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1 Introduction

Physical systems modeling, aimed at network modeling ofgiexnrmulti-physics
systems, has especially flourished in the fifties and sixtighe 20-th century, see
e.g.[11, 4] and references provided therein. With the cgggment of the 'systems’
legacy in Systems & Control, the growing recognition thatritrol’ is not confined
to developing algorithms for processing the measuremdirttseecsystem into con-
trol signals (but instead is concerned with the design ofated controlled system),
and facing the complexity of modern technological and radtaystems, system-
atic methods for physical systems modeling of large-scatgled- and distributed-
parameter systems capturing their basic physical chaistade are needed more
than ever.

In this paper we are concerned with the development of amste framework
for modeling multi-physics systems which is directly basadconservation laws
Modeling based on conservation laws is prevalent in a digted-parameter con-
text in areas such as fluid dynamics and hydraulic systerespical and thermody-
namical systems [2], as well as electromagnetism, but & @tslerlying the basic
structure of lumped-parameter systems such as electiicaits. While the natu-
ral framework for formulating Kirchhoff’s laws for electil circuits is the circuit
graphwe will show in this paper how distributed-parameter conston laws can
be discretized by using the proper generalization of thenaif graph to ’'higher-
dimensional networks’, callekkcomplexesn algebraic topology. Furthermore, we
show how these discretized conservation laws define a poareserving intercon-
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nection structure, called a Dirac structure, which, whemioimed with the (dis-
cretized) constitutive relations, defines a finite-dimenal port-Hamiltonian sys-
tem[14, 13, 5].

In previous work [15] we have laid down a framework for formtihg con-
servation laws described by partial differential equati@s infinite-dimensional
port-Hamiltonian systems. Furthermore, in [8] we have shdvw such infinite-
dimensional port-Hamiltonian systems can be spatiallgréiszed to finite-dimen-
sional port-Hamiltonian systems by making use of mixeddigtement methods.
In this paper we show how alternatively we can directly spigtilump’ the dynam-
ics described by conservation laws in a structure-presgmvianner, again obtain-
ing a finite-dimensional port-Hamiltonian system desaoipt This approach also
elucidates the concept of the spatial system boundary, eauk|to the notion of
distributed terminals

This paper is a follow-up of our previous paper [16]. Oldeerences in this
spirit include [10, 12].

2 Kirchhoff’slaws on graphs and circuit dynamics

In this section we recall the abstract formulation of Kirofffs laws on graphs,
dating back to the historical work of Kirchhoff [9], as can foeind e.g. in [1, 3].
In order to deal withopenelectrical circuits we definepen graphsand we show
how Kirchhoff’s laws on open graphs define a power-conserifiterconnection
structure, called a Dirac structure, between the currdmtsigh and the voltages
over the edges of the graph, and the boundary currents aadt@d$. This enables
us to describe the circuit dynamics as a port-Hamiltoniatesy.

2.1 Graphs

An oriented graph ¢, see e.g. [3], consists of a finite sé&tof verticesand a finite
set& of directededgestogether with a mapping from to the set of ordered pairs
of #. Thus to any brancle € & there corresponds an ordered paiw) € 72
representing the initial vertex and the final vertexv of this edge. An oriented
graph is completely specified by itscidence matrix Bwhich is anv x e matrix,v
being the number of vertices artéing the number of edges, with j )-th element
bij equal to 1 if thej-th edge is an edge towards verigxequal to—1 if the j-th
edge is an edge originating from vertexand 0 otherwise.

Given an oriented graph we define Vtsrtex spacé\o as the real vector space of
all functions from¥” to R. ClearlyAp can be identified witiR". Furthermore, we

L In fact, we will be consideringnulti-graphssince we allow for the existence of multiple branches
between the same pair of vertices.
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define itsedge spacé\; as the vector space of all functions frefrto R. Again,/\y
can be identified witfRe®.

