hamiltonian
systems can be studied to a large extent in terms of
composition of their Dirac structures.

In this paper we extend results on composition of Dirac
structures (both finite and infinite dimensional in nature)

*Corresponding author. Email: R.Pasumarthy@math.utwente.nl

and the theory of achievable Dirac structures to systems
with dissipation. The composition of a Dirac structure
and a resistive relation are also studied both in the finite
and infinite-dimensional case. Incase of infinite dimen-
sional systems we analyse the case of dissipation entering
into the system through the spatial domain (distributed
resistance) and also the case of terminating the boundary
of the infinite-dimensional system with a resistive
relation. We study interconnections of finite dimensional
systems with infinite dimensional systems, the intercon-
nection being through the boundary of the infinite
dimensional systems. We then prove that such an
interconnection is again a port-Hamiltonian system, the
case of which we call a mixed port-Hamiltonian system.

We also investigate the achievable Casimirs for the
closed-loop system and study its implications on control
by interconnection of port-Hamiltonian systems. We
characterize the set of achievable Casimirs in terms of
the plant state and in the finite dimensional case see how
without a priori knowledge of the controller, whether or
not Casimirs exist for the closed-loop system and hence
the applicability of the control by interconnection (or
the Energy Casimir) method, for stabilizing a system.
Also in the finite dimensional case we show in general
that for a function to be a Casimir for one non-
degenerate resistive relation at the resistive port it
actually needs to be a Casimir for all resistive relations.
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2 R. Pasumarthy and A. van der Schaft

2. Port-Hamiltonian systems and Dirac structures

It is well known van der Schaft (2000), van der Schaft
and Maschke (2002) that the notion of power conserving
interconnections can be formulated by a geometric
structure called a Dirac structure. We briefly discuss
these concepts both for finite as well as for infinite-
dimensional systems with scalar spatial variable. Refer
to van der Schaft (2000) and van der Schaft and
Maschke (2002) for details.

2.1 Finite dimensional systems with dissipation

To define the notion of Dirac structures for finite
dimensional systems, we start with a space of power
variables F x F*, for some linear space F, with power
defined by

P={(elf), (floeF xF",

where (e|f) denotes the duality product, that is, the
linear functional e € F* acting on feF. F is called
the space of flows and F* the space of efforts, with the
power of a signal (f,e) e F x F* denoted as (e|f).

There exists on F x F* a canonically defined bilinear
form ((,)), defined as

(e, (f7 ey = (e 117 + (e 1f),

(1% eN(fP. ") e F x F*. (1)

Definition 1 (van der Schaft 2000): A constant Dirac
structure on F x F* is a subspace D C F x F* such
that D = D+ with respect to the bilinear form (1).

As an immediate corollary of the definition we see that
for all (f,e) € D we have that (e|f)=0. Hence a Dirac
structure defines a power conserving relation.

Consider a lumped-parameter physical system given
by power-conserving interconnection defined by a
constant Dirac structure D and energy storing elements
with energy variables x. For simplicity we assume that
the energy variables are living in a linear space X
although everything can be generalized to the case of
manifolds. The constitutive relations of the energy
storing elements are specified by their stored energy
functions H(x).

The space of flows is naturally partitioned as
Fs x Frx F with fg € Fg, the flows corresponding to
the energy storing elements, and fz € Fr denoting the
flows corresponding to the dissipative elements and
fe€F denoting the remaining flows (corresponding to
ports/sources). Correspondingly, the space of effort
variables is split as Fg x Fi x F*, with ese F§ the
efforts corresponding to the energy-storing, eg € F the
efforts corresponding to the dissipative elements and

e € F* the remaining efforts. The Dirac structure D can
then be given in matrix kernel representation as

D={(fs.es./r.er. /) EFsx Fx Fpx Fiyx F x F*|

FSfS+ESeS+FIUFR+ER€R+Ff+Ee:0}
EsFE+ FsEL+ ErFh+ FRES+ EF' + FET =0

withrank[Fs:Es:Fg: Eg: F:E] =dim(F s x F g x F).

2

Now the flows of the energy storing elements are given
by x, and equated with —fg (the negative sign is included
to have a consistent energy flow direction). The efforts,
es, corresponding to the energy storing elements are
given as (0H/dx)=eg. Similarly, restricting to linear
resistive elements, the flow and effort variables con-
nected to the resistive elements are related as fg = —Reg.
Substituting these into (2) leads to the description of the
physical system by the set of DAEs

~ Fyi(0) + Es'3 (x(0) ~ FaRex
+ Eger + Ff(t) + Ee(t) = 0 3)

with f,e the port power variables. The system of
equation (3) is called a port-Hamiltonian system with
dissipation.

By the power conserving property of a Dirac structure
it follows that any port-Hamiltonian system with
dissipation satisfies the energy balance

& (e = @—f <x<z>>|x<z>> = —ck(ORex() + (D)

which means that the increase in internal energy of the
port-Hamiltonian system is equal to the externally
supplied power minus the power dissipated in the
energy-dissipating elements.

2.2 Infinite dimensional systems

The key concept in order to define an
infinite-dimensional port-Hamiltonian system on a
bounded spatial domain, with non-zero energy flow
through the boundary, is the introduction of a special
type of Dirac structure on suitable spaces of differential
forms on the spatial domain and its boundary, making
use of Stokes’ theorem; see van der Schaft and Maschke
(2002). Let Z be an n-dimensional manifold with a
smooth (n—1) dimensional boundary 0Z, representing
the space of spatial variables. Define now the linear
space

Ty = QZ) x QUZ) x Q"(0Z)
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for any pair p,g of positive integers satisfying

p+q=n+1, and correspondingly define
Fi = Q7 x Q1 x Q(3Z).

Here Qk(Z), k=0,1,...,n, is the space of exterior
k-forms on Z, and Q/‘(BZ), k=0,1,...,n—1, the space
of k-forms on 0Z.

There is a natural pairing between () and Q" %(2)
(similarly between Q(3Z) and " %(32)) given by

(Bla) = /Z pra, (€R) )

with a € QK(Z), Be Q" *(Z), with A the usual wedge
product of differential forms yielding the n-form B A .

Then the pairing (4) yields a pairing between F, , and
}'; g and symmetrization of this pairing leads to the
following bilinear form on 7, , x 7,  with values in R:

«( p fb’e”’e"’eb> (fz 1y fb’ep’eq’eb)»
- /Z [+ ns 4G+ 0]
+/ [eh A L3+ €5 NSy ] (5)
az
where for i=1, 2

1, e(2), 11 €Q1(2)
e eQI(Z), € eQIZ)
£, eQP(02), e eQ1dZ)

The spaces of differential forms Q(Z) and Q%Z)
represent the energy variables of two different physical
energy domains interacting with each other, while
Q"P(07) and Q"7 9(0Z) denote the boundary variables
whose (wedge) product represents the boundary energy
flow. It has thus been shown in van der Schaft
and Maschke (2002) that the following system defines
a port-Hamiltonian system

HE s M
f;] d 0 eq ’ ey
1 0 )|
S
0 —(=1 €qlaz
with |, denoting the restriction to the boundary 0Z and
r:=pq+1. The space of all admissible flows and

efforts satisfying (6) represents a Dirac structure called
Stokes—Dirac structure.

