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CHARACTERIZATION OF GRADIENT CONTROL SYSTEMS*

JORGE CORTES', ARJAN VAN DER SCHAFT!, AND PETER E. CROUCH?

Abstract. Given a general nonlinear affine control system with outputs and a torsion-free
affine connection defined on its state space, we investigate the gradient realization problem: we give
necessary and sufficient conditions under which the control system can be written as a gradient
control system corresponding to some pseudo-Riemannian metric whose Levi-Civita connection is
equal to the given affine connection. The results rely on a suitable notion of compatibility of the
system with respect to the given affine connection, and on the output behavior of the prolonged
system and the gradient extension. The symmetric product associated with an affine connection
plays a key role throughout the discussion.
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1. Introduction. A physically motivated class of nonlinear systems are gradient
control systems; see [4, 5, 10, 22, 23, 25, 26, 27] and the references quoted therein.
These systems are described in the following way: they are nonlinear affine control
systems, which are endowed with a pseudo-Riemannian metric on the state-space
manifold. The drift vector field of the system is the gradient vector field associated
with an internal potential function with respect to the pseudo-Riemannian metric,
and the input vector fields are the gradient vector fields associated with the output
functions of the system. Examples of gradient control systems include nonlinear elec-
trical RLC networks, and dissipative systems where the inertial effects are neglected.
In the case of RL or RC networks, the pseudo-Riemannian metric is positive-definite,
and thus is a usual Riemannian metric, while for general RLC networks the metric
is indefinite. We refer to [4, 5, 10, 25, 26] for more background on the modeling of
nonlinear networks as gradient systems.

Another relevant class of nonlinear systems is the family formed by the Hamil-
tonian control systems; see [13]. In this case, the state-space manifold is equipped
with a symplectic form. The drift vector field and the input vector fields are the
Hamiltonian vector fields associated, respectively, to an internal energy function and
the output functions of the system with respect to the symplectic form. Hamilto-
nian equations are of central importance in the modeling of physical systems as they
are the starting point to describe the dynamics of a very large class of phenomena,
including mechanical, electrical, and electromagnetic systems.
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Apart from their physical and engineering importance, gradient and Hamilto-
nian systems also possess very peculiar mathematical properties. For instance, an
observable and controllable linear input-state-output system is a Hamiltonian control
system [6] (respectively, a gradient control system [27]) if and only if its impulse
response matrix W (t) satisfies W (t) = —WT(—t) (respectively, W(t) = WT(t)). Al-
though they are typically not amenable to linearization techniques, their rich geomet-
ric structure makes it possible to combine powerful tools from nonlinear control theory,
differential geometry, and classical mechanics in the study of a variety of problems
including stability and stabilization, input-output decoupling, structural synthesis,
and interconnection.

Their theoretical and practical relevance, together with their meaningful geo-
metric properties and the wide range of results available for them, make the classes
of Hamiltonian and gradient systems distinct within the family of nonlinear affine
control systems. This explains the interest in identifying those systems that can be
written as either Hamiltonian or gradient. This characterization problem is motivated
by the realization problem in systems theory and the inverse problem in mechanics.
The realization problem addresses the question of when the input-output map of
a system can be realized as the external behavior of a Hamiltonian (respectively,
gradient) input-output system. The inverse problem, which has a longstanding his-
tory in mathematical physics, poses the question of when a second-order differential
equation can be realized as the Euler-Lagrange equations corresponding to certain
Lagrangian function. For further reference on these problems, the reader is referred
to [11, 15, 20, 21].

In [12, 13], necessary and sufficient conditions were given under which a mini-
mal nonlinear affine control system with an equal number of inputs and outputs is a
Hamiltonian control system with respect to some symplectic structure, which turned
out to be unique. A different but somehow related problem is considered in [24]:
assuming the state space of the nonlinear affine control system is already endowed
with a symplectic form, conditions are derived that guarantee that a feedback trans-
formation exists making Hamiltonian the drift vector field of the transformed control
system. As we discuss below, there are a number of key differences in the treatment
of the characterization problem for the Hamiltonian and the gradient cases, which
make the latter more involved. A fundamental observation is that, while every input-
state-output system admits a natural extension to a Hamiltonian system living on the
cotangent bundle of its state space, the construction of a gradient extension on the
cotangent bundle relies on the selection of a torsion-free affine connection on the state
space. This is why our starting point in the gradient setting is the selection of an
appropriate torsion-free affine connection. This appropriateness is defined in terms of
a novel compatibility condition of the given nonlinear system with the selected affine
connection, guaranteeing an appropriate choice of the latter one. The compatibility
condition is expressed as a relation of the symmetric products of the drift vector field
and the input vector fields with the output functions of the system. As a further
remark, the role played in the Hamiltonian setting by the Lie bracket and the Hamil-
tonian vector fields is taken here by the symmetric product associated with the given
affine connection and the gradient vector fields.

The question solved by the main result of this paper (cf. Theorem 5.4) is the
following: given a torsion-free affine connection which is compatible with the nonlinear
control system, find necessary and sufficient conditions under which the system is
gradient with respect to a pseudo-Riemannian metric whose Levi-Civita connection is
the given affine connection. The question that still remains to be addressed in order
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to solve the full characterization problem for gradient control systems is the following:
given a nonlinear control system, when does an affine connection exist such that these
necessary and sufficient conditions are satisfied?

The paper is organized as follows. In section 2 we present the class of nonlinear
systems considered throughout the paper. We also introduce the notions of prolon-
gation and gradient extension of a nonlinear system. The observability properties of
these systems, studied in section 3, together with the concept of (weakly) externally
equivalent systems, introduced in section 4, turn out to be key in establishing Theo-
rem 5.4. In section 5, we introduce the important notion of compatibility between a
nonlinear system and a given affine connection. At this point, we are ready to state
and prove the main result of the paper, namely, the characterization of when a general
nonlinear control system is gradient. This characterization can be roughly described
as follows: under certain technical conditions, a nonlinear affine control system is
gradient if and only if its prolongation and its gradient extension behave similarly
(i.e., have the same input-output behavior). In section 6 we investigate the unique-
ness (up to isometry) of gradient realizations with the same input-output behavior
and we give an alternative proof of a result in [1, 2]. We present our conclusions in
section 7. Finally, an appendix in section 8 contains a simplifying result concerning
the checkability of the compatibility condition for a nonlinear affine control system.

2. Setting. Let M be an n-dimensional (real-)analytic manifold. We will denote
by TM, T*M the tangent and cotangent bundles of M, by X(M) the set of analytic
vector fields on M, by Q'(M) the set of analytic one-forms on M, and by C*(M)
the set of analytic functions on M. Consider a nonlinear control system ¥ with state
space M, affine in the inputs, and with an equal number of inputs and outputs,

(2.1) 5. )& =90(2) +;Uj9j(l’),

yj:V](LC), j:17‘-‘>mu

where © € M, z(0) = zo, and v = (uy,...,um) € U C R™. The vector fields
90,91, - - -y gm on M are assumed to be complete and V7, ..., V,, are real-valued func-
tions on M. The set U is the control space, which for simplicity is assumed to be
an open subset of R™, containing 0. The function t — w(t) = (ui(t),...,um(t)),
which we will commonly denote as u(-), belongs to a certain class of functions of time,
denoted by U, called the admissible controls. For our purposes, we may restrict the
admissible controls to be the piecewise constant right continuous functions.