In the context of an electrical circut; will be the vector space of currents
throughthe edges in the circuit. The dual spaceafwill be denoted byA?, and
defines the vector space of voltagesossthe edges. (We have highlighted the
words 'through’ and "across’ to refer to the classical usé&tobugh’ and 'across’
variables, see e.g. [11].) Furthermore, the duality proed|l >=VT1 of a vector
of currentd € A; with a vector of voltage¥ € Al is the total power over the circuit.
Similarly, the dual space ol is denoted byA\® and defines the vector space of
potentials at the vertices.

Remark 1Since/\g andA; have a canonical basis corresponding to the individual
vertices, respectively edges, there is a standard Eudlideser product on both
spaces, and thus botk® andA?® can be identified wito, respectivelyA;, such
that the duality product becomes this standard inner prtoducsituations to be
treated later on this will not necessarily be the case.

The incidence matriB can be also regarded as the matrix representation of a linear
map (denoted by the same symbol)

B: A1 — Ao

called theincidence operatoor (boundary operatdr. Its adjoint map is denoted in
matrix representation as
BT : A0 AL,

and is called theo-incidencdor co-boundary operator.

2.2 Kirchhoff’slaws for graphs

Consider an oriented graghspecified by its incidence opera®rKirchhoff’s laws
associated with the graph are expressed as follows. Kif€klworrent laws (KCL)
are given as

| € kerB, (1)

while Kirchhoff’s voltage laws (KVL) take the form
V eimB’. (2)

A graph theoretic interpretation of Kirchhoff’s currenttvoltage laws can be given
as follows [3]. The kernel of the incidence operaBis the cycle space Z= Ay
of the graph, while the image c A of the co-incidence operat®' is its cut
space(or, co-cycle space). Since k&= (imBT)* (with - denoting the orthogonal
complement with respect to the duality product between tia spaceg\; andA?)
the cycle space is the orthogonal complement of the cut space
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This leads to the equivalent way of formulating Kirchhoffisrrent laws as the
fact that the total currentalong any cut is equal to zero, sinice kerB is equivalent
to | being orthogonal to the cut spatke The simplest elements of the cut space
U (which in fact are spanning the linear spad¢gare the cuts given by all edges
starting from or terminating on a single vertexKirchhoff’s current laws for these
cut sets mean nothing else than the expression that thentsigetering or leaving
any vertexv sum up to zero. Indeed,¥fis numbered as theth vertex then théthe
equation in the linear set of equatioBk= 0 is precisely this.

On the other hand, sinoé € imBT is equivalent to/ being orthogonal to the
cycle space, Kirchhoff's voltage laws can be equivalently describedtses fact
that the total voltage over every cycle is zero.

The difference between Kirchhoff’s current and voltagedasvalso reflected by
writing Kirchhoff’s voltage laws as

V=BTy (3)

for some vectogy € A%, which has the physical interpretation of being the vector o
potentialsat every vertex. Hence Kirchhoff’s voltage laws express tha voltage
distributionV over the edges of the graph corresponds to a potentialkdititn
over the vertices.

Of course, Tellegen’s theorem automatically follows froincdhoff’s laws. In-
deed, take any current distributibsatisfying Kirchhoff’s current lawBl = 0, and
any voltage distributioN satisfying Kirchhoff’s voltage law¥ = BT (. Then,

Vii=y™BI=0 (4)

In particular, Tellegen’s theorem implies that for aagtual current and voltage
distribution over the circuit the total pow¥" | is equal to zero.
We summarize the Kirchhoff behavigfk (¢) of a graph¥ with incidence ma-
trix B as
B(9) :={(1,V)e A x A |l ekerB,V €imB"} (5)

It immediately follows that the Kirchhoff behavior defineBaac structure Recall

[6, 14, 13] that a subspade c V x V* for some vector spacé defines a Dirac
structure ifD = D°™ where®™" denotes the orthogonal complement with respect to
the indefinite inner produst <, >> onV x V* defined as

<< (V1,V), (V2,V5) >>1=< Vi|Va > + < V5|vg >,

with vq,v2 € V,v;, V5 € V¥, where<|> denotes the duality product betwe¢rand
V*,
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2.3 Kirchhoff’slaws for open graphs

Although in Kirchhoff’s original treatment of circuits argtaphs external currents
entering the vertices of the graph were an indispensablemdhis has not been
articulated very well in the subsequent formalization ofwits and grapHs Hence
a reinforcement of thisystems point of vieis definitely in order.

