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Abstract— Instantaneous charge/flux transfers may occur Il. SWITCHING PORFHAMILTONIAN SYSTEMS
in switched electrical circuits when the switch configuraton
changes. Characterization of such state discontinuitiessi a Underlying the definition of a port-Hamiltonian system is

classical issue in circuit theory which, typically, is basé on  the notion of a Dirac structure, which relates the power-vari
the so-called charge and flux conservation principle. This gper ables of the composing elements of the system in a power-

proposes a general state transfer principle for arbitrary switch- . Th iabl | .
ing port-Hamiltonian systems. This new principle coincides with ~ CONSErvVing manner. The power varables always appear in

the charge and flux conservation principle in the special cas Conjugated pairs (such as voltages and currents, or gener-
of linear RLC circuits, but also covers circuits with nonlinear  alized forces and velocities), and therefore mathematical

capacitors and inductors, and of arbitrary topology. Moreover,  they are modelled to take their values in dual linear spaces.
the new principle is applied to switching mechanical system Definition 2.1: Let F be a linear space with dual space
£ = F*, and duality product denoted as e | f >=
l. INTRODUCTION e'f c Rfor f € Fande € £. We call F the space of

A classical notion in electrical circuit theory concerns th f'OW_ variables, anc€ = * the space o_ieffor_t_vanables.
lé)efme onF x &£ the following indefinite bilinear form

characterization of the discontinuous change in the clsarg
< (f1.e1),(fo,e2) >=< e | fa > + < ex | fi >.

of the capacitors and/or in the magnetic fluxes of th b e Frfi tarh Di ructure f
inductors whenever switches are instantaneously closed %rsu Sp%}? crx thls.' a (constart) Dirac structurei
= D°r*" where D°'*" is the orthogonal complement of

opened. This is sometimes referred to asaharge and flux . . o
SD with respect to this indefinite bilinear forr -, - >.

conservation principleand is usually discussed on the basi _ . : :
of examples [14]. Recently, this notion has been articdlate R€Mark 2.2:For the case of a finite-dimensional linear

in [7], and formulated (for RLC circuits with independentSPace# (as will be the case throughout this paper) a
elements) in the following general sense. The discontisuolP!rac structure is equivalently characterized [3], [8] & a
change in the charges whenever switches are closed corpdPSpace such that e | f >=0forall (f,e) € D together
sponds to an impulsive current satisfying Kirchhoff's @nt  With dim D = dim 7. The property< e | f >= 0 for all
laws for the circuit (under the new switch configuration)/:¢) € D corresponds tower conservation

where the inductors, resistors and external ports have belff the definition of aswitching port-Hamiltonian system
open-circuited. Dually, the discontinuous change in theciiu W€ need the following ingredients (see [6], [9] for more
resulting from opening switches corresponds to an instantistricted versions). We start with an overall Dirac suet
neous voltage drop satisfying Kirchhoff's voltage laws forD on the space of all flow and effort variables involved:
the circuit where the capacitors, resistors and externaspo
have been short-circuited. In the present paper, we exten

this result to arbitrary port-Hamiltonian systems by sigta .The spaceF, x &, is the space of flow and effort variables

general state transfer principle whenever switches ambelctorresponding to thenergy-storingelements (to be defined

ppened or closed. The d!scpntlnuous change O.f the stqaefer on), the spac&r x £g denotes the space of flow and
involved in the transfer principle amounts to an impulsive

. o : . effort variables of theresistive elements, whileFp x £p
motion satisfying a set of conservation Iaws_derlyed from this the space of flow and effort variables corresponding to
general conservation laws of the port-Hamiltonian system., externaborts (or sources). Finally, the linear spaces

We show howin the case of RLC circuits with 'ndePendquespectivel)ES, denote the flow and effort spaces of the ideal

elements one recovers from this state transfer princige th icnes. | et be the number of switches, then every subset
charge and flux conservation principles as formulated in ! . L )

. - . L c {1,2,...,s} defines aswitch configurationaccordin
[7], and how it extends this formulation to RLC-circuits ofﬂ { } 9 n 9

arbitrary topology and arbitrary constitutive relations the ; ) i _
capacitors and inductors. If the energy function is convex es =0, iem, fsg=0, jé¢m )
and bounded from below we prove that the switching port-

Hamiltonian system satisfying the state transfer prirecipl We W'". say that in SW'.tCh cor]f|gurat|o1j, for a.‘” vem the
passive As a second class of systems we apply the stateth switch isclosed while for j ¢  the j-th switch isopen
For each fixed switch configuration this leads to the

transfer principle to switching mechanical systems. ) !
following subspaceD,. of the restricted space of flows and

dDC]:mXEIXfRXERX]:PX(S‘prSXgS (1)
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efforts 7, x £, x Fr x Egr X Fp X Ep: during the time-interval in which the system is in a fixed
switch configuration

Dr = {(fu:€x: fro€R, fP.ep) | 3fs € Fs,es € Es .
such thatey, = 0,i € 7, fL = 0,5 ¢ =, and = —ehReg +epfp < ehfp, )
((fz:€x, [Ry€R: fPy€P, fs,e5) € D} thus showingpassivity for each fixed switch configuration