An important subclass of the family of nonlinear systems (2.1) is formed by the
Hamiltonian control systems; see [13]. Here, we will instead focus our attention on
the family of gradient control systems. Let G be a pseudo-Riemannian metric on M,
i.e., a nondegenerate symmetric (0,2)-tensor on M (not necessarily positive-definite);
see [7]. Consider the “musical” isomorphisms associated with G, bg : X(M) — QY(M),
fig : QY (M) — X(M) defined by

bg(X)(Y) =G(X,Y), tg(u) =bg"(n),

where X,Y € X(M) and p € QY(M). The gradient vector field associated with
a function V' € C*(M) is given by gradg V' = fg(dV'). Reciprocally, a vector field
X € X(M) is said to be locally gradient if the one-form bg(X) is closed. By Poincaré’s
lemma, this is equivalent to saying that there exists a locally defined function V' €
C*¥ (M) such that bg(X) = dV. If this equality holds globally, X is called gradient and
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will be denoted by X = gradg V. Throughout the paper, we will drop the subindex
when the pseudo-Riemannian metric used in the computation of the gradient vector
field is clear from the context. If we fix coordinates (x!,...,2") on M, then the
pseudo-Riemannian metric can be locally expressed as G = Gupdz® @ da®, where
(G =6 (%, %)) is a symmetric matrix. The musical isomorphisms are then given
by bg = Gapdz® @ da®, g = G aga ® %, where (G) is the inverse matrix of (G,p).
Finally, the gradient vector field associated with V' reads

v 9
ab
= Ozt Oz

Now, assume that the state space M in (2.1) is a pseudo-Riemannian manifold,
(M,G). Furthermore, assume that the drift vector field go is locally gradient and

the input vector fields g;, 7 = 1,...,m, are gradient with respect to the functions
Vi,..., Vi, ie., gj = gradg V;, j = 1,...,m. Then, the resulting system

gradg V

m

&= go(x) + Z u;(t) gradg Vj(z),

y]:‘/‘.](x)’ j:]‘V"‘?m?

(2.2) P

is called a locally gradient control system on M. If the drift gy is a gradient vector
field, then the system is called a gradient control system on M.

Given an affine connection on M, our objective is to characterize when a nonlinear
system of the form (2.1) is a locally gradient control system (2.2), i.e., find necessary
and sufficient conditions for the existence of a pseudo-Riemannian metric G on the
state space M whose Levi-Civita connection is the given affine connection such that
the system (2.1) equals system (2.2). These conditions will be given in terms of the
output behavior of the so-called prolonged system and the gradient extension of 3,
which we describe next.

2.1. The prolongation of a nonlinear system. Given an initial state x(0) =
xo, take a coordinate neighborhood of M containing zo. Let ¢ € [0,7] — x(t)
be the solution of (2.1) corresponding to the input function ¢ € [0,T] — u(t) =
(up(t),...,um(t)) and the initial state 2(0) = x, such that x(t) remains within the
selected coordinate neighborhood. Denote the resulting output by ¢ € [0,7T] — y(t) =
(y1(t), ..., ym(t)), with y;(¢) = V;(z(t)). Then the variational system along the input-
state-output trajectory ¢ € [0,T] — (z(t),u(t),y(t)) is given by the following time-
varying system:

23 = ‘?x )+ 3 OGN + ) (el0)

where v(0) = vp € R", and u? = (uf,...,uP,), y? = (v}, ..., yE,) denote the inputs and
the outputs of the variational system. The reasoning behind the term “variational”
comes from the following fact: let (x(t,€),u(t,€),y(t,€)), t € [0,T], be a family of
input-state-output trajectories of (2.1) parameterized by € € (=6,6), with x(¢,0) =
x(t), u(t,0) = u(t), and y(t,0) = y(¢), t € [0,T]. Then, the infinitesimal variations

o) = 92(6,0), () = L0), (1) = 2L(t,0)
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satisfy (2.3). Additionally, if the initial state is the same for the whole family of
trajectories, (0, €) = xp, then the variational state v(0) at time 0 is necessarily 0.

The prolongation or prolonged system of (2.1) corresponds to considering together
the original system (2.1) and the variational system

(2.4) = go(x) + Zujgj(:c)

i(0) = 2 (1) )+ Y GO0 + Y s (a(0)

Yj = ‘/](x)’ yjp(t) = .

with inputs u;, u?

;» outputs y;, yf, and state (z,v). To state a coordinate-free def-
inition of the prolonged system (2.4) on the whole tangent space TM, we need to
introduce the notions of vertical and complete lifts of functions and vector fields. We
do this following [28]. Given a function V on M, the complete lift of V to TM,
V¢ :TM — R, is defined by V°(v) = (dV,v). In the induced local coordinates on

TM, (2%, ...,2", o', ... ,o"), this reads

ov

VO (z,v) = —(x) va -
— Oz

The wvertical lift of V to TM, VYV : TM — R, is defined by VV = V o 15, where 1)
denotes the tangent bundle projection. Given a vector field X on M, the complete lift
of X to TM, X° € X(TM), is defined as the unique vector field verifying X°(f°) =
(X f)¢forany f € C¥(M). Alternatively, if &, : M — M, ¢ € [0, €), denotes the flow of
X, then we can define X© as the vector field whose flow is given by (®¢). : TM — TM.
In local coordinates,

‘ - - y 0
C —
(2.5) X(z,v) =Y X, 890‘1 W .

a=1 a,b=1

The wvertical lift of X to TM, XV € X(TM), is the unique vector field such that
XY(f°) = (X[f)Y for any f € C¥(M). In local coordinates,

(2.6) XV(z,v) = Xo() 0

The following definition provides an intrinsic way of pasting together the sys-
tem (2.1) with the variational systems associated with its input-state-output trajec-
tories.

DEFINITION 2.1. The prolonged system ¥P of a nonlinear system X of the
form (2.1) is defined by

(2.7) P ip = go(p) + Z u;(t) g5 (wp) + Z u?(t)g}/(xp),

j=1
yj:‘/jv(xp)v y;):v?jc(xp)v j:]-»"'ama

where x, = (x,v) € TM and x,(0) = (0, v0).
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One can easily check that in the induced tangent bundle coordinates, the local
expression of the system (2.7) is precisely (2.4).

Remark 2.2. In the same way as we have presented above, one can also introduce
the notions of adjoint variational system and Hamiltonian extension of the nonlinear
system (2.1). These notions play a key role in the characterization of when a general
system admits a Hamiltonian description; see [13].

2.2. The gradient extension of a nonlinear system. When dealing with the
Hamiltonian extension of a nonlinear system, one relies on the fact that the cotangent
bundle is endowed with a canonical symplectic structure. However, this is not the
case when treating gradient systems, since a canonical pseudo-Riemannian structure
on the cotangent bundle does not exist. In order to define the gradient extension of a
nonlinear system of the form (2.1), we will first select a torsion-free affine connection
V on M, and then consider its Riemannian extension to T*M (cf. [19]).

Let us briefly present some basic notions on affine connections and Riemannian
geometry. An affine connection [16] on a manifold M is defined as an assignment

V: X(M) x X(M) — (M),
(X,Y) — VY

which is R-bilinear and satisfies VyxY = fVxY and Vx(fY) = fVxY + X (f)Y for
any X, Y € X(M), f € C¥(M). This implies that VxY (z) depends only on X (x)
and the value of Y along a curve which is tangent to X at . Let ¢ : t € [to,t1] —
c(t) = (x'(t),...,2™(t)) € M be a curve on M and W a vector field along c, i.e., a
map W: [tg,t1] — TM such that mp(W(t)) = c(t) for all ¢ € [a,b]. Let V be a vector
field that satisfies V(c(t)) = W(t). The covariant derivative of W along c is defined
by

DW (¢)

dt
This definition makes sense because of the defining properties of the affine connection.
Now, we may take W (t) = ¢(t) and set up V)¢(t) = 0. This equation is called the
geodesic equation, and its solutions are termed the geodesics of V. In local coordinates,
this condition can be expressed as #¢ + I'¢_ (x)i%i¢ = 0, 1 < a < n, where the I'¢ (z)
are the Christoffel symbols of the affine connection, defined by
0 a 7]

525 g~ Loel® g

= Vé(t)W(t) = Vé(t)V($)|

z=c(t)"

\%

The vector field S on T'M describing the geodesic equation is called the geodesic spray
associated with the affine connection V. In local coordinates,
0 b e O
S = ’UG% - gc(fl')'l) Ucw .
Therefore, the integral curves of the geodesic spray .S are the solutions of the geodesic
equation. The torsion tensor of an affine connection is defined by

T X(M) x (M) — (M),
(X,Y) — VxY - Vy X — [X,Y].