We will do so by extending the notion of graphapen graph An open graph
¢ is obtained from an ordinary graph with set of vertigédy identifying a subset
¥, C ¥ of boundary verticesThe interpretation o4, is that these are the vertices
that are open to interconnection (e.g., with other gragits.remaining subseft .=
¥ — ¥ are theinternal verticesof the open graph.

Remark 2. Anothaway of defining open graphs is by identifying some of dukges
to be theboundary edgefpen to interconnection). Such a definition is straightfor
ward, and we will not elaborate on this. The distinction begw the definitions of
an open graph using boundary vertices or boundary edgesiisgus to the dif-
ference betweehoundary controbf distributed-parameter systems atisitributed
control, see also Section 3.

Kirchhoff’s current laws apply to an open graghin a different manner than to
an ordinary graph, since the ordinary Kirchhoff’s curremv$ would imply that
the sum of the currents over all edges incident on a boundatgxiszerg which
is not what we want for interconnection. Furthermore, by Tellégémeorem, the
ordinary KCL would imply that the total power in the circuét @qual to zero, thus
implying that there cannot be any ingoing or outgoing powawflHence we have
to modify Kirchhoff’s current laws by requiring that the idence operatoB maps
the vector of currentk to a vector that has zero components corresponding to the
internal vertices, while for the boundary vertices the im&gequal to (minus) the
boundary currenty. Decomposing the incidence operai®as EL with B; the
part of the incidence operator corresponding to the intergrdices, andBy, the part
corresponding to the boundary vertices, we thus arrive at

Bl =0, Byl =—l, KCL (6)

Here the vectoly, is belonging to the vector spadg of functions from the boundary
vertices 7, to R (which is identified withR', with v, the number of boundary
verticesy.

Kirchhoff’s voltage laws (KVL) remain unchanged, and wi# taritten as

2 Unfortunately, this holds for many formalizations of phoaditheories over the last century. A
proper theory omechanicshould include external forces from the very start, instefacstrict-
ing itself to closed mechanical systenifiermodynamicsannot be properly formalized without
taking interaction with other systems into account.

3 Alternatively, open graphs can be defined by attaching sided open edges’ (properly called
leave$ to every boundary vertex itf,. Then the elements of the vectgrare the currents through
these leaves, see also [17].
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V=B"Y=8BTy+Blyp KVL (7

where (i denotes the vector of the potentials at the internal vestared |y, the
vector of potentials at the boundary vertices. Note that AP (where we define
AP to be the dual of the space of boundary currétfs This results in the following
Kirchhoff behavior for an open gra:

Bk(9) == {(1,V,lp, ) € AL x AL X Ay x AP |

(8)
Bil =0,Byl = —Ip, I s.t.V = Bl ¢ + Bl ¢}
By computing as before, cf. (4), the total power over the grap now obtain
VT =" Bil + ¢y Bol = —yg Iy 9)

Thus, for open graphs the total powét| is equal to the outgoing powen,uglb.
This will lead to the following characterization of the Kivigoff behavior of open
graphs as Dirac structures.

Proposition 1. Let¥ be an open graph with incidence matrix-B [SJ Then its
Kirchhoff behavior#k (¢) is a Dirac structure.
Proof. As shown in (9),VTI + 1, = 0. By considering = I + 12,V = V4 +

Vo, Iy = lp1 + lp2, ¥ = Y1 + Yo, with (|j,Vj,|bj,L,Uj) € B(9Y), j =1,2, it follows
that

< (11,V1,lp1, Y1), (12, V2, 2, Yro) >=10,

which implies that#x (¢) C (% (¢))°™.
For showing the reverse inclusion, consider a quadriplelp, gh) € (%k (¢))°™,
that is, _ _