3. Achievable Casimirs for systems with
dissipation: finite dimensions

conserved
Hamiltonian

Casimirs are functions that are
quantities of the system for every

(see van der Schaft (2000)), and they are completely
characterized by the Dirac structure of the
port-Hamiltonian systems. The existence of such func-
tions has immediate consequences on stability analysis
of systems. Suppose we want to stabilize a plant
port-Hamiltonian system around a desired equilibrium
x* and we would like to design a controller
port-Hamiltonian system such that the closed-loop
system is asymptotically stable around x*. The closed-
loop system necessarily satisfies

d
a(Hp—i-Hc) <0.

In case x* is not a minimum for H,, then a possible
strategy is that we generate Casimir functions C(x, &) for
the closed-loop system by appropriately choosing
the controller port-Hamiltonian system. The candidate
Lyapunov function is then given by the sum of the plant
and controller Hamiltonians and the corresponding
Casimir function,

V(x’ %_) = HP(X) + HC(%-) + C(X, f)

The objective is to generate Casimir function C(x, &) in
such way that " has a minimum at (x*, £*), with &* still
to be chosen. This strategy is based on characterizing all
the achievable Casimirs of the closed-loop systems.
Since the closed-loop Casimirs are based on the closed-
loop Dirac structures, the problem reduces to finding all
the closed-loop Dirac structures.

3.1 Recall of systems without dissipation

A Casimir function C: X —R for a port-Hamiltonian
system is a function which is constant along all the
trajectories of the port-Hamiltonian system irrespective
of the Hamiltonian. Consider the following subspace

Gy :={feF|Fec F*s.t.(f,e)eD}.

A function C:X —R is a Casimir function if
(dC/dn)(x(1)) = (37C/ax)(x(1))x(t) = 0 for all X(f) e G.
Hence C: X — R is a Casimir function for the port-
Hamiltonian system if and only if

T
—C(x) €Gy.

Geometrically this can be formulated by defining the
following subspace of the dual space of efforts

Py = {ee F*|(0,e) e D}.

It can easily be seen that G- = Py where L denotes the
orthogonal complement with respect to the duality
product (|). Hence C is a Casimir function if and
only if (37C/dx)(x) € Py. In short we can say that a
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Casimir function for a port-Hamiltonian system is any
function C: X —R such that its gradient e = (dC/dx)
satisfy

(0,e)eD. (7

In case of a non-autonomous system, where now the
elements of the Dirac structure are (f,e, /7, ¢’) € D, with
(f’,¢') connected to the control ports, a Casimir is a
function C: X — R, such that its gradient now satisfies

©,e, fe,ec)eD ®)

for some f,e.. This will imply that (dC/d¢) no longer
equals zero, but will depend on the variables at the
control ports. Indeed, from (8) we have that

(07 %af;‘7€(’> GD: Dl’
ox

This implies that
a’c
ox

xX=0-es+fe' +ef =0

for all (—x, es, f,e’) € D, which means that
dc , ,
ar =fe' +ef'.

Thus dC/dt is a linear function of /” and ¢'.

3.2 Composition of Dirac structure and a
resistive relation

Proposition 1: Let D be a Dirac structure defined with
respect to Fs X F¢ x Fr x Fy. Furthermore, let R be a
resistive relation defined with respect to Fpr x Fp
given by

Rifr + Reer =0,

where the square matrices Ry and R, satisfy the symmetry
and semi-positive definiteness condition

RR] = R.R[ > 0.
Define the composition D|'R of the Dirac structure and

the resistive relation in the same way as the composition of
two Dirac structures. Then

(DIR)" = DI|-R, ©)
where —R denotes the pseudo-resistive relation given by
R_ffR —Reer =0

(=R is called a pseudo-resistive relation since it
corresponds to negative instead of positive resistance).

Proof: We follow the same steps as in the proof (see
van der Schaft and Cervera (2002); Cervera et al. (2006))

that the composition of two Dirac structures is again a
Dirac structure. Because of the sign difference in the
definition of a resistive relation as compared with the
definition of a Dirac structure we immediately obtain
the stated proposition. ]

Remark 1: Similarly we can also view interconnections
of two resistive relations with partially shared variables.
If we consider a resistive relation R defined with respect
to Vi xVixVyxV; and R, defined on
Vi x V5 x V3 x Vi, then it can be proved that the
interconnection R||R, is a resistive relation defined
on Vi x Vi x V3 x V3, with the property that

(RilIR2)* = —Rill—R»

with —R;, —R, denoting the pseudo resistive relations
corresponding to negative resistances.

3.3 Achievable Dirac structures

The problem of control by interconnection of a plant
port-Hamiltonian system P is to find a controller port-
Hamiltonian system C such that the closed-loop system
has the desired properties. The closed-loop system is
again a port-Hamiltonian system with Hamiltonian
equal to the sum of the Hamiltonians of the plant and
the controller system, a total resistive relation depending
on the resistive relations of the plant and controller
systems and the Dirac structure being the composition
of the Dirac structure of the plant and controller
port-Hamiltonian systems. Desired properties of the
closed-loop may include for example internal stability of
the system and behavior at the interaction port.

Within the framework of control by interconnection
of port-Hamiltonian systems, discussed in this paper,
which relies on the existence of Casimirs for the closed-
loop system, the problem is restricted to finding
achievable Dirac structures of the closed-loop system,
that is given a Dp with a Rp (i.e, a plant system with
dissipation) and a (to be designed) D¢ with R
(a controller system with dissipation), what are the
achievable (Dp||Rp)II(DclR¢). For ease of notation we
henceforth use DRp for (Dp|Rp) and DR for
(DclIR¢). Consider here the case where DR p is given a
Dirac structure with dissipation (finite-dimensional),
and DR¢ a to be designed controller Dirac structure
with dissipation. We investigate what are the achievable
DRp|| DR, the closed-loop structures.

Theorem 1: Consider a (given) plant  Dirac
structure with dissipation DR p with port variables fi, e,
fr1, er1, f, e and a desired Dirac structure with dissipation
DR with port-variables f1, e1, fr1, €r1s f2, €, fr2> €R2.
Here (f1,e1), (fr1»er1) respectively denote the flow and
effort variables corresponding to the energy storing
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320

340

elements and the energy dissipating elements of the plant
system and similarly for the controller system. Then there
exists a  controller  system DR¢  such  that
DR =DRp|DR¢ if and only if the following two
conditions are satisfied

DRY c DR’ (10)
DR™ C DR% (11)

where

DRY =
DR} :

DR :
DR™ :=

{
{
{
{

Proof: The proof is again based on the copy DR} of

the plant system defined as

DRp = [(flael,fm,emaf, e)|
X (~fie1, —fusens =) €DRp} (13)
and defining a controller system
DRc¢ := DR}||DR.

We follow the same procedure for the proof as in the
case of achievable Dirac structures van der Schaft and
Cervera (2002) and Cervera et al. (2006).

Necessity of conditions (10) and (11) is obvious.
Sufficiency is shown by using the controller Dirac
structure with dissipation

DR := DR}|DR.