Locally, we have

o 0 LD
T(aa:“’(?xb>( ab ba)@'
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An affine connection is torsion-free if T' is identically zero. Given an affine connec-
tion, the symmetric product [18] of two vector fields X, Y € X(M) is defined by the
operation

<X:Y>:ny+vYX.

The geometric meaning of the symmetric product is the following [17]: a distribution
D on M is geodesically invariant (meaning that each geodesic of V whose initial
velocity is in D has all its velocities in D) if and only if (X : Y) e Dforall X, Y € D.
The symmetric product plays a crucial role within the so-called affine connection
formalism for mechanical control systems in the study of a variety of aspects such
as controllability, series expansions, motion planning, and optimal control [7]. Note
that if the affine connection V is torsion-free, then VxV = 2((X : Y) + [X,Y]) for
all XY € X(M), i.e., there is a one-to-one correspondence between the covariant
derivative and the symmetric product.

Associated with the metric G there is a natural affine connection called the Levi-
Civita connection. The Levi-Civita connection VY is determined by the formula

2G(VY,Z) = X(G(Y, 2)) + Y (G(Z, X)) — Z(G(X,Y))
+G(Y,[Z, X)) - G(X,[Y,Z]) +G(Z,[X,Y]), X.,Y,ZcX(M).

One can compute the Christoffel symbols of V9 to be

a _ 1 ad 9Gar G dc _ 0Gs.
(2.8) e =59 ( 50 T b axd) .

The Levi-Civita connection is torsion-free, that is, T'(X,Y) = 0 for any X, Y € X(M).

Therefore, a pseudo-Riemannian metric on M defines a unique affine torsion-free
connection on M. The converse is, however, not true. Also, note that given an affine
torsion-free connection which is the Levi-Civita connection corresponding to some
pseudo-Riemannian metric, then there exist many more metrics that give rise to the
same affine connection. For instance, any constant metric on the Euclidean space
gives rise to the affine connection with Christoffel symbols I'}, =0, 1 < a,b,c < n.

Given a pseudo-Riemannian metric G on M, we can define the so-called Beltrami
bracket [10, 22] of functions on M,

{f:g}g :g(gradgf7gradgg)v f,gEOW(M)
In local coordinates, one has the expression

8f gab@
Oxe”  Oxb’

{f:9te =
It is interesting to note that the mapping

gradg : (C¥(M),{-: -}g) = (X(M), (- : -)vo)

is a homomorphism of symmetric algebras, i.e., gradg{f : g}g = (gradg f : gradg g)ve
for all f,g € C¥(M).

Remark 2.3. The latter observation is the gradient analogue of the following
fact in the Hamiltonian setting: consider the mapping (C* (M), {-, }) — (X(M), [, "])
(where {-,-} denotes the Poisson bracket and [,:] denotes the Lie bracket) associ-
ating to each function f its Hamiltonian vector field X;. Then this mapping is a
homomorphism of Lie algebras, i.e., X¢s 3 = [Xf, Xg].
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Let us now turn our discussion to the cotangent bundle of M. First, we introduce
the construction that associates to each vector field X on M a function VX on 7% M,
defined by VX (p) = (p, X). In the induced local coordinates (z!,..., 2", p1,...,p,) on
T*M, this reads VX (2,p) = Y.I'_ | paXa(z). The complete lift of X to T*M, X° €
X(T*M), is defined as the Hamiltonian vector field (with respect to the canonical
symplectic form on 7% M) associated with the function VX. In local coordinates,

- d " 9X, B,
C — J—
X(z,p) = a§=1Xa pp EH B (z)py o

The notion of wvertical lift of a function V on M to a function V'V on T*M is given
by VV = V o mps, where s is the cotangent bundle projection. An object which
will play a key role in the subsequent discussion is the Riemannian extension [19, 28]
of a torsion-free affine connection. Let V be a torsion-free affine connection on M.
Then, V defines a pseudo-Riemannian metric on T*M, denoted GV, as the unique
(0,2)-tensor on T*M which satisfies

gV(XC,YC) — _V<XY> .

The fact that this single equality completely determines the Riemannian extension
GV is a consequence of the result in Proposition 4.2 in [28, Chapter VII], which asserts
that any (0, s)-tensor field on T*M is univocally defined by its action on the complete
lifts of vector fields of M. The matrix representations of the musical isomorphisms
defined by GV in local coordinates are given by

— _2pc]-—‘gb In _ 0 In
(29) bgv = ( In 0) 5 ﬁgv = <In 2pcrgb> .

As for the gradient vector fields associated with the functions VX, VV € C¥(T*M),
X € X(M), V € C¥(M), one has the local expressions

(2.10)
0 oxX* 0 , oV 0
gradgv VX = xe + Pa ( + 2F§CXC> —, gradgv V' =

o oxa Oxb opy’ 029 dp,

Given a metric G on M, one can also verify that the pseudo-Riemannian metric on
T*M defined by gV’ corresponds to the pullback by fg of the complete lift G° to TM
of G, ie., G¥° = 15(G°) (see [28]).

DEFINITION 2.4. The gradient extension 3¢ of a nonlinear system % of the
form (2.1) with respect to a torsion-free affine connection V on M is given by

(2.11)

&e = gradge V9 (z.) + Z u;(t) gradgy V9 (x.) + Z ug(t) gradgv Vjv(:ce) ,
j=1 J=1

b= Vi), v =Vole), j=1L...m,

e

where zo = (x,p) € T*M, z.(0) = (x0,p0), v = (u1,...,Uy) € U C R™, and
u® = (uf,...,us) € R™.

Remark 2.5. Note that the gradient extension Y€ is itself a gradient control
system.
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3. Observability of the prolongation and the gradient extension. In this
section, we investigate the observability properties of the prolonged system and the
gradient extension of a nonlinear system. Roughly speaking, the observability prop-
erties of a given system determine to what extent one can observe the actual state
of the system from its input-output behavior, i.e., to what extent the knowledge of
the input-output response allows us to infer things about the evolution of the state.
This study will later be key in establishing the characterization of when a nonlinear
control system can be written as a gradient control system.

We start by briefly reviewing some notions such as distinguishable points and
local observability. Let ) denote the space of absolutely continuous functions defined
on Ry = [0,400) with values in R™. For a nonlinear system of the form (2.1), the
input-output map Ry : M xU — Y, Rx(zg,u(:)) = y(-) is defined by assigning to
each initial condition zg € M and any admissible control u € U the output of the
system

y() = Va(a( o, ut))), - - Vin (2 (t, o, u(-)))) ,

where z(-, zg, u(-)) denotes the solution of &(t) = go (x(t))—&—zgnzl u;(t)g;(x(t)) starting
at rg. Now, two points x1, xo € M are said to be indistinguishable, x1 ~ s, if
Rs(z1,u(r)) = Re(x2,u(-)) for any u(-) € Y.

DEFINITION 3.1. A system X is observable if for any x1, xo € M, one has
that ©1 ~ xo = x1 = xo. Alternatively, for any x1 # x2, there exists an admissible
control such that the output functions resulting from the initial conditions x(0) = x4,
respectively, x(0) = x4, are different. The system is locally observable at zq if there
exists a neighborhood N of xo such that this holds for points in N.