VIV + ¢+ @01, =0 (10)

for all (1,V, Iy, §,) satisfying
Bil =0,Byl = —Ip,,V =B} i + B! ¢, for someys.
Writing out (10) we obtain
0=VTI+ @ Bil + @ Byl — GBIl + @ 1
= (V=B )T+ @ Bil + @ (Byl + 1)

for all §ii, ¢, and alll satisfyingB;il = 0. It follows thatB;l = 0, Byl + I, = 0, and
V — B!y, € imB, or equivalentlyv — B} ¢, = B s for somey. i
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2.4 Constraints on boundary currents and invariance of boundary
potentials

It is a well-known property [3] of any incidence matiithat
1'B=0 (11)

wherel denotes the vector with all components equal to 1. From troperty it

follows that the rank of the incidence matiixis at mostv— 1. In fact, the rank is
given as [3] ranB = v— kg, whereky is the number of componefitsf the graph
%. (Thus ranB = v— 1 for a connected graph.) By (6) it follows that

0=1TBl =1{Bpl = —1flp =~ Iy, (12)
Vb

with 1, denoting the vector with all ones of dimension equal to theber of
boundary vertices, and where the summation is over all bayneerticesy, € %.
Hence the boundary part of the Kirchhoff behavior of an op@ply is constrained
by the obvious fact that all boundary currents sum up to Zetmlly, we may al-
ways add to the vector of potentialsthe vectorl leaving invariant the vector of
voltagesvV = BT (. Hence, to the vector of boundary potentigiswe may always
add the vectoti,. Summarizing we arrive at a similar statement as in [17]):

Proposition 2. Consider an open grap## with Kirchhoff behavior#k (¢). Then
for each(l,V,lp, Yp) € Bk (¥) it holds that

]l-ll;|b =0
while for any constant € R
(1,V, lp, Y+ cly) € Bk (¥)

This implies that we may restrict the dimension of the spdoexternal variables
Np x AP by two. Indeed, we may define

Nored = {lp €ENp | Ip € ker]lg}

and its dual space
/\rbed ‘= (Mpred)” = /\b/im]lb

It is rather straightforward to show that the Kirchhoff beloa %« (¢) reduces to a
linear subspace of the reduced spAge< AL x Apreqd X Ar?ad, which is also a Dirac
structure. A circuit interpretation of this reduction isattwe may consider one of
the boundary vertices, say the first one, to be the referermend vertex, and that

we may reduce the vector of boundary potentis= (o1, - - , Yhy;,) to a vector

4 A component is a maximal subgraph which is connected, thavésy two vertices are linked by
a path of, -non-oriented-, edges.
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of voltages(2 — Y1, -+, Yoy, — Yo1)- A graph-theoretical interpretation is that
instead of the incidence operatBrwe consider theestrictedincidence operator
[1].

For a grapl¥ with more than one connected component the above holdsdébr ea
connected component. It follows that there are as many ertdgnt constraints on
the boundary currents as the number of the connected components of the open
graph¥. Dually, the space of allowed boundary potentigisis invariant under
translation by as many independent vectbgsas the number of connnected com-
ponents.

A complementary view on the fact that the sum of the boundarmeats is equal
to zero and the boundary potentials are invariant undeslation alongly, is the
fact that we maylosean open graply to an ordinary graply. Consider first the
case that7 is connected. Then we may add one virtual ('ground’) vexgxand
virtual edges from this virtual vertex to every boundaryteen, € 7, in such a
manner that the Kirchhoff behavior of this graghextendghe Kirchhoff behavior
of the open graply. In fact, to the virtual vertexp we may associate an arbitrary
potentialyx, (a ground-potential), and we may rewrite the righthane-sifi(9) as
(sincey,, Iy, = 0)

_Z(wvb_%o)lvb = _ZVVbIVb (13)

whereV,, := {, — yx, andly, denotes the voltage across and the current through
the virtual edge towards the boundary venggx

If the open grapl¥ consists of more than one component, then one extends the
graph by adding a virtual vertex &verycomponent containing boundary vertices.