To check that DR C DRp|PDRc, consider
(f1, e1, fr1» er1, f2, €2, fro, ero) € DR. Because (fi, ei,
fr1, er1) € DR”, applying (11) yields that 3(f,e) such
that (f1,e1, fri>eri, f,e) € DRp. This implies that
(—=f1, e1. —fr1, er1, —f.e)e DR}, with the following
interconnection constraints (see figure 1):

Sren

Figure 1.

By taking (17, e}, f’ri>€r1) = (fi.e1, fri,err) in figure 1
it follows that (fi,e1, frR1-€R1s f2, €2, fR2,€RD) €
DRpIIDR¢ and hence DR C DRp||DRc¢

To check that DRp||DR¢ C DR, consider (f1, e, fri,

eRrl» f2,€2, fro,er2) EDRp||DRc. Then there exists
f:—f*’ 6’:@*, .fik:ffllaeTzelle}k{l:_.leae*RlZeRl
such that

(fi.e1, fri.eri, f.e)€DRp (14)

(f1.e1, fri,er1) | (f1,e1, fri,er1,0,0) € DRp}

(fiser, fri,er) | 3(fse) 5.t (fi, e, friseris f.€) € DRp})

(fi.er. friser) | (fi.e1, fr1,€r1,0,0,0,0) € DR}

(f1.e1. friser) | 3(f2, €2, fras era) s-t. ((fi.e1. fr1, eri, f2, €2, fro, er2) € DR)}.

(12)

(fi. €}, fris€pis /5. €°) DR
(/1€ fr1-€ri> fr€) €EDRp (15)
(f/17e/lyf/Rlae/R]?f‘ZaEZafR27eR2)GDR (]6)

subtracting (15) from (14) and also by making use of the
linearity on DRp we get

(i —f1.e1 =€, fr1 —fri-er1 — €31.0,0) DR p
= (fi —f1.e1— €& fr —fri-er1 — € ) €DRYG. (1)
Using (17) and (10) we get

(fl _f./lael _ell,f.Rl _fllRlaeRl _elRlaOaOaOaO) EDR
(18)
Finally, adding (18) and (16) we get
(f1.e1, fR1,€R1, f2, €2, fR2, €R0) € DR.
and hence DRp||DRc C DR. ]

Remark 2: It can easily be checked that the
conditions (10) and (11) are no more equivalent as in
the case of systems without dissipation, see Cervera et al.
(2006). This is primarly due to the compositional
property of a Dirac structure with a resistive relation
given by (9).

)

* 9
e e €

DR = DR,|DR}|DR.
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3.3.1 Properties of DRp:.. Consider the following
input-state—output port-Hamiltonian plant system with
inputs f and outputs e

X = [J(x) — R(x)] % (x) + g(x)f,

0H,
e=g"(\)= " ().

xeX, feR"
eeR”

(19)

where J(x) is the interconnection matrix and R(x)
corresponds to the dissipation. The corresponding
Dirac structure is given by the graph of the map

[ < [H Rl o]
e g'(x) 0 A

Now, going by the definition of DR}, (see equation (13)),

we can write it as
[-f,;*} _ [—[J*(x)T— R —g"(x) } [ ¥ ] @1
e* g (%) 0 I

This implies that the interconnection matrix J'(x), the
dissipation matrix R"(x) and the input vector field g (x)
of DR; would relate to the interconnection matrix J(x),
the dissipation matrix R(x) and the input vector field
g(x) of DR, as follows

J(x) = =J(x), R*(x) =

22
g (x) = g(x). 22)

—R(x) }

A standard plant-controller interconnection would
result in a closed-loop Dirac structure of the form,
which we call as the desired closed-loop system

—J(x)

|: p] :|: g(x)g, (§)i| n |:R(X) 0 i||:ep}
Je —&c (E)gT(x) —J(§) 0 R(&)]Lec

el '™ 0 e
HERAEA

It can easily be checked that such a Dirac structure
would satisfy the conditions (10, 11) and hence we can
construct a controller Dirac structure as in Theorem 1.
The controller Dirac structure is defined as
DR¢ = DR}||DR. Interconnecting DR} and DR with
the following interconnection constraints

(23)

fr =~
ep* =e,

would result in the following
Je = —Wel®) = Re®lec — 2:6)g" (e,
g()g; (e = —g(x)f }
but we know from (23) that
o=, =]

and we also have, due to the left invertibility of g(x) the
following:

gcT(‘i:)ec' :f: e

and hence we can rewrite (24) as
Je==[Jc(&) — R(§)le,
i=—f

which gives the controller Dirac structure, with the input
of the controller given by the output of the plant system
and the output of the controller given by negative of the
plant input, the case of such interconnection is called
the gyrative interconnection. It then directly follows that
DR = DRp|DRc.

- g(?(%‘)j
(25)

3.4 Casimirs for a system with dissipation

We define a Casimir for a port-Hamiltonian system with
dissipation to be any function C: X — R such that its
gradient satisfies

(0,e,0,00e DR
which implies that

¢

L =¢ Sy =0. (26)
At this point one may think that the definition of
Casimir function may be relaxed by requiring that the
above expression holds only for a specific resistive
relation

Rifr + Reer =0, (27)

where the square matrices R, and R, satisfy the
symmetry and positive semi definiteness condition

R/R] = R.R{ >0
together with the dimensionality condition
rank[R/R.] = dim fx.

In this case, the condition for a function to be a
conserved quantity for one resistive relation will actually
imply that it is a conserved quantity for all resistive
relations.
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Indeed, let C: X — R be a function satisfying (26) for
a specific resistive port R specified by matrices Rrand R,
as above. This means that e = (3C/dx)(x) satisfies

¢"f, =0, Vf, for which e, fx.eg s.t.
X (.f}?)epa fRa eR) e DR and
X Ry fr + Reer = 0.

However, this implies that (0, e, 0,0) € (D|R)*. We also
know that (D||R)L~ =7D|(—=R), and thus there exists
Jr» er such that Rfg — R.eg =0 and

(0,e,/x,ér) €DR

Hence,

0= O+€RfR—eRfR

By writing the pseudo resistive relation —R in image
representation  van der Schaft (2000), fr = RIZ,
ér = R/J, it follows that

MTRRT) =0

and by the positive definiteness condition
RRI =R Rf >0 this implies that 2=0, whence
fr=¢er=0. Hence not only (0, efR,eR)eD but
actually (0,¢,0,0)e D, implying that e is the gradient
of the Casimir function.

Of course, the above argument does not fully carry
through if the resistive relations are only
positive semi-definite. In particular this is the
case if RRI'=0 (implying zero dissipation),
corresponding to the presence of ideal power conserving
constraints.

3.5 Achievable Casimirs for any resistive relation

We now consider the question of characterizing the set
of achievable Casimirs for the closed-loop system
DRpIIDR¢ for all resistive relations and every port
behavior. Here DR p is the Dirac structure of the plant
port-Hamiltonian  system with dissipation with
Hamiltonian Hp, and DR is the controller

Figure 2. DRp|DRc.

Dirac structure. Then the Casimirs depend on the
plant state x, and also on the controller state & with
the controller Hamiltonian H (&) at our own disposal.