Denote by H the R-linear space in C¥(M) spanned by the functions of the form
Lx, Lx, - Lx,V;, with {X, }S_; C{g;|¢=0,1,...,m}, and j € {1,...,m}. Al
ternatively, we may take X, to be arbitrary elements of the accessibility algebra
corresponding to the vector fields gg, g1, .., gm. H is called the observation space of
Y. It follows from the analyticity assumption that the system is observable if and
only if H distinguishes points in M, i.e., for every xy, zo € M with 1 # xo, there
exists V' € H such that V(z1) # V(xq); cf. [14].

PROPOSITION 3.2 (see [13]). Consider a nonlinear system % of the form (2.1),
with observation space H. Then, the observation space HP of the prolongation P is
given by HP? = H® + HY, where HC ={V° |V e H} and HY ={VV |V € H}.

The following corollary is a modified statement of Corollary 3.3 in [13].

COROLLARY 3.3. Assume the codistribution dH is of constant rank. Then the
system X is (locally) observable if and only if its prolongation is (locally) observable.

Proof. Following [14], ¥ is locally observable if and only if rk(dH) = dim M. In
addition, the codistribution dH on M has constant rank if and only if the codistri-
bution dHP on T'M has constant rank. Therefore, rk(dH) = dim M if and only if
rk(dH?) = dimT'M if and only if ¥? is locally observable. The statement regarding
observability is proved as in Corollary 3.3 in [13]. a

Let us turn our attention to the observability properties of the gradient extension
of a nonlinear system of the form (2.1). The following lemma will be most helpful.

LEMMA 3.4. Let V be a torsion-free affine connection on a manifold M, and
let GV denote its Riemannian extension to T*M. Then, for any vector fields X,
Y € X(M), and any functions f, g € C¥(M), the following identities hold:

(i) (gradgey V)(VY) = (VX : VY }ge = VXY) = _GV(X© YO);

(i) (gradge VX)(fY) = (gradge £)(VX) = (VX : fhge = X(f)';

(i) (gradge /")(9%) = (/" : " }gv = 0.
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Proof. The first equality in (i) is the definition of the Beltrami bracket associated
with GV. For the second one, we resort to the local expressions in (2.9) to compute

x oX* 0 I ay* r
. Y )rb j/‘b
V= :Vier (pa oz’ ) < I 2p.l'g, ) <pa b’ >

G oy e . . :
= pa <axbyb + WXZ’ + 2T¢ Xty > = XY

The third equality corresponds to the definition of GV. The first and second equalities
in (ii) follow again by definition. As for the third one, note that

of o of ,
dgv fY(VY) = - — (mX") = 2= X" = X(f)".
gradge 1*0v¥) = 7L () = 2L xe —x()
Finally, the equalities in (iii) are straightforward. d

Denote by Sy the R-linear space in X(M) spanned by the vector fields of the
form (X7 : (Xo : (-++ 1 (X5 1 g5))--)), with {X,}2_; C{g; | ¢ =0,1,...,m} and
je{l,...,m}. Alternatively, one can define Sy as the smallest subspace of X(M ) such
that (i) g1,...,9m € So and (ii) if X € Sy, then (g; : X) € Sp for all i =0,1,...,m.
We denote by Sy the distribution on M generated by the space Sp,

(3.1) So(z) =span{X(z) | X € So}, ze M.

PROPOSITION 3.5. Consider a nonlinear system X of the form (2.1), with ob-
servation space H. Let V be a torsion-free affine connection on M. Then, the ob-
servation space HE of the gradient extension Y.° is given by H® = VS0 + (H + )Y,
where VS0 = {VX | X € Sy} and b is spanned by Lx,Lx, - Lx LxV;, with X,
r=1,...,s, equal to g;, 1 =0,1,...,m, X € Sp, and j=1,...,m.

Proof. The observation space of the gradient extension of ¥ is spanned by

Lx,Lx, - Lx, V], Lx,Lx, - Lx, V9,

where X,, r = 1,...,s, is equal to gradgy V9, gradge V}¥, i« = 0,1,...,m, j =
1,...,m. Now, using Lemma 3.4, we have that

vV o \Y% . g
‘Cgradgv ve Vi = (L4, Vi) ‘Cgradgv vo: VI = Vool

Vo ) _ \V
£gradgv Vj"Vk =0, Egradgv 124 Vir = (‘ng‘/J) )

with ¢ =0,1,...,m and j,k = 1,...,m. Considering the next step of Lie derivatives
yields

Lyradgo von V93930 = Vgm0l = Loag g von (£, V5)" = (L, Lg,V5)"
Loradgo vy V9 = (Ligign Vi)' Laraage vy (L, Vi)' =0,

with h = 0,1, ..., m. Further iterating this process, we get to the desired result. 1]
COROLLARY 3.6. Consider a nonlinear system ¥ of the form (2.1), with ob-
servation space ‘H. Assume the codistribution dH is of constant rank. Let V be a
torsion-free affine connection on M and further assume that the distribution Sy is
full-rank. Then, that ¥ is (locally) observable implies that ¥¢ is (locally) observable.
Proof. Since the codistribution dH has constant rank, > is locally observable
if and only if dimdH(x) = dim M. Since Sy is full-rank, it is clear that ¥ locally
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observable implies that H® has constant maximal rank, and therefore ¥¢ is locally
observable. With respect to observability, let (x1,p1), (z2,p2) € T*M, and assume
that V¢(z1,p1) = Ve(xe,p2) for all V¢ € He. Since HY C H€, this yields V(z1) =
V(zg) for any V € H. So, under observability of ¥, we conclude that x; = zo = z.
Then, we have that VX (z,p;) = VX (z,p2) for all X € Sp, which finally implies that
D1 = pa. O

4. Externally equivalent systems. In this section we introduce the notion of
(weakly) externally equivalent systems, which will be instrumental in the statement
of the main result in section 5. Consider two nonlinear systems o = 1,2, of the form

m
% = g§ (%) + Zujg?(xo‘), x* e M*,
j=1

Yy =V(@®), j=1....,m, u=(u,...,un) €U CR™.

¥

Denote by H®, a = 1,2, the associated observation spaces. Take a function H' €
HY, HY = £X1"'£X8ley with X, = gl-lr, ir € {0,1,...,m}, r = 1,...,s, and
j € {1,...,m}. Consider the function in H* defined by H?> = Ly, --- Ly, V7, with
Y, =g?,r=1,...,s. Then we say that H' and H? formally correspond to each
other. This notion is useful in defining the concept of weakly externally equivalent
systems.

DEFINITION 4.1. The systems L' and X2 are weakly externally equivalent if and
only if for all z' € M*, there exists x* € M? such that H'(z') = H?*(2?) for all
corresponding H' € H', H?> € H?, and reciprocally, for all x> € M?, there exists
!l € MY such that H'(x') = H?(2?) for all corresponding H' € H', H* € H>.

DEFINITION 4.2. The systems ' and X2 are externally equivalent if and only if
for all x* € M?', there exists 2 € M? such that the input-output maps corresponding
to zb and x? coincide, i.e., Ry (2t u(-)) = Ryz(z2,u()) for all u(-) € U, and recip-
rocally, for all x> € M?, there exists x' € M such that Ry (z!,u(-)) = Rz (22, u(-))
for all u(-) € U.

Equivalently, X! and X2 are externally equivalent if and only if their behaviors
are equal. Clearly, if two systems are externally equivalent, then they are weakly
externally equivalent.

PROPOSITION 4.3. Assume that X' and X2 are weakly externally equivalent and
observable and that the codistributions dH®, o = 1,2, have constant rank. Then there
exists a unique diffeomorphism ¢ : MY — M? with ¢*(H?) = H!.