2.5 Interconnection of open graphs

. , J

Consider two open grapl#s’ with boundary operator8! = g'j ,] =1,2.Inter-
b

connectionis done by identifying some of their boundary vertices, agdating

(up to a minus sign) the boundary potentials and currentesponding to these
boundary vertices.

For simplicity we consider the case that we can eqaktfeir boundary vertices
with each other, resulting in an ordinary (closed) grapthwiet of vertices;1 U
%207, where¥; := ¥} = ¥ denotes the set of shared boundary vertices. The
incidence operatdB of this interconnected graph is given as

Bt O
B=|0 B?|, (14)
Bj B;

corresponding to the following interconnection constiaion the boundary poten-
tials and currents
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Yo =y, 15+1E=0 (15)

Of course, several extensions are possible. For exampéenay still retain the
shared vertice%;, := “//bl = “//bz as being boundary vertices (instead of internal ver-
tices as above) by extending (15) to

W=yi=th, 1E+12+1,=0 (16)

with Iy, Y5, the boundary currents and potentials of the interconneaptggoh.

2.6 Constitutive relations and port-Hamiltonian circuit dynamics

The dynamics of an RLC-circuit is defined, on top of Kirchhefaws for its circuit
graph, by the constitutive relations of its elements (is tdse, capacitors, inductors
and resistors). They specify for each e@gerelation between the currdgthrough
and the voltag®, across the edge. The simplest caserisséstiverelation between

le andVe such thaele < 0. In particular, a linear resistor at edgés specified by

a relationVe = —Rele with Re > 0. In the case of aapacitiverelation one defines
an additional energy variabl®e (denoting the charge) together with a real func-
tion Hce(Qe) denoting the electric energy stored in the capacitor. Thstitoitive
relations for a capacitor at edgeare given by

dHce
dQe

Alternatively, in the case of an inductor one specifies thgme#ic energy e(®e),
where®, denotes the magnetic flux linkage, together with the dynaetations

Qe = —le, Ve = (Qe) (17)

- dH
(De: —Ve7 |e: dq,l)_e
e

(Pe) (18)

Substituting these constitutive relations into the Kirefitvehavior#k (¢) (which
is a Dirac structure) results in a port-Hamiltoriaystem, see e.g. [14, 13], given
by

((Ie, 1, 1R), (Ve, VL, VR), Tb, W) € k(D)
where the vectork, I, Ir,Vc, VL, Vr denote the currents, respectively voltages, cor-
responding to the capacitors, inductors, and resistdegerbas

5 Strictly speaking, the terminology ’port-Hamiltonian’ i@t completely appropriate since this
assumes that the system boundary consisfgodf, that is pairs of vertices with boundary vari-
ables being the currents through and the voltages acrossdte corresponding to each port.
Nevertheless, the mathematical structure and systemiplésicrremains the same. Furthermore,
by reducing the Kirchhoff behavior as above, or altern&filsy extending it through the addition

of a ground vertex, the boundary variables become true poidbles.
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. AHc .
c=-QW dQ(Q)’ L a 0CD( )s

whereQ denotes the vector of charges at the capacitebsgdanotes the vector of

fluxes at the inductordic andH_ denote the total electric and magnetic energies,

and where moreover the vectdgs\Vr satisfy a resistive relation.

Example 1Let us consider an LC-circuit (for simplicity without bousny vertices).
We will start by decomposing the circuit graghas the interconnection of a graph
corresponding to the capacitors and a graph corresponalithg inductors. Define
¥ as the set of all vertices that are adjacent to at least onacitapas well as
to at least one inductor. Then split the circuit graph intoogen circuit graply®
corresponding to the capacitors and an open circuit gépborresponding to the
inductors, both with set of boundary verticés Denote the incidence matrices of
these two circuit graphs by

BC BL
o (g o[t
BS B

Assuming for simplicity that all capacitors and inductors near we arrive at the
following equations for th€-circuit

BSQ =I5, BCQ=0
BETYS = Q- BFTYS

with C the diagonal matrix with diagonal elements correspondinthé capaci-
tances of the capacitors, and for theircuit