Consider the notation as in figure 2 and assume that the
ports in ( f,, e,), (frp» €rp) are respectively connected to
the (given) energy storing eclements and the energy
dissipating elements of the plant port-Hamiltonian
system. Similarly (f., e.) are connected to the (to be
designed) energy storing elements of the controller port-
Hamiltonian system with dissipation; that is
(f. = —&,e. = (TH,./08)) and (fge, ere) are connected
to the energy dissipation elements of the controller
system. In this situation the achievable Casimirs are
functions C(x, &) such that (37C/dx)(x, &) belongs to the
space

Pcus = {e,|IDRe s.t. e, :
(09 epa 05 O) Oa et’) 0) 0) € DRP”DRC}

The following theorem then addresses the question of
characterizing the achievable Casimirs of the closed-
loop system, regarded as functions of the plant state x
by characterization of the space Pcy.

Proposition 2:  The space Pc,y defined above is equal to
the space

= {el [3(f,e) s.t. (0,ey,0, O,f,e)eDRp}.

Proof: We see that Pcy C P trivially and by using the
controller Dirac structure DR = DR} we obtain
PC PCm- J

3.6 Achievable Casimirs for a given resistive relation

If C: X — R is a Casimir function for a specific resistive
relation R given by (27), then this means that
e = (aC/ax)(x) satisfies

a’c
—(x)f,, =0 forall f,s.t.3ep,, fr.ers.t.

x (fp-€p, fr.er) € DR and
X Rfr + Reer

which means that (0, e, 0, 0) € (D||R)*. Since we know by
proposition 1 that (D|R)* = D||—R, and thus C is a
Casimir function if there exist (fz, eg) such that

d
(0, —C, —fR,€R> e DR.
ax

We now consider the question of finding all the
achievable Casimirs for closed-loop system DRp||DRc,
with DR, the Dirac structure of the plant port-
Hamiltonian system with dissipation with Hamiltonian
Hp, and DR is the controller Dirac structure; for a
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given resistive relations and every port behavior.
Consider DRp and DR as above, and in this case the
achievable Casimirs are functions C(x,&) such that
(37C/dx)(x, &) belongs to the space

Py = ig{ep |[3DRc s.t. e, f’Rp’ €Rp> ch, €Rc-
(03 €p, _pry €Rp> Os €c, _fRL’a eRL‘) € DRP”DRC}

Proposition 3:  The space Pc, defined above is equal to
the linear space

P= {ep | El(pr,eRp,./’, e) 5.2.(0,ep, —fRP,eRp,f,e)eDRp}.

Proof: The proof follows the same procedure as in
Proposition 2. O

Remark 3: The characterization in terms of plant state
is useful in the sense that given a plant Dirac structure
we can, without defining a controller, determine whether
or not there exist Casimir functions for the closed-loop
system as will be shown in examples below. This is in
addition to the fact the we can also know the Casimir
functions for all R and R,, with R.>0 and R,.>0.

Example 1: Consider the port-Hamiltonian system
with (f,,e,) respectively the flows and efforts corre-
sponding to the energy storage elements, (fz,er) the
flows and efforts corresponding to the energy dissipating
elements and inputs f'and outputs e. The corresponding
Dirac structure is given by

Jp=—J(x)e,
=l
e g'(x)

The characterization of the space P, is given by

— gr(X)fr — g(x)f

PCax = {ep | Elf}; s.t. 0= —J(x)ep —

and 0= gg(x)e,}. 28)

g)f }

The above expression implies that the achievable
Casimirs do not depend on the coordinate where
dissipation enters into the system (follows from the
second line, and well known in literature as
the ““dissipation obstacle”), in addition to that they are
also the Hamiltonian functions corresponding to the
input vector fields given by the columns of g(x).

Example 2 (The series RLC circuit):
the circuit are given by

R R AR

and the corresponding Dirac structure given by

The dynamics of

S

L
X2

=T

comparing with the previous example we have

(fpaepvaaeRafae)
(et 250 o w3 3)
0 0
g(x)=m, gR<x)=u.

In this case the achievable Casimirs (in terms of the
plant state x) should satisfy the following set of
equations

aC
E (xv E) =0.

The above expression implies that any Casimir function
for this system does not depend on x, term, which is
precisely where dissipation enters into the system. There
however do exist Casimirs depending on the x; term.

Example 3 (The parallel RLC circuit): We next
consider the case of a parallel RLC circuit whose
dynamics are given by the following set of equations

MR AN

.| = + u

X2 -1 0JLxx/L 1

and the corresponding Dirac structure given by

I [ bl e
o] Lt o Jlw/e] Lo o]l o "
where

(fp-€p> fr-€Rs o) = (—[Xl, 1" [x1/C, xz/L]T,
X [xl/RC 0]

0 1
o) = [1] gr(x) = [O}

As above the achievable Casimirs in terms of the plant
state x should be such that

=0

aC
B_)C](x, E) = Py

which means that we cannot find any Casimir functions
for the closed-loop system which depend on the
plant state x (the only possible Casimirs are the
“trivial Casimirs” which are constant), hence we

T, [O xz/L]T, u, e),
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cannot directly apply the control by interconnection
method for such systems.

4. Achievable Casimirs for systems with
dissipation: infinite dimensions

In this section we discuss interconnection
properties of infinite-dimensional systems defined by a
Stokes—Dirac structures, in particular systems with
dissipation. Dissipation can enter into a infinite dimen-
sional port-Hamiltonian system in two ways: either by
terminating its boundary or boundaries by a resistive
relation or through the spatial domain where we
terminate some or all of the distributed ports by a
resistive relation. In this section we focus on the latter
case where we have dissipation entering into the system
through the spatial domain. The case of terminating the
boundary of the system by a resistive relation can be
considered as a special case of interconnection of
mixed finite and infinite dimensional port-Hamiltonian
systems as will be discussed on the next section.

4.1 Composition of Dirac structure and a
resistive relation

We discuss here the composition of a Stokes—Dirac
structure and a resistive relation, where the dissipation
enters into the system through the spatial domain (part
or whole of it).

Proposition 4: Let D be a Stokes—Dirac structure
defined with respect to Fp X Epyx Fpr, X ER, X

Fp x &y as follows:
R M
= — &R ;
Jq | d 0 €q Srq

epp’] . ep
=8Rr ; (29)
eRq i eq
|:fh_ |:1 0 :||:ep |az:|
ep 0 —(=D""Jles laz
Furthermore let R be a resistive relation defined with

respect to Fr,, x Er, . Let Sk: QMZ) — QXZ) be a
map satisfying

/eR/\(S*eR)zf(S*eR)/\eREO,
z z

Vere Q" 5(Z), ReR. (30)

We consider here a typical case where the flows and the
efforts of the energy dissipating elements are related as

fRZ—S*ER.

Here fr and ep correspond to the flows and effort
variables of the resistive elements in both the p and q
energy domains, i.e.

fr= [pr qu]T

eR = [eRp eRq]T.

Similarly S also incorporates the dissipation in both the
energy domains. Typically S is a block of the form

G 0
S:[O R}. (31)

Defining interconnections of D and R in the standard way,
we have the composed structure as follows:

=l o e )
12 | P e
pr- . G* 0 eRp

I:qu_ __|: 0 R*:||:6Rq] (32)
epp] 7l e
|:€Rq_ qR|:":;i|

which has the property that

(DIR)" =D|-R

where R again is a pseudo resistive relation

(corresponding the negative resistance).