Proof. Let ' € M!. By definition, there exists x> € M? such that H!(z!) =
H?(2?) for all corresponding H' € H!, H?> € H?. Since H? distinguishes points
in M2, it follows that 22 is unique. Define ¢ : M — M?2, p(2!) = z2. Using
dim dH? = dim M? and the inverse function theorem, it follows that ¢ is smooth.
Indeed, for each z? € M?, there exists a neighborhood V of M? at x5 and dim M?
independent functions HZ, ..., Hgim a2 on Vosuch that ¢ is given by

o® = (H}, ..., Hin2) " (His o Hyi ap2) (27

Analogously, we can construct the inverse mapping ¢! : M? — M?", making use of
the fact that 3, is observable, which concludes the proof. 0

COROLLARY 4.4. Let the systems X' and X2 be observable and the codistributions
dH®, a = 1,2, have constant rank. Then X' and X2 are weakly externally equivalent
if and only if they are externally equivalent.
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Proof. We already know that if the systems are externally equivalent, then they
are weakly externally equivalent. Conversely, assume that X! and X2 are weakly ex-
ternally equivalent. From Proposition 4.3, we have that there exists a diffeomorphism
o MY — M? with p*(H?) = H!'. Using this latter fact, and since the vector fields
ab, g;- are determined by their action as derivations on H%, a = 1,2, we conclude that

Remark 4.5. The map ¢ in the previous proof is called a state-space diffeomor-
phism.

5. Gradient realization of a nonlinear control system. This section con-
tains the main result of the paper. Under certain technical conditions, Theorem 5.4
characterizes when a nonlinear control systems admits a gradient realization. Before
stating this result, we need to introduce the novel notion of compatibility between a
nonlinear system and an affine connection.

DEFINITION 5.1 (compatibility). Let V be an affine connection on M. A nonlin-
ear control system X of the form (2.1) is compatible with V if and only if the following
two conditions hold:

(a) For all vector fields X1,...,Xs,, Y1,...,Ys, € {90,91,---,9m}, and all in-

dexes j,k=1,...,m,

L, (X (Xay 290 ) [EviLya -+ Ly, V]
= Liyy (Yoo (Vo)) [£x:0Lx2 0 Lx, Vil -

(b) For all vector fields Xy,...,Xq,, Y1,...,Ys,, Z1,..., Zsy € {90,915+, 9m},
and all indexes j,k,l =1,...,m,

LXKt (2(X oy 10)) - D Va (Yoo (Vg i)y N £ 20 £.25 -+ L2, VI
= L2 Zo: (- Zagra)) - ) L0 XX 20,0 0) [Evi Ly - Ly, Vi)

Remark 5.2. In case the distribution Sy (cf. (3.1)) is full-rank, note that property
(b) in the above definition implies property (a) up to a constant on each connected
component of M. To see this, one can use the symmetry of the symmetric product
to deduce from (b) that

L2, 2 (i Zug i) ) L (X0 (Xt (X 250y 1) eva Ly, -+ Ly, Vi)
= L42,:(Zo: (i Zag i) WL (Vi (Vagign)) - 0 X Ly -+ Lx,, V3]

Now, one concludes the result from the full-rankness of Sp. Another interesting ob-
servation in this case is that the checkability of the compatibility condition can be
performed taking a basis of vector fields in Sy, as we discuss later in Lemma 8.1.
Remark 5.3. Note that a locally gradient control system of the form (2.2) is
compatible with the Levi-Civita connection associated with the pseudo-Riemannian
metric G. Indeed, let (- : -), {- : -} denote, respectively, the symmetric product and the
Beltrami bracket corresponding to VY and G. Take X, = grad Vo, » Yr, = grad Vg, ,
Zry = grad V,, , r; € {1,...,5;} (which can always be written at least locally); then

L(X1:(Xai (i Xy g0 [LviLya -+ Ly, Vi]
= Lorad{Va, Vg Lot{Va, Vi 11y (Vo 1 Vo 1 {2 {Va, = Vieh} o 3]
= Larad{Va, {Vay (- {Vor, Vb1t [{Var 1 {Vaa {0 1 {Va, : V3 1]
Ly (iYoo) ) L0 L - £, V]
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and

L0 (Xt (X oy 20)) D e Vi (Va2 ) (L0 Lo L, V]
= Larad{{Va, 1V £+{Vas, Vi b 1AV, Vo Lo (Vi Vid 111

[{VM {Vy o {e {Vvss :Vit}-- }}]
= Lorad{Vy :{Vay oo Vyy Vit 1}

{{Var Ve o 4o Ve, Vil oV o Vo o L o Vi, s Vb )13
= L420:(Zor 1 Zay00) - D L (X2 (Xe (X 0 )) - ) o £va -+ Ly, Vi

as claimed.

Now, we come to the main result of the paper.

THEOREM 5.4. Let ¥ be a nonlinear control system of the form (2.1). Let V
be a torsion-free affine connection defined on the state manifold M. Assume that 2
is observable with dim dH constant, compatible with V, and that the distribution Sy
is full-rank. Then, ¥ is a locally gradient control system with respect to a pseudo-
metric whose Levi-Civita connection is V if and only if its prolonged system 3P and
its gradient extension X°¢ are weakly externally equivalent.

Proof. Consider a locally gradient control system ¥ on (M, G) (cf. (2.2)), together
with its prolongation 3P on T'M and its gradient extension X¢ on T* M. Recall that in
the induced bundle coordinates (x*,v*) on TM, (2%, p,) on T* M, the musical isomor-
phisms associated with G read bg(z%,v?) = (2%, Gupv®) and g (2, p.) = (2%, G%py).
We are going to show that bg is actually an isomorphism between the prolongation
and the gradient extension, i.e., we will prove that bg(z,(-)) = z.(-) along the solu-
tions of (2.7) and (2.11), respectively. This will be a consequence of the following
equalities:

o) (bg).g¢ = gradge Vi obg, V% obg =VF,
' (bg)+g5 = gradge V¥ obg, Viobg =V}
foralli =0,1,...,m, j=1,...,m. In order to show (5.1), we will make use of the

following identities:

O\_ 0, 06,0 oY _g 0
() (8x“> BT ope’ () (81}‘1) N g“bapb '

Let g € X(M). In local coordinates, g = g*9/0x*. Using (2.5), we get

‘ 0 9Gay dg°\ , 0
C\y _ ,a c
(g)e(97) =9"5 3 +{g o +Qacaxb}v o

On the other hand, we have that

a 0 Bgc c d b 0

gradgv VIobg =g p + {gbcaxa + 2Gpl'qa9 }U e

Now, suppose that g is a locally gradient vector field. In local coordinates, this

means that G,.g¢ = 90V/0z?, for a certain function V, which in turn implies that
{Gacy©}/) 0z’ = 0{Greg®}/ Oz, that is,

890 _ 8gbc c

gac@ - (9:,Eag +gbc

09 0Gac .

dxe Qxb
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Substituting into the above expression for (bg). (¢°),
99  0Gac c} p O
v

0 agab agbc
cC\y _ ,a c c —
(g)e (9% =9 Ox® + {g Oxe + gz ? + gbc@xa Oxb Opa

_ ai c G ap 9Gpe . 0Gac 3gc b 0
— 9 Bge * {g ( oz * oxa Oxb ) + gbc&ra } v I

dg°
_ _a

0

c d b

e + {29 Gral'y,. + gbca - } v opn gradgy V¥ obg.
Therefore, the first equality in (5.1) holds for every i« = 0,1,...,m. The equality
(bg)«g] = gradgy V' obg, j =1,...,m, follows by considering (2.6) and the fact that
the vector fields g; are gradient by hypothesis,

, 0OV 0

(bg)« (%) = Gavg Bpu . D1° Op.

= gradgy V" obg.

As for V9 obg = V', for each v € T, M, we compute V9 obg(v) = gabvbg;-‘ =
OV [0z’ -v* = (dVj,v) = V' (v), where, with a slight abuse of notation, we have used
the bracket (-,-) to denote the contraction between a covector and a vector. In the
remainder of the paper, the intended use of (., .) should be clear from the context.
The last equality follows trivially. Consequently, the prolongation and the gradient
extension of a nonlinear system > which is itself gradient are externally equivalent,
in particular weakly externally equivalent systems.