& = BET b + BTyt
0=BfL 1o
It =-Bto
with L the diagonal matrix of inductances.
The equations of th&C-circuit are obtained by imposing the interconnection

constraintafS = Y =: ¢ andIS + IS = 0. By eliminating the boundary currents
IE, 15 one arrives at the equations

BC 0 :
0 B L_SD} =0
[B5 By

'Cle B_CT 0 BCT l1U|C
—qb} = [ 0 BT BET] i
L 1 "lUi
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3 Conservation laws on higher-dimensional complexes

In this section we will extend the formalization of consdiwa laws on graphs
as expressed by Kirchhoff’s laws to higher-dimensionalvoeks. In particular,
this will allow us to systematically spatialljiscretizedistributed-parameter phys-
ical systems to finite-dimensional lumped-parameter systeepresented in port-
Hamiltonian form.

3.1 Kirchhoff behavior on k-complexes

An oriented graph with incidence matrikis a typical example of what is called in
algebraic topology a templexIndeed, the sequence

ME N LR

satisfies the propertlo B = 0. In general, &-complexA is specified by a sequence

of real linear spacés\g, A1, - - - , Ay, together with a sequence of incidence operators
A A At B A

with the property thadj_100; =0, j=2,--- ,k The vector spacej, j =0,1--- k,

are called the spaces gfchains. Each\; is generated by a finite set gfcells

(like edges and vertices for graphs) in the senseAhds the set of functions from

the j-cells toR. A typical example of &-complex is the triangularization of la

dimensional manifold, with thg-cells, j = 0,1,--- ,k, being the sets of vertices,
edges, faces, etc..

Example 2 Consider the triangularization of a 2-dimensional sphere letrahe-
dronwith 4 faces, 6 edges, and 4 vertices. The matrix reptaten of the incidence
operatord, (from the faces of the tetrahedron to its edges) is

< V1VoV3 > < V1V3Vg > < V1VgVo > < VaVyVv3 >

< Vi1V > 1 0 -1 0
< V1V3 > -1 1 0 0
< VpVg > 0 -1 1 0
< VoV3 > 1 0 0 -1
< VoVy > 0 0 -1 1
< V3Vg > 0 1 0 -1

where the expressiorsv;vovs >, ... denote the faces (with corresponding orienta-
tion), and< vyv, >, ... are the edges.

6 In algebraic topology [7] one usually starts withelian groupsh;.
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o

0

Fig. 1 Tetrahedron triangularizing a sphere

The matrix representation of the incidence operajoffrom edges to vertices)
is given as

< V1Vo > <V1V3 > < ViV > < VpVz > < VpVg > < V3Vg >

<vy> -1 -1 -1 0 0 0
<\Vp > 1 0 0 -1 -1 0
<V3> 0 1 0 1 0 -1
< Vg > 0 0 1 0 1 1

It can be verified tha#; o d> = 0.

Denoting the dual linear spaces By, j = 0,1--- ,k, we obtain the following dual
sequence

A0S AL S A2 k-1 Ak

where the adjoint mapdj j = 0,1--- k, satisfy the analogous propedyod; 1 =
0,j=2,---,k The elements of\! are calledj-cochains.

Consider anyk-complexA, with k-chainsa € A, andk-cochainsB € AK. We
define, similarly as in the case of a graph (1-complex) it€Koff behavior as

Bk(A) := {(a,B) € Ay x AX]|

(19)
oa =0,3pec Ak 1st.B=d}
We will still refer to dca = 0 as Kirchhoff's current laws (KCL), and 8 = dxy
as Kirchhoff’s voltage laws (KVL). As before, it is immedéy seen thaBg (A) C
Ak x AXis aDirac structure In particular, it follows that B | a >x= 0 for every
(a,B) € Bk(A), where< -|- > denotes the duality product between the dual linear
spaceg\, andAK.
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3.2 Open k-complexes