Proof: For simplicity of the proof we take a system
with a 1D spatial domain and assume zero boundary
conditions (meaning that all the boundary variables are
set to zero). Then the bilinear form on D||R is given by

1o 1 ] 2 2 2 2
(52 ekl (2.22.9)
_ fz [nsivepnfZ+@nsiveins?] 63
Part I: Takea(fl,,q, > q)eD||R and take any other

(/.. 1} ep.e) € D[(=R). By substituting (29) into (33),
the right hand side of (33) becomes

/Z[ei/\(de}]—i—G*e;)+e},A(def]—G*ei)

+e /\(de + Rxe )—i—e /\(deﬁ—R*eﬁ)]
_ 2 1, 2 1, 1 21 2, 2
_/Z[ep/\deq+ep/\G*ep+ep/\deq—ep/\G*ep+eq

) N 2 2
/\dep—i—eq/\R*eq—i—eq/\dep—eq/\R*eq]. (34)
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We now use the following properties of the exterior
derivative and the Hodge star operator

dlanp)=danB+andp
aANB=BA
an(Bxy)=@Bxa)Ay

Before we proceed, we would like to mention here that
since we are dealing here with an infinite-dimensional
system with a 1D spatial domain, we deal only with
zero-forms and one-forms. The above properties hold
for the case where « is a one form, 8 and y are zero
forms. For general case of n-forms refer to Abraham
et al. (1988).

Using the above properties and the Stokes’ theorem,
equation (34) can be written as

201 201 21
L[d(ep/\eq) —dep/\eq+G>|<ep/\ep
+d(e,1,/\e§) —de})/\eﬁ—G*ei/\e}]+del£/\e§
—I—R*ef]Ae;—kdeﬁAe}]—R*eflAe}]] =0
Hence (D||—R) C (D||R)l.

Part H Let  (f).f).ep.e))€DIR  and  let
(f2 q , p, q) € (D||—72)l hence the right hand side of
(33) is zero for these elements and hence by substitution,
we have

/:[el%/\(de;+G*e}])+e}, NS
+e, A (de,‘, +R*e;) +e, /\fqz] =
:>/Z[eﬁAde;+e§AG*e},+e,£/\f,f+e§Ade;
+ej/\R*e}]+e;/\fq2]=

Now, again using the above mentioned properties
of the exterior derivative and the Hodge star operator,
we get

201 21 N B ) 2 01
L[d(ep/\eq>—dep/\eq+G>x<ep/\ep+ep/\j; +d<eq/\ep>

21 201 a2
deq/\ep—l—R*eq/\eq—i-eq/\ﬁl—O]

DRp = { (/. Cpgs SRoy> €R,y)
DR} = { (/o4 €pgs [Ry» €R,,)
DR := {(Jpg> €pgs fRogs €R,,)
DR™ := { (foas €pgs JRyys €R,,)

Since, we assume zero boundary conditions and apply-
ing the Stokes theorem the above expression can be
written as

2 2 1 b) 2 1 2.1
[—(dep—R*eq)/\eq—(deq—G*ep>/\ep+fp ne,
+fqz/\e(1]:O

which implies that

fpz:des—G*elzj
fz:dez—R*eé

showing that (f?2, 17> o p, )eD||( R), which means
that (D|R)* c D|(=R), completlng the proof. [

Remark 4: Equation (32), defines an infinite-
dimensional port-Hamiltonian system with dissipation.
The port-Hamiltonian system with dissipation now
satisfies the energy balance inequality; also see van der
Schaft and Maschke (2002)

dH

- S
FTi asz/\eb /ZeR/\ (er)

fb N €p.
9z

4.2 Achievable Dirac structures

Similar to the finite dimensional case we investigate
what are the achievable closed-loop Dirac structures
interconnecting a given plant Stokes—Dirac structure
with dissipation DRp to a to be designed controller
Stokes—Dirac structure with dissipation DR .

Theorem 2: Given a plant Stokes—Dirac structure with
dissipation DRp, a certain interconnected
DR = DRp||IDR¢ can be achieved by a proper choice of
the controller Stokes—Dirac structure with dissipation if
and only if the following two conditions are satisfied

DRY c DR’ (35)

DR™ C DR}, (36)

where

| (g €pg» Fyy» €8,y 0,0) € DR}
| H(ﬁ)’ eb) : (ﬁ"I’ eP‘]’ prt/’ equ’ «fb’ eb) € DRP}
| (]pﬁtb ep[{s .fRMa eRMa 07 0» 0» 0) € DR}

|EI< Pq° pq’f;ZM’ R,,q> (ﬁNI’eP‘I’ me’equ’ qu’ pq’.ﬁ?ﬂq’ RM)GDR}'
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Figure 3.

Proof: The proof follows the same lines as in the finite
dimensional case, which again is based on a “copy” of
DR, (also see figure 3) which in this case is defined as

DR*P = { (ﬁ’Q’ epq’prt/’ eRl”l’fb’ eb) |
X (~oasCps iRy —rres) €DRp). (37)

O

4.2.1 Properties of DR;. Consider a 1D infinite-
dimensional system with a distributed dissipation
defined with respect to a Stokes—Dirac structure DR p

given by

I Gx d ep

Jq | d R« eq

ep 0 1]les laz |
Now, consider the following closed-loop (achievable)
Dirac structure DR. This is obtained by interconnecting

(38)

this system to another infinite-dimensional port-
Hamiltonian system.
o G« d 0 0 le
f? |4 R 00 e | (39)
' 0 0 G« d e,
fe 0 0 d Rx||e,
q

It can easily be checked that this Dirac structure satisfies
the conditions (35, 36). By the definition of DR} from
equation (37), we can write it as

1 Gx d e
R e
I -1 0 ep* laz
|:@b*:|:|:0 JLZ |32}

(40)

DR = DR||DR%||DR.

Theorem 2 defines the controller Dirac structure with
dissipation as DR¢ = DR}|IDR. Now, interconnecting
DRp with DR with the following interconnection
constraints

fr==h fi=—fy fi=—h
poo e (41)
e, =e€ e,=¢€; €,=¢

would, with the help of a few computations, result in the
following controller Stokes—Dirac structure with

dissipation
Sy Gx d ey
MR M
I -1 07[e laz
M:[O J[l}

It then immediately follows that DR = DRp||DR¢

Remark 5: If we consider infinite-dimensional Dirac
structures defined on Hilbert spaces, then the composi-
tional property is not immediate, as shown in Golo
(2002). Necessary and sufficient conditions have been
derived in Kurula er al. (2006) for the composition of
two or more Dirac structures on Hilbert spaces to again
define a Dirac structure. The infinite-dimensional Dirac
structures we focus on here are of a particular kind,
which we call the Stokes—Dirac structure, which are
defined on spaces of differential forms. We have shown
that a power-conserving interconnection of a number of
Stokes—Dirac structures is again a Stokes—Dirac struc-
ture. Now, relating this to this Hilbert space setting, it
follows that the composition of Stokes—Dirac structure
satisfies the necessary and sufficient conditions as
derived in Kurula et al. (2006) for the composition to
again define a Stokes—Dirac structure.