To prove the converse implication, we need some intermediate steps that we de-
scribe in what follows. |

LEMMA 5.5. Let ¥ be a nonlinear system of the form (2.1). Under the hypothesis
of Theorem 5.4, assume that the prolongation YP and the gradient extension %€ are
weakly externally equivalent. Then there exists a unique diffeomorphism ¢ : TM —
T*M such that

(5.2) (¢)+g; = gradge VI o g, Vi9op=Vf,
(p)<g] = gradgy Vi'o g, Viep=V}
foralli =0,1,...,m, j = 1,...,m. Moreover, ¢ is a bundle morphism over the

identity Idpr : M — M, i.e., in natural coordinates o(x,v) = (z, ¢(x,v)), for certain
map ¢ : TyM — TxM, x € M.

Proof. By Proposition 3.2 and Corollary 3.6, we have that both the prolonga-
tion and the gradient extension are observable systems. Since they are also weakly
externally equivalent by assumption, Corollary 4.4 ensures that there exists a unique
diffeomorphism ¢ : TM — T*M verifying (5.2). Applying now Corollary 4.4 to
Y1 = ¥ = ¥2, we deduce that there exists a unique diffeomorphism from M to M
mapping the original nonlinear system to itself, namely, the identity mapping. Using
uniqueness and the fact that ¢ satisfies (5.2), it then follows that ¢ is of the form
o(z,v) = (z,¢(z,v)), for certain map ¢ : T, M — Ty M, x € M. O

LEMMA 5.6. Under the same assumptions as in Lemma 5.5, there exists a unique
pseudo-Riemannian metric G on M such that bg = ¢, i.e., bg(v) = ¢(x,v) for all
veTlT, M.

Proof. 1t follows from V9% o = V¢ (cf. (5.2)) and the structure of the diffeomor-
phism ¢ that

(¢(z,v),g95(x)) = (dVj(x),v) YveT,M,j=1,....,m.
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Furthermore, from (p).gy = grad V9% o ¢ (see (5.2)), it follows that
Lgradve: VI oga:ﬁgngC, i=0,1,....m, j=1,....m

Using now Lemma 3.4(i), we get (¢(z,v), (g; : gj)(x)) = (d(Ly,V;) (z),v). In general
forallve T, M,
(5.3) (P(z,v), (X1 (Xp: (X3,- 2 (Xs 2 g5)) ) (@)

=(d(Lx,Lx, - Lx.Vj) (x),v),
with the X,, »r = 1,... s, equal to some g;, ¢ = 0,1,...,m. Since the right-hand
side of this equation is linear in v and the distribution generated by the space Sy is
full-rank by hypothesis, it follows that for each x € M there exists a unique matrix
G(x) such that ¢(x,v) = G(x)v. Since ¢ is a diffeomorphism, G(x) is nonsingular for
every = and depends smoothly on the base point. Consider the adjoint mapping of
¢, T : TM — T*M, defined by {p(v),w) = (v, T (w)), v,w € TyM, x € M. Then,
oT(z,v) = (x,GT (x)v). Tt follows from (5.3) that G(x) satisfies

(5.4) o (X1 (Xg: (Xg, - (Ko gp)) - (@) =d(Lx,Lx, -+ Lx,V;) (2),

with the X, as above. Let us see now that G(z) = G7 (). Note that in local coordi-
nates ().g; = gradgv V' o ¢ yields

(& 6wm o) (o) = ((;?T m)

or, equivalently, G(z)g;(z) = (8Vj/8x)T (z), 7 =1,...,m, which in intrinsic terms,
can be written as ¢(g;) = dV;. Now,
(o (X1 (X o (Xgy oo ( Xy ngg)) o)) (Yoo (Yoo (Vs oo (Y, 2 gk)) -2 )))
= (X1 (X2 (X ( Xy 1 gg)) o0 (Vi (Yo (Yo, (Yig tgi)) - )))-
Using (5.4), the latter is equal to
(X1 0 (X o (X, 1 (X, 195)) 0 )), ALy, Ly - Ly, Vi)
= {ALx L, L, Vi (V2 Yo (o (Vi i) ),

where in the last equality we have used the property (a) of the compatibility definition
between the nonlinear system % and the affine connection V. Finally,

(p((X1: (Xo: (Xgyoo: (X 1)) ), (V1 s (Yo (Y, (Y, tgi)) o))
= (0" (X1 (X s (Xay o0 (X 1)) o)) (Vi (Yai (s (Vg tgi)) o))

By the assumption on the full-rankness of the distribution Sy, we conclude that

P (X1 (Xo: (Xg, -0 (X 2 95)) )
T((Xr s (X2 (X (X 2 gg)) o))

which in turn implies that ¢(z) = ¢T(z), i.e., the matrix G(z) is symmetric. a

LEMMA 5.7. Under the same assumptions as in Lemma 5.5, the torsion-free affine
connection V is the Levi-Civita connection corresponding to the pseudo-Riemannian
metric G.
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Proof. First of all, note that

(55) <V(<X1:(X2:<-,.:<Xs:gj>>...>>:<Y1:(Y2:< (Yéz gr))- (£Z1£Z2 ﬁZ W)>
s3
= L((X1:(Xar (1 (Xaigy D)oo )e(Va: (Yas (o Yoy cgi )y 1) L2 L25 - L2, V]
= L(Z]:(ZQ:(~~~:(Z33:gl)>~~ (L0 (i (X gy ) )) [Evi Ly - Ly, Vi) |
= ((Lexis(xar (s (Xaig- [LviLys -+ Ly, Vk}) o,
d(Lz, Lz, L7,V )>»
where in the second equality we have used the property (b) of the compatibility
definition between the nonlinear system ¥ and the affine connection V. Since the
observation space of the nonlinear system ¥ is generated by the functions of the form
Lz,Lz, Lz, Vi, and ¥ is observable by hypothesis, we conclude that
VX (X (s ( X)) ) (VYo (o2 (Yag i) 0D 6
(¢}
= (L (Xar (st [EviLys -+ Ly, Vi)

Given the structure of the mapping ¢ (cf. Lemmas 5.5 and 5.6) and (5.4), this equality
can be rewritten as

GUX e (Xt (e (X egg)) o)) s (Ve (Yo (s (Yt i) 00D )
= d{p((Y1 : <Y2 et Ve tgr)) 1)) (X o (X e (i (X gg)) o))
=d (G(gradg (Ly, Ly, --- Ly, Vi) ,gradg (Lx, Lx, --- Lx,V})))
=d{Ly, Ly, - '£Y52Vk Lx, Lx, - Lx,Vitg.

Since gradg{f : g}g = (gradg f : gradg g)ve, we conclude

(X (X (ot (Karg))) o)) (Yas (Vs (nt (Vo s i) =)
(X0 (X (ot Xyt g)) o)) (Yis (Vs (ont (Vi s i) - Mo

Using the fact that Sy is full-rank, we deduce that (X : Y) = (X : Y)g for all X,
Y € X(M). Finally, using the fact that V is torsion-free, we compute

VxY = % (X :Y)+[X,Y]) = ((X:Y)g+[X,Y]) = VLY VXY € X(M),

N =

which concludes the result. ]

We are now ready to conclude the proof of Theorem 5.4.