Next we consider ampen kcomplex, by identifying a subseﬂ(&n of the set of

all (k— 1)-cells, called theboundary(k — 1)-cells’, while the remainingk — 1)-
cells are denoted as theternal (k— 1)-cells. Define the linear space of functions
from this subset ofk — 1)-cells toR asAy C Ax_1 with dual space denoted ad.
Decompose correspondingly : Ax — /g1 asdk = (df(, di?), with adjoint mapping
dk = (di,dP). As before, Kirchhoff’s voltage laws remain unchanged

B = dy = i + AP, (20)

whereyy, is the vector of potentials at the boundéky- 1)-cells andyj is the vector
of potentials at the interngk — 1)-cells. On the other hand, Kirchhoff’s current laws
are modified into .

da=0, dPa=—ap (21)

whereay, denotes the vector of external 'currents’ entering the lblauy(k — 1)-
cells. By computing as before the total power we obtain for@arand satisfying
(20, 21)

<Bla>=<d | a >=<digi+ Ry | o >i= 22
<P | oka >+ < Py | 8Pa >=— < P | Op >k 1

The space of boundary variablés,, Y) € A, x AP describes thelistributed ter-
minalsof the operk-complex.

Similar to Proposition 1 it is shown that the Kirchhoff belmvof an openk-
complex/ defined as

P (N) = {(a,B,an,Yh) € A x AKX Apx AP |

, . (23)
dia =0, 0P = —ap, I s.t. f = dl g +dPy}

is a Dirac structure.

Analogously to graphs, Kirchhoff current laws for ogenomplexes imply cer-
tain constraints on the incoming 'currents,. Indeed, by the fact tha_, 00« =0
it follows thatdy._1)pap = O, wheredy_1), denotes thék — 1-th incidence opera-
tor restricted to\, C A_1. (Note that in the case of a graph the roledgf ), is
played by the linear ma]bg.) As in the case of graphs, this allows us¢ducethe
Kirchhoff behavior to a space that is still a Dirac structune alternatively, ta@lose
the operk-complex. This is done by completing the odenomplexA with space
of boundary currentdy, by an additional set ofk — 1)-cells andck-cells.

Also theinterconnectiorof openk-complexes is defined similar to the case of
open graphs.

7 One could also consider as boundary cells subsets of-theells for j # k— 1. In particular,
choosingj = k would correspond to ‘distributed interaction’. The chojce k— 1 corresponds to
the important case of 'boundary’ interaction.
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4 Port-Hamiltonian dynamics on k-complexes

Consider an opek-complexA, together with its Kirchhoff behavia#k (A). Dy-
namics on the&k-complex can be defined in various ways. Similar to the case of
electrical circuits we could define constitutive relatidoseveryk-cell, by specify-
ing a relation between every component\pfandAK. As in the case of an electrical
circuit this can be a relation of static resistive type, oyaamic relation (of capac-
itive or inductive nature).

In this section we will define dynamics in a different way bysifying one type
of dynamical relations betweel andAX, together with resistive relations between
A1 andAX1. This will define a port-Hamiltonian dynamics, which is relax-
ationtype since there is only one type of physical energy (and tlausscillations
between different types of physical energy occur).

On thek-complexA, with d : Ax — A1 anddy : AK'T — AK we define the
following relations

fy = —dee, freAK eenk?
(24)
f=oke, eeN, feA

It is checked [16] that this defines a Dirac structe- AK x A x AKX x A 1.
This allows us to define a port-Hamiltonian dynamics by inipgghe following
constitutive relations. First we associate to eviegell an energy storage, leading
to
: oH
x=—f =——(x), XeAk 25
Xy Q( ax ( )7 S ( )
with H(x) the total stored energy, ands AK the total vector of energy variables.
Furthermore, we associate to evéky— 1)-cell a (linear) resistive relation, leading
to
e=—-Rf, R=R">0 (26)

Substituted in (24) this yields the relaxation dynamics

JoH

X:dke:—dka:—dkRﬁkﬁ(x), x € AK (27)
with the property that

dH  OH,  ;__.0H 1

gt = kg X)) R () =—F Rf<O (28)