(42)

4.3 Achievable Casimirs

A Casimir function for an infinite dimensional port-
Hamiltonian system with dissipation is any functional
C: X — R such that the Casimir gradients satisfy

(O’ €pg> —JRpg> equ) eD
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¢

Figure 4. DRp||DRc.

implying that

% = Lep ANfp+eq ANfy=0.

To address the question of finding all the achievable
Casimirs for the closed loop system DRp|DR¢, we
consider the case where both DR p and DR ¢ are infinite
dimensional port-Hamiltonian systems with dissipation,
and are defined with respect to a Stokes—Dirac structure.
The interconnection between DR p and DR takes place
through the boundary of the system (see figure 4). It can
easily be shown that such an interconnection (through
the boundary) leads to another port-Hamiltonian
system with dissipation. In this case the achievable
Casimirs are functional C such that e,,=§,,C belongs to
the space

17‘1

_ 4 "C 4 .
Pas = {e,,q | DR, 5.1 3¢50, Frpas CRogs Sings Capg
(Oa €pq> _prqa €Rpg> O, epq

~F o> €0 € DRIDRC|.

Here 6,,C =[5,C 8,C] are variational derivatives of C
with respect to p and ¢ respectively. See van der Schaft
and Maschke (2002) and the references therein.

The characterization of the set of achievable Casimirs
of the closed-loop system in terms of the plant state, by
finding characterization of the space Pc,, is addressed
by the following Proposition

Proposition 4:  The space Pc,y defined above is equal to
the linear space

i) = {epq | EI(prqa equafba eb) :
(0) epq; _fR[)(]) equ;.fbseb) EDRP}

Proof: The proof follows the same steps as before
by taking DR¢ = DR}, where DR} is as defined
above. U

Example 4: Consider a transmission line with distrib-
uted dissipation over the entire spatial domain with
Z =[0,1]€ R. The flow variables are the charge density
one-form Q = Q(z, 1)dz € Q'([0,/]), and the flux density
one-form ¢ = ¢(z, 1)dz € Q'([0,7]), hence p=g=n=1.

The total energy stored at time t in the transmission line
is given by

(0N e
H(Q’¢)‘/oi< o Lo ) :

with effort variables

0z 1
SoH = = he volte
0 < V(z,t), the voltage
SpH = ¢]EZ(;;) = I(z,1), the current

with C(z), L(z) are, respectively, the distributed capaci-
tance and distributed inductance of the line. The
resulting dynamics of the transmission line with
dissipation are given by

o)~ (Lo o)1 = Dlin]
—3¢iz0n | \|Ld 0 0 Rx SoH

aJ=00 o b 7]

es ] L1 0 JL8H lsz]

where d: Q%(Z) — Q'(Z), denotes the exterior derivative
and x: Q%Z) — Q'(Z), the Hodge star operator and G
and R respectively being the distributed conductance
and distributed resistance in the transmission line. Now,
by applying proposition (4) and after some simple
computations, we see that the achievable Casimirs are

all functional C(Q(z,1?),¢(z,t) which satisfy (see also
Macchelli and Melchiorri (2005))

ds,C — G %8, =0

Remark 6: Contrast to the case of a transmission line
without dissipation Rodriguez et al. (2001), Pasumarthy
and van der Schaft (2004), the clear distinction here is
that we do not have Casimirs which are constant with
respect to the spatial variable z. This is clearly due to the
presence of dissipation in the transmission line.

5. Achievable Casimirs for systems with dissipation:
mixed finite and infinite dimensions

Mixed port-Hamiltonian systems arise by interconnec-
tions of finite dimensional port-Hamiltonian systems
with infinite dimensional port-Hamiltonian systems; see
Rodriguez et al. (2001) and Macchelli and Melchiorri
(2005), for example. We here study interconnections of
such systems and show that the interconnection is again
a Dirac structure, or in turn a port-Hamiltonian system.
We also study what are the closed-loop Dirac structures
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e, €

Figure 5.

that can be achieved by interconnecting a given plant
port-Hamiltonian system with a to-be-designed con-
troller port-Hamiltonian system in the mixed case and
then finally study its implications on control of port-
Hamiltonian systems.

5.1 Interconnection of mixed finite and infinite
dimensional systems

We consider here composition of two Dirac structures,
without dissipation, (denoted D; and D, respectively)
interconnected to each other via a Stokes—Dirac
structure, also without dissipation, (denoted D).
We consider here the simple case p=¢g=n=1 through-
out, for the Stokes—Dirac structure (though it can be
extended, if not easily, to the higher dimensional case).
An immediate example of the case p=¢g=n=1is that of
a transmission line.

First we consider the composition of the two Dirac
structures D; and D,,. Consider D; on the product space
Fi1 x Fy of two linear spaces F; and Fy, and the
Stokes—Dirac structure D, on the product space

DiDw D 1= { (i €1 Sy fir eps € f2r€2) €F1 X F X Fpy % Fiy X Fa x F
3(fo,e0) € Fo x Fy s.t. (f1.e1, fo,e0) € D

D1 || Do | D>

We define the two interconnections as follows. The
interconnection of the two Dirac structures D; and Do, 835
is defined as

D] ”DOO = {f‘lael)f})’f;]aepaeq,f),el) ef] X fT X ‘7:P,(]
x Fp o X Fix Fi13(fo,e0) € Fo x Fj s.t
(f1.e1, fo,e0) €Dy and
(_fba €o, ]pr f‘qa €p,€q, ﬁ, 81) S Doo}

Similarly, the
defined as

interconnection of Dy and D, is

DOO”DZ = {_fbanof‘pnf;pepaeqaf%eZ)6]:0 X ]:8 S ]:p.q
xF,
(_fb)eOﬂf].h]F(ﬂepveqbf))e/)GDOO

and (fi, 1. f2,2) € Do}

X Fo X .7:*|E|(f[,€/)€.7:/ X .7:1 S.t

Hence we can define the total interconnection of Dy, Do, 840
and D, as (also see figure 5)

and (_.ﬁ)’e(]"f}?a.fq’ epseqsﬁa el) GDOO (43)

3(}(17 el)efl X f;k S-t- (_ﬁ)> eo;.f}bf;[; epa eqaf}a el) eDOO

and (—f}, e}, f2,e2) € Dz.}

Fo x FpqxFi, with Fy and F; being linear spaces
(representing the space of boundary variables of the
Stokes-Dirac structure) and 7, , an infinite dimensional
function space with p, ¢ representing the two different
physical energy domains interacting with each other.
The linear space F is the space of shared flow variables
and its dual F{, the space of shared effort variables
between D; and D,. Next consider the composition of
Dy and D,. Considering D, as defined on the product
space F; x F, of two linear spaces, we have the linear
space F; the space of shared flow variables and its dual

/, the space of shared effort variables between D,
and D4

This yields the form on

K k.
FixFixFpy x]—'p,q

following  bilinear
x Fa x F5:

(st sietepoetues). (1713
= (VA1) el + {esl )+ (eal f3)

b b b b b
2-€1,€,.¢, 62)>>

a b b a b a a b
+/Z[epA];,+epAfp +ehnsi+einst] (44)

Theorem 3: Let Dy, D, and Dy be Dirac structures 845
as said  above (defined  respectively with
respect to Fy x F1 x Fo x Fo, Fix F[ x Fr x F3 and
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Fox  FoxFpgxF, ,xFixFj). Then D= (i) D" ¢ D: We know that the flow and effort

850

855

860

865

870

875

880

Dl DD is a Dirac structure defined with respect to
the bilinear form on Fy x Fi x Fpgx F, X Fao x F;
given by (44).