Proof of Theorem 5.4. Assume the prolongation >? and the gradient extension
3¢ are weakly externally equivalent. From Lemmas 5.5, 5.6, and 5.7, we deduce the
existence of a pseudo-Riemannian metric G on M such that V = V9 and the unique
diffeomorphism between T'M and T*M relating P and 3¢ and verifying (5.2) is bg.
From (bg)*gj = gradgy VY o bg, we deduce bg(g;) = dVj, and hence gradg V; = gj,
j = 1,...,m. Finally, we show that gg is a locally gradient vector field. From
(bg)*go = gradgv V9 obg and the local expression (2.8) of the Christoffel symbols of
the Levi-Civita connection V9, we deduce that

0

a b (gacgo)

0
p 7= (Gbegy) Va,b=1,....n,
which implies that the one-form bg(gg) is closed. O
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Ezxample 5.8. Consider a linear input-state-output system ¥ on M = R", i.e.,
&= Ax+ Bu, y = Cz, x € R, with A an (n X n)-matrix, B an (n X m)-matrix, and
C an (m x n)-matrix. Assume ¥ is observable and controllable. Consider the trivial
connection V on R" whose Christoffel symbols are given by I't. = 0, 1 < a,b,c < n.
One can easily verify that ¥ is compatible with V, and, using the hypothesis of
controllability, that the distribution Sy has full-rank. The prolonged system consists
of the system itself together with the variational equations v = Av + BuP, y? = C,
and the gradient extension consists of the system itself together with the equations
p=ATp+ CTu®, y¢ = BTp. Hence the prolonged system and the gradient extension
are weakly externally equivalent if and only if the impulse responses of v = Av+ Bu?,
y? = Cv and p = ATp + CTu®, y© = BTp are equal, that is, W(t) = WT'(t), with
W (t) := Ce?B. Thus from Theorem 5.4 we recover the classical result (see, e.g., [27])
that an observable and controllable linear system is a gradient system (with respect
to the trivial connection) if and only if W (t) = WT'(¢).

Remark 5.9. Note that, given the torsion-free affine connection V, the pseudo-
Riemannian metric G obtained in the proof of Theorem 5.4 is unique such that ¥ is
locally gradient with respect to it. In section 6 below, we investigate the uniqueness
(up to isometry) of gradient realizations with the same input-output behavior.

Remark 5.10. In general, we cannot ensure that the drift vector field gq is globally
gradient, unless we impose some additional conditions on the topology of the state
space M (for instance, that the first Betti number of M is zero). This is analogous
to the situation in the Hamiltonian setting [13].

Remark 5.11. As noted in section 2.2, one can verify that the pseudo-Riemannian
metric on T*M defined by GV corresponds to the pullback by f#g of the complete lift
G° to TM of the original metric G on M.

Remark 5.12. A different way to prove the same result which indeed keeps a
closer parallelism with the proof for the Hamiltonian case [13] would be the following.
Once one has proved Lemmas 5.5 and 5.6, instead of proving Lemma 5.7, one can
show that

(66 (X0 (Kot (o (X 1gy) )" = grad VXRCXen) ) o

for any j € {1,...,m} and X, € {g0,91,---s9m}, ¥ = 1,...,s. This can be done by
considering the following vector fields on T%M,

21 = ()X (Kot (1 (X gg)) )09,
2, = grad VX (Xai (1 (Xaig))0)

and showing that their action on the observation space H¢ of 3¢ is the same. To see
this, recall from Proposition 3.5 that H¢ = V0 + (H + b)". Consider a function of
the form Lx, Lx, ---Lx Vj, with X,., r =1,...,s, equal to g;, i = 0,1,...,m, and
j=1,...,m. Then,

Lz, [(Lx,Lx, - Lx,V;)"]

= (ﬁ(xl:<X2:<...:(X5:gj>>..4>>c [(‘CXyCXQ . [:XSVj)V o (p]) o
\%

—1

= (L (X Xag)) ) [Ex0Lx5 - Lx,V])

where we have used twice the fact that ¢ is the identity mapping on the base manifold
M. On the other hand,

‘CZ2 [(‘CXl‘CXQ LX;‘/J)V] = (‘C(Xl1<X21<"'1(Xsigj>>"')) [£X1‘CX2 ‘CXJ/J])V ’
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using property (ii) in Lemma 3.4. The same argument also guarantees that the action
of Z; and Z, is the same over the vertical lifts of the functions spanning h. Finally,
let (Yq:(Yo: (- :(Ys, :gk))--)) € So and consider the corresponding function on
T*M’ V(Y1:<Y2:(~~:<Y52:gk)>~~~ )) Then,

(5.7) Lz, [V<Y1:<Y2:<‘“:<Y32:gk>>~~>>}

_ (E(Xl:(Xg:(~~:(Xs:gj>>"' Dy |:V<Y1:<Y2:<'~-Z<Y52:gk>>-.->> o QD:|) o (pfl

= (Lix0 (X Xugg)y e [(Evi Ly - Ly, Vi)]) o™
C —
= (LKoo (Xag ) [EviLys -+ Ly, Vi]) o™,
where we have used (5.4). In addition,

(5.8) Lz, [V<Y1:<Y2:<---:<Y52:gk>>~~>>} — YL Xi95)) -+ D) (V1 (Vi (3 (Vi igk)) )
where we have used property (i) in Lemma 3.4. Now, (5.5) implies that (5.7) and (5.8)
coincide. Therefore, Z; and Z5 coincide over H¢, and this concludes the proof of (5.6).

Now, one can proceed by taking local coordinates (z!,...,2™) in M such that
every coordinate function x' is of the form Lx, -+ Lx,V; for a certain j € {1,...,m}
and certain vector fields X,. € {90, 91,---,9m}, ¥ = 1,...,s. It follows from (5.4) that
there exists n independent vector fields k', ..., k™ of the form (X : (Xo: (- : (Xg:
g;j)) -+ +)) such that bg(k") = dz’. Finally, spelling out (5.6) for the vector fields &
and making use of the symmetry of G, one obtains that the Christoffel symbols of the
affine connection V are precisely given by (2.8), which concludes the result.

6. Uniqueness of the gradient realization. In this section, we investigate
the gradient analogue of the following well-known result for Hamiltonian systems: if
two minimal Hamiltonian systems have the same input-output map, then they are
symplectomorphic [3, 22]. We will see how the setting of Theorem 5.4 also provides
sufficient conditions under which a similar result holds for gradient realizations.

In [25], Varaiya conjectured that if there exists a state-space diffeomorphism be-
tween two locally controllable gradient systems, then the diffeomorphism is actually
an isometry between the underlying pseudo-Riemannian manifolds (see also [26]).
Subsequently, in [1, 2], Basto Gongalves produced an example of two locally control-
lable and observable gradient systems living on the same state space with state-space
diffeomorphism given by the identity mapping, where, however, the Riemannian met-
rics are different; thus providing a counterexample to the conjecture by Varaiya. For
the sake of completeness, we review it in the following.

Ezample 6.1 (see [1, 2]). Consider two gradient systems ©! and ¥? on M! =
M? = R* with Riemannian metrics G' and G? given, respectively, by

G (x1, 0, 23, 74) = doy @ dry + e day @ drgy + e drs ® dus + e "dry @ day,
QQ(xl, X9, T3,24) = dry @ dry + e~ "*dry ® das + (e_’”1 + e”s)d:vg ® dxs
+e "3 (1 + ezml)du Q dxy — e** (dxg Qdrs +drs ® dzg) .

Furthermore, let ¥' and £2 have both zero drift vector fields and the same output
functions given by

y1=Vi(x) =z, yo=Vo(z) =20 +23+24.
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From the definition of G' and G2, it easily follows that the input vector fields of both
systems are the same, i.e.,

gradg: V1 = gradge V1 = aiml ,

gradg: Vo = gradg: Vo = e“% +e™ % +e™? aim .
Therefore, £! and Y2 are externally equivalent with state-space diffeomorphism given
by the identity mapping Id : R* — R*. However, the metrics G' and G? are different,
and hence the identity mapping is not an isometry. It should also be noted that X!
and X2 are both controllable and observable.