For anopencomplex with boundaryk — 1)-cells the definition is modified as fol-
lows. Instead of (24) we consider
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e e
f.— —d . frenk eNCL g end
x X [eo} § [QJ ®
(29)
fl = akQ(, e € Ak, f S /\kflv fb S /\b
fb fb

with f,, e, corresponding to thboundary(k — 1)-cells, andf, e corresponding to
theinternal cells. Imposing the same storage relations (25) and resistlations
(26) we arrive at
x = —df Raf & (x) + dPey
(30)
fo = P98 (x)

r
where we have spli asdy = [df, d°] anddy = [g‘g} (according to the division of
k

the (k—1)-cells into internal cells corresponding to resistive hetreand boundary
cells). This defines a port-Hamiltonian system with inpagtand outputs,.

4.1 Example: Heat transfer on a 2-complex

The above formulation of systems of conservation laws amtgamiltonian sys-
tems onk-complexes will be illustrated with the model of heat tramsin a 2-
dimensional medium (for instance a plate). Instead of fisststdering the pde-
model and then discretizing, we will directly consider ty@mamics on a 2-complex
as arising from a triangulation of the 2-dimensional spakiamain. We assume the
medium to be undeformable (hence mechanical work is neglieind that there is
no mass transfer.

We will write the heat transfer in terms of the conservatidinternal energy.
First we identify the physical variables as chains and ciochaf the given 2-
complex. The components of the internal energy veaterA? denote the energy
of each face. The heat conduction is given by lteat flux fe A whose com-
ponents equal the heat flux through every edge. Hence the t@sservation law
(conservation of energy) is given as

du

i dof

The thermodynamic properties are defined by Gibbs’ relatiad generated by the
entropy function s= s(u) € C* (/\2) as thermodynamic potential. Since we con-
sider transformations which are isochore and without miassster, Gibbs’ rela-
tion reduces to the definition of the vector of intensive ahlése, € A, which is
(entropy-)conjugated to the vector of extensive variables

Js
&= %(U)
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The components, are equal to the reciprocal of the temperature at each 2-face
Since the temperature is varying over the faces, theréhsranodynamic driving
forcevectore € A; given as the vector of differences

e= 0

By Fourier’s law the heat flux is determined by the thermodwyitadriving force
vector as
f =R(ey)e (31)

with R(e,) = R"(ey) > 0 depending on the heat conduction coefficients. (Note the
sign-difference with (26).) The resulting system is a pgdammiltonian system (of
relaxation type), with vector of state variablegiven by the internal energy vector

u, and 'Hamiltonian’s(u). By (28) the entropy(u) satisfies

O (@2 W) RE@) B W) = TR 120

expressing the fact that the entropy is monotonourstyeasing (Note again the

sign-difference with the treatment above, where the Hami#énH was decreasing.)
The exchange of heat through the boundary of the system @pocated as

above, cf. (29, 30), by splitting the edges (1-cells) inteinal edges with the resis-

tive relation (31) and boundary edges. This leads to

ds . 0ds, .1 Js

gt = (G2, (W) Rew) G2 (U) + &

with fy, e, denoting the heat flux, respectively, thermodynamicalidgvforce,
through the boundary edges.

5 Conclusions

A framework has been laid down for the formulation of opengba systems on
k-complexes, generalizing the graph-theoretic formutatibelectrical circuit dy-
namics with terminals. It has been shown that Kirchhoffigdacan be generalized
to operk-complexes, defining a Dirac structure involving boundanyents and po-
tentials, thus generalizing the concept of 'terminal’ te thstributed case. This has
been illustrated on the example of heat transfer on a 2-cenjphis simple exam-
ple already shows how one can directly define a finite-dinmeradiport-Hamiltonian
dynamics, capturing the physical meaning of the involvethdes and retaining the
conservation laws, without the need to formulate the dycams a set of pde’s (and
possibly to discretize the pde’s later on).

In future work we will apply and extend the framework to diffat classes of
port-Hamiltonian systems dacomplexes (corresponding to different physical set-
tings), and employ these models for boundary control.
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