We use the following facts for the proof (as we
know that D;, D, and D, individually are Dirac
structures). On F| x F] x Fy x F; the bilinear form
is defined as

(A 15" e e)- (7 13- )
= (ef1A3) + (el 1A) + (el /) + (bl fg) - (49)
and D| = Dll with respect to the bilinear form as in (45).
Similarly on F» x F5 x F; x F; the bilinear form is
defined as
(((=rsef £ 3), (<A el 13, €))
= (e3lA3") + (el ) = (el 1) = {ef1f") (46)
and D, = Dzl with respect to the bilinear form as in (46).

On FoxFgxFpgxF,,xFxF; the bilinear
form takes the following form
b
)

<<(fpa,fqa’fba,ez ! eg)’ (fpb
= / [e;’ /\fpb + eﬁ N+ ez NI+ e /\fqb]
V4
+ [{ef1f) + (ef11") = (e51.45") = (e 1£6")] (47)

and Dy, = DOLO with respect to the bilinear form as in (47).
Proof:

() Dc D Let (ff /5 11 fz,el, 4, e e )eD and
consider any other (f1 ,f Zb,efl’, eh.eb,e5)eD
and the bilinear form on Fix Fy ! }'pqx
FrgxFax F5 as in (44). Then Ei(fo,eo,(f, ,e

St (fl ’e]’ﬂ)’ )GDI’ ( f(‘)ae()af fqa p° (]’
11 el)eDy and (—f,",ej‘,fza,ez)eDz and

E|(fb,68) (f,b,eﬁ’) st (ff el 1. e0) €D, (=7, e,
fpb, q, P,ehy e Do and (=11, €b, [, €5) e D,.
Since Doo isa Dlrac structure with respect to (47)
a b b b a b
[lesnsp v nse+enry+enr]
(e LA} = el f) + (gl fe)) + {eol /i) (48)

Substituting (48) in (44) and using the fact that the
bilinear from (45) is zero on D, and (46) is zero on
D,, we get

(L) + (LAY + (BLA) + (e811)
—i—/[e}’/\ff—i—eﬁ/\fp”—i—e};/\f(f—i—eg/\fqb] =

and hence D c D+

variables of D4, are related as

ot{uacrsr[F]-[3 [ L]
[0 —1 €p|az} 29
_[1 0]|:€p|az } “9)
Let (/" /)" 1, fz,el,e 62)617l then for all
(f],fb fb fz,el,ep,eq, )eD the right side of

equation (44) is zero. Now consider the
Vectors (fl ,fp IS elebe 82) € D with
=fh=et=e5=0 and dlSOfo =eh=f=

el = 0. Then from (49) and (44) we have
/Z [e; Ade)+eb A+ eb A S+ el A de;] =0. (50)

This implies (see the proof of Theorem 2.1 in van der
Schaft and Maschke (2002))

fp“ = de; and ﬁq” = de,‘j. (51)
Substituting (51) in (44) we have
(1A} + (1) + {e115) + (e 115)
+/ [e‘;/\de};—i—eﬁAdeZ+ez/\de‘p’+eZ/\dez] =
VA

This yields by Stokes’ theorem

(A )+ A1)+ s) + [{ee) +{ebles)] =

for all e,, e,. Expanding the above and substituting
for the boundary conditions

(el +(ef1LA7 )+ {e1) + {edl )
Hels) +{eslfs) = (L) = et 1/} =0 (52

since  (f,eh, fP,eh) are arbitrary and with
fP = el =fF = e = 0 the above equation reduces to
(el173) + eI/} + {eflA5") + egl S} = O

which implies that (£, e{, f ,eo) € D1

With similar arguments (with f,* = ¢/ = f = ¢ = 0)
equation (52) reduces to
(15) + (el 1) = {ef1f) = erlfi') =

implying (—f,, ¢}, f¥',e§) €D, and hence D+ C D,
completing the proof. ]
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Similarly we can also study interconnections of In vector notation the 2D shallow-water equations can
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mixed finite and infinite dimensional systems where we
also have dissipation in the respective subsystems,
which would again result in a port-Hamiltonian
system with dissipation, as stated in the following
corollary.

Corollary 1: Let D;||R1, DR, and Dy ||Rs be Dirac
structures as defined above interconnected to their
respective resistive relations (representing their dissipa-
tion), then the composed system will again have a
structure of the form D|R with the property that
(D||R)J‘ = D||—R where —R is a pseudo resistive relation
(corresponding  to  negative  resistance). D s
the composition of the individual Dirac structures and R
is the composition of the individual resistances of the
subsystems.

Remark 7: If we replace the two finite dimensional
Dirac structures in Theorem 3 with resistive relations it
would amount to terminating the boundary ports with
resistive relations, which is one of the cases of
dissipation entering into an infinite dimensional
system. The composed structure would then have the
following property
(R1IDwlR2)* = (=R Do (—R2)

with the —R's again denoting the pseudo resistive
relations corresponding to negative resistances.

5.2 Interconnections in a higher dimensional case

In the previous subsection on interconnections of
infinite-dimensional systems with finite-dimensional
system through the boundary of the infinite-dimensional
system, we considered the simple case where
p=qg=n=1, for the infinite-dimensional system, given
by a Stokes—Dirac structure. This corresponds to the
case of a system with a 1D spatial domain. In this
subsection we highlight briefly on how this could be
extended to the case where we have a higher dimensional
spatial domain, i.e n > 1 and how these systems could be
interconnected through the boundary to finite-dimen-
sional systems.

The dynamics of 2D shallow water equations are
given by (Pedlosky (1986))

0:h + 0, (hu) 4+ 0.,(hv) =0

1
ou + 0, (zu2 + gh) +vd,u=0

1
By + ud., v+ 0., <2v2 + gh) =0. (53)

0
fr==5 V0.

be written as

ath+v(hl?):
I (54)
3,V + VVV+§(VV+gh) —0,

where V is the velocity vector with components (i, v).
The formulation of above equation as a port-
Hamiltonian system is given as follows. Let W C R* be
a given domain through which the water flows.
We assume the existence of a Riemannian metric (-)
on W, usually the standard Euclidian metric on R>.
Let ZC W be any two-dimensional manifold with
boundary 9Z. We identify the height /2 (which represents
the mass density) with a two-form on Z, that is with
elements in ©3(Z). Furthermore we identify the
Eulerian vector field 7 with a one-form on Z, that is,
with an element in Q'(Z). The spaces F,, and &,, are
given by

Foy = Q4Z) x QY(Z) x Q%(82)
Epy = QZ) x Q1(2) x 1(82)
we can now define the corresponding Stokes—Dirac

structure D on F,, x £,,. We now have the following
modified Stokes—Dirac structure

D = {(f}hfl/a.ﬁ)a ellaeVa eb)equ X gpq{'

|:fhi| B dey I:fb:| B [ evlyz ]
frl | den + L ((+dV) A (xep)) ~ L—enlyz

(55)

In terms of the 2D shallow water equations this would
correspond to

1
2
eV:8VH:

fh=_§h(z, 0, en=8H =2 (VI V) + fxh))

k) (V") (56)

together with the boundary variables f, = §,H|,, called
the Bernoulli function and e, = §H|,, denoting the
boundary mass flow. Here V# denotes the vector field
corresponding to the one-form ¥V (“index lowering”),
also see van der Schaft ez al. (2002b).