The following result shows that, under the hypotheses of Theorem 5.4, a state-
space diffeomorphism linking two gradient systems is an isometry, provided the state-
space diffeomorphism is already known to respect the affine connections determined by
their respective pseudo-Riemannian metrics. A similar statement is already contained
in [1, 2]. Here we make use of an argument given in [13, p. 58] for the case of
Hamiltonian systems.

PROPOSITION 6.2. Let X! and X2 be two gradient systems with state spaces
(Ml, gl) and (MQ, 92), respectively. For i = 1,2, assume that X' is observable
with dim dH* constant, and that the distribution S is full-rank. Furthermore, let
¥ and X2 be externally equivalent with the corresponding state-space diffeomorphism
W MY — M? satisfying

(6.1) P (VG Y) oyt = V9 @Y o) VXY € X(MY).

Then ¥*G? = G, that is, ¥ is an isometry.

Proof. By Lemmas 5.5 and 5.6, the map ¢° = bg: is the unique diffeomorphism
satisfying (5.2) for system X% i = 1,2. It is easily checked that since ¥! and %2
are externally equivalent with state-space diffeomorphism ), then their prolongations
Y17 and ¥?P are externally equivalent with uniquely determined state-space diffeo-
morphism given by v, : TM* — TM?. Furthermore, it can be readily checked that
the gradient extensions ¥.'¢ and X2¢ are externally equivalent with state-space dif-
feomorphism o* : T*M? — T*M?", provided 1) satisfies (6.1). This is because (6.1)

1 2
implies that ¥* respects the Riemanniar} extensiogls ng and ng determined, re-
spectively, by the affine connections V9 and V9 . Therefore, by the uniqueness of
all these state-space diffeomorphisms, we obtain the following commutative diagram:

M —2 e g2

(L

T*M* e T*M?

that is,

(6.2) Yooy, =o'

Recalling that ¢° =bg:, i = 1,2, it is readily seen that (6.2) is equivalent to
(6.3) VG =g,

that is, ¥ : (Ml,gl) — (M27g2) is an isometry. 1]
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Remark 6.3. Note that in Example 6.1 the torsion-free connections determined
by G' and G? are different, and hence the identity map does not respect them.

Remark 6.4. Since (6.2) is equivalent to (6.3), one may also conclude that under
the conditions of Theorem 5.4, the state-space diffeomorphism 1 : M! — M? is an
isometry if and only if ¥* : T*M? — T*M" is a state-space diffeomorphism between
!¢ and X2,

7. Conclusions. We have discussed necessary and sufficient conditions for a
nonlinear control system to be realizable as a gradient control system with respect
to a pseudo-Riemannian metric whose Levi-Civita connection coincides with a given
affine connection. The results rely on a suitable notion of compatibility of the system
with respect to the given affine connection, and on the input-output behavior of the
prolonged system and the gradient extension. The symmetric product associated
with an affine connection plays a key role in the discussion. We believe that the
developments in this paper not only give insight in the system-theoretic properties
of the physically motivated class of gradient control systems, but also shed light
on the differential-geometric properties of gradient and Lagrangian control systems.
Future work will include the investigation of necessary and sufficient conditions that
guarantee the existence of an affine connection such that the hypothesis of Theorem 5.4
are satisfied, the development of equivalent characterizations in terms of the input-
output behavior of the original nonlinear system, and the study of the application of
the results to specific classes of nonlinear systems, such as bilinear, homogeneous, and
polynomial systems.

8. Appendix. In this appendix we present a simplifying result concerning the
compatibility hypothesis in the statement of Theorem 5.4. In general, checking condi-
tions (a) and (b) in the definition of compatibility between the affine connection V and
the nonlinear system ¥ cannot be performed for every possible choice of vector fields
in {g0,91,--,9m} and {Vi,..., Vi, }. The following result shows that it is enough to
check the compatibility condition on a basis of vector fields and the corresponding
associated functions once we know that the prolongation and the gradient extension
of 3 are weakly externally equivalent.

LEMMA 8.1. Let V be a torsion-free affine connection. Assume % is observable
with dim dH constant, and that the distribution Sy is full-rank. Assume the prolon-
gation P and the gradient extension 3¢ of ¥ are weakly externally equivalent. Then
Y is compatible with V if and only if properties (a) and (b) are verified by a basis of
vector fields in Sy.

Proof. Let Ry,...,R, be linearly independent vector fields of the form R; =
(XT (X (- (XL 1 gj))---)), i =1,...,n. Let Vg, denote the function on M
given by Lx; -+ Lx: Vj,. From (5.4), we know that oT(R;) = dVg,. Assume prop-
erties (a) and (b) in the definition of the compatibility condition (cf. Definition 5.1)
are verified by any combination of the vector fields Ry,..., R, and the functions
Vayy--» Ve, Let X = (X7 : (Xo: (- : (X5 :9gg))---)) be any element of Sy, and
Vx = Lx,Lx, - Lx,Vi the associated function on M. Since Sy is full-rank, we have
that X = > | fiR;. Then,

dVx = dLx, Lx, -+ Lx,Vi =" (X) =Y fx " (R) =) [xdV, .
=1

i=1
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Now, let us see that properties (a) and (b) are naturally verified by all possible choices
of vector fields in Sy and generating functions in H. First,

L(X1:(Xa:(1(Xay 105)) W LviLy, - Ly, Vi

=Y [4dVe, | D I%R; Z Fi fedV, (R) =Y fhdV, (Z f;‘(RZ-)
i=1 j=1 i=1

3,j=1 j=1
= £<Y1:<Y21< (Yap:gk))- [£X1£X2 ‘CXsl ‘/J] )

where we have used the fact that condition (a) is verified by the vector fields Ry, ..., R,
and the functions Vg, ,..., Vg, . Second,

(8.1) L (X0 (X1 (t(Xay 9,)) o )iV (Vo (s (Yo 2g)) 0y L2 L 20 -+ L2, Vi]

n

=" f4dVa, Zf{XMRj) = > [2flxidVa, (R:)
i=1 j=1

i,j=1
= f(jX:Y)dVRJ' (Z féRi)

=1

= < ngx:y)dVRj’ Z>'
j=1

Jj=1

Let us compute the coefficients f XY . We have
(X0 (X o (X)) ) s (e (Vs (o (Vi i) )

= > (R AR, Z(foYR Rj) + Fx RSB, + FL R [f)R:)
J=1 Jj=1

1,]=

:Z (Z foyf<R R)+ZfX Y] +ny fX>Rk

k=1 \1,j=1 7j=1

Now, note that > ,_, (fF (Ri:F; >dVRk,Rl> Sh_ (fF (Ri:R, ydVR,, Ry;) using condition
(a) for the vector fields Rl, ..., R, and the functlons VRI, ..., Vm,. Moreover, us-
ing condition (b), > ;_ 1<f<kR R, >dVRL,Rk> = (dVg,,(R; : Rj)) = (d(dVg,[R;]), Ri).
Hence, >} _, f<R r;) VR, = d(dVR [R;]). On the other hand,

FiRilf¥]dVe, = fi(df¥, Ri)dVr,
= [k (dVR,, R)dfy + fx (dfy AdVR,) (Ri,-).

Since f;( (dflli N dVRk) (Ri,-) = f;( (d (f{;dVRk)) (R;,") = fX( (dVy)) (R;,+) =0, we
have

FxRilf¥1dVi, = [ (dVr,, Ri)dfy-.
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Analogously, one can see that fi R;[f%|dVr, = fi (dVg,, R;)df%. Finally,

ZfXYdVRk:Z fofy (R;i:R;) +ZfX fY +ny fX dVRk
k=1

k=1 \1,j=1 j=1

= Z Fi fid(dVi,[R Z Fi(dVry, R)Afy + Y fi-(dV,, R))dfk

4,j=1 i,j=1 1,j=1

> fifydVe,[R;] | = d(Ly [Vx]).

i,j=1
Plugging this equality into (8.1), we get the desired result. |
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