Consider interconnection of such an infinite-dimen-
sional system, with finite-dimensional systems through
its boundaries, see figure 6. Note that a major difference
with the 1D case considered before is that in the 2D case
the boundary 9Z is a one-dimensional manifold and thus
one of the boundary variables (f;,e;) is a distributed
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Figure 6. The 2-D water flow.

quantity, which cannot be directly interconneced to
a finite-dimensional system. The finite-dimensional
systems can be thought of water reservoirs given in
port-Hamiltonian form as

X[:M[
0H;(x; .
yi= (x); i=1,2.
8x,-

The indices (1,2) correspond to the left and right
reservoirs respectively, with (u;, y;) denoting the respec-
tive inputs and outputs. Note that this notation should
not be confused with (4, u,,) and (hg,us,) which
represent the water heights and velocities respectively of
the left and the right reservoirs.

The interconnection constraints at the gates would
then be as follows

" =ffbo=f<*h* Vo
uy = ffm —/(*h*V)h

V1= —ep = 2((V# V#) + g(+h))o;
1
V2= —ep = §(<V#, VH) + g(+h)l;

In the above equation u; equals the total mass flow
through the one-dimensional boundary 0Z (left gate),
while the second equation involving y; implies that the
Bernoulli function at the boundary should be constant
and equal to —ep. Similar explanations also hold for the
variables (u,, 1) (at the right gate). It can easily be seen
that such interconnection constraints are indeed power
conserving and the total interconnection is again a Dirac
structure. This is simply because the above equation
ensures that the total power flow though the boundary
of the infinite-dimensional system is equal to the total
power flow going into the water reservoirs. This is thus
an example of an infinite-dimensional system with
n > 1, interconnected through its boundaries to finite-
dimensional systems.

Similarly we can also extend this to the case of
infinite-dimensional systems with an #n-dimensional
spatial domain, interconnected to the boundary to
finite-dimensional ~ systems, in which case the

interconnection constraints at the boundary take the
following form

Jo=—fozfw, Ji=

eO = eb()a

—fazfbi } (57)

€ = €pl,

where (fo, o), (f1, ¢;) correspond to the port variables of
the two finite-dimensional systems which are to be
interconnected to the boundaries of the infinite-dimen-
sional systems, and (fy0, €p0)> (f3s» €p7) correspond to the
boundary variables of the infinite-dimensional system.

5.3 Achievable Dirac structures

The mixed finite and infinite-dimensional case we will
consider here (and the rest of the section) is the
case where the plant Dirac structure DRp is the
interconnection of a Stokes—Dirac structure with a
finite-dimensional Dirac structure connected to one of
its boundary, the controller Dirac structure DR ¢ being a
finite-dimensional Dirac structure connected to the
other end of the Stokes-Dirac structure. This would
correspond to a case where DRp = DR|||DR~ and
DR. =DR,, compare with figure 5. This typically is a
case where we wish to control a plant which is
interconnected to a controller through an infinite-
dimensional system.

Finding all the achievable Dirac structures of the
closed-loop system in this case follows, by a simple
extension, the same procedure as in the previous sections
by defining the respective subspaces DR%, DR, DR,

" and also DR}. Hence, we omit the details here.

5.4 Achievable Casimirs

In this case the achievable Casimirs are functionals
C(x, q(z, t)) such that 8C(x, g(z, t)) belongs to the space

Py = {el,epqlElDRC s.t.3es :
(0361, —JRr1,€r1,0, €y,

—fRpq> €Rpg> 0, €2, — fR2, €R2) € DRP”DRC}

with (f1,e1), (fr1,€er1) respectively denoting the flows
and efforts variables of the storage and the dissipation
terms in the finite-dimensional part of the plant Dirac
structure, and (f5,e2), (fro,€r2) the flow and effort
variables associated with the storage and dissipation
terms in the controller Dirac structure (finite-
dimensional).

Similar to the finite-dimensional case, the following
theorem addresses the question of characterizing the
achievable Casimirs of the closed-loop system, regarded
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as functions of the plant state by characterization of the
space Pcy;.

Proposition 5:
the space

The space Pc,s defined above is equal to

f): {elaepqEI(/}:a ep) s.t.

X (O’ e, 4le’ Oa CR1, O’ €pg» _4prq’ €Rpq» 4f}73 eb) € DRP}

where (fy,ep) are the boundary variables.

Proof: The inclusion P C Pcy is again obtained by
taking DR, = DRJ. ]

Example 5: A simple example in this case would be to
consider a plant system where we interconnect
the transmission line at one end to a finite-dimensional
port-Hamiltonian system, the Dirac structure of which
would be given as

—X1 [—J(x) 0 0 R(x) 0 0
—9,0 | = 0 0 d|+ 0 Gx 0
— 0. L0 d o 0 0 R«
[ 0. H —g(x)
x| SgH | + 0 |8pHI|y:
| 5,H 0

’ = 100 H|) = .
|:€1 5o H, oHly = g" (x)e;

The achievable Casimirs in this case are all functional C
such that

J(x)9:C + g(x)8pClp =0
gl (x)0.C =0

désC — G+ 8pC =0
dépC — R 8,C = 0.

We see that the first two conditions are the same as that
obtained for the finite-dimensional case (28) and the last
two conditions are those corresponding to the transmis-
sion line.

6. Conclusions

In this paper we have extended the results on composi-
tion of Dirac structures to the case of infinite-dimen-
sional systems and also mixed finite and infinite
dimensional systems and shown that the composition
is again a Dirac structure. We have also discussed the
case of interconnections where there is dissipation
entering into the system. Next, the characterization of
the set of achievable Dirac structures in the composition

of a given plant Dirac structure with a to-be-designed
controller Dirac structure has been extended to the case
of systems with dissipation and a canonical construction
for the controller system with dissipation has been
provided.

We also see how this leads to the characterization of
the set of achievable Casimirs for the closed-loop
system. In particular, for the case of finite-dimensional
systems with dissipation we see how under certain
conditions if a function is a conserved quantity that is a
Casimir for a given resistive relation it is also a Casimir
for all resistive relations. Moreover, in the finite-
dimensional case we also see how without the knowledge
of the controller system, the characterization of the set
of achievable Casimirs in terms of the plant state enable
us to see whether or not there exist Casimirs for the
closed-loop system.

Future work could focus on making use of these
results for stability problems of infinite-dimensional
systems, from the control by interconnection point of
view. Furthermore, the interconection constraints (57)
hold for classes of systems where one of the boundary
variables is a zero—form (or a function which holds value
at points). Examples of such a case are the 3-D fluid
flow, the n-D wave equation etc. However, things
change when none of the boundary variables is a
function, as in the case of Maxwell’s equations where
the boundary variables are the electric field intensity and
the magnetic field intensity both being one-forms.
To interconnect systems of this sort through the
boundary with finite-dimensional systems remains an
open issue.
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