(3) if the Hamiltonian H is bounded from below. For more

:Zodr e:j/eryw the iuﬁspac;d_?,, dtgfmes_ a I?Jlracz stc;u;:_ture. information regarding port-Hamiltonian systems, theip-re
ndeed, every switch configuration given by (2) de NS resentations, and their properties, we refer to [15], [B], [
a Dirac structure on the space of flow and effort variables

fs,es of the switches, and), equals the composition of
this Dirac structure with the overall Dirac structute Since 1
the composition of any two Dirac stuctures is again a Dirac
structure [16], [4] it thus follows thab . is a Dirac structure. _
spring/damper

The dynamics of the switching port-Hamiltonian system R in series spring/
m‘d@k
i sum of forces

S
m

is defined by specifying, next to its Dirac structure, foot fixed damper

the constitutive relations of the energy-storing and tesis . o plate parallel
elements. Let the HamiltoniaA : X — R denote the total zero on foot /
energy at the energy-storage elements with state variables N

x = (1, ,x,); i.e., the total energy is given af (z).

In the Sequel we \_Ni” thr_OUQhOUt t‘?‘k@ - Fau bUt A may Fig. 1. Bouncing pogo-stick: definition of the variablesftjleflying phase
also denote am-dimensional manifold (in which cas&, (middle), contact phase (right).

is the tangent space to this manifold at the stater). The

constitutive relations between the state variabhleand the Example 2.4:Consider a pogo-stick that bounces on a

flow and effort vector of the energy-storing elements ar@orizontal plate of variable height (see Figure 1). It cetssi

given a$ of a massn and a mass-less foot, interconnected by a linear

B 8_H(x) @) spring (with stiffnessk and rest lengthzy) and a linear
ox damperd. The states of the system ate (length of the

This immediately implies the energy balance spring),y (height of the bottom of the mass), and= mj
(momentum of the mass). The total energy is

':'C:_fitv €

L= P8 i ety ©) ! !
it or PT Twle H(z,y,z) = 5’“(17 —x0)? +mg(y + o) + %22
T_he constitutive relations for the linear resistive eletsame wherey, is the distance from the bottom of the mass to the
given as center of mass. The overall Dirac structure of the system is
fr=—Rer, R=RT>0, (6) described by the linear equations
implying the power-dissipating property fy="Jfo—[fs; [R="Ja; [ =€x+ey+er

estes+er=0e =—f,
eng:—€£R€R<O, for all GRE(C/’R,GR#O (7) L . .
whereas the constitutive relations are given as
The geometric definition of a switching port-Hamiltonian

. . . 1
. . = =T = — = —Z = —5e
system is given as follows: fa o Ju =0, 1 » IR a“R

er =k(z —x0), ey =mg,e. =L

Definition 2.3: Consider a Dirac structure (1), a Hamilto- m
nian H : X — R, and a resistive relatioffr = —Rer. In the switch configuratiors = 0 (no external force on the
Then the dynamics of the corresponding switching portoot) the pogo-stick is in its flying mode, while fgiy = 0
Hamiltonian system is given as the foot is in contact with a horizontal plate.
O The conditions (8) for a particular switch configuratian
(—a(t), %(.T(t)),—RGR(t),eR(t),fp(t),ep(t)) € Dx may entail algebraic constraints on the state variables

(8) These are characterized by thenstraint subspaceefined
at all time instants during which the system is in switch for each switch configuration as follows:

configurationr.
. . . . . Cr = + €& | Afz, fr,€R, fP,ep, such that
In general the conditions (8) will define a setdifferential- {e | 3fes Frser, froer
algebraic equation§DAESs); see below. It follows from the (fz> €z, fRy€R, fPyep) € Dr, fr = —Rer}
power-conservation property of Dirac structures and (&) th (10)

(Note thatC,, may depend on the resistive relation, Inat
2The vector%—f(m) of partial derivatives throughout denotescalumn on the ene.rgy storage constltut|ve relat'on') The Su_bSpace
vector. C,. determines, together witl/, the algebraic constraints



in each switch configuration. Indeed, from (8) it follows §incefR = Rer andR is positive definite this impliesg =

that OH fr =0. Hence,(f,,0,fr =0,eg =0,0,0) € D, showing
“(2t) € Cy (11) thatCi c J..m

z The state transfer principl€or a switch configurationr

for all time instantst during which the system is in switch i now formulated as follows.

configurationr. Hence ifCr # &, then in general (depend-  pefinition 2.7 (State transfer principle)XConsider  the

ing on the Hamiltoniar) this imposes algebraic constraintsgtate »— of a switching port-Hamiltonian system at a

on the state vectar(¢). (In the above example of the pogo-switching time where the switch configuration of the system

stick the subspac€;. is equalto &, for any of the two switch changes intar. Supposer~ is not satisfying the algebraic
configurations, and hence there are no algebraic constrairdonstraints corresponding tq that is

This would change, however, if e.g. the mass of the foot is SH

taken into account.) —(z7) & Cy (14)

Remark 2.5:Under non-degeneracity conditions on the O
Hamiltonian H, e.g. the Hessian off being invertible, it Then the new state™ just after the switching time satisfies
can be shown [8] that the algebraic constraints are always of OH
index one implying that every state satisfying the algebraic -2 eJ,, —(a) e’y (15)
constraints is aonsistentstate for the set of DAEs, from This means that at this switching time an instantaneous jump
which a unigue solution exists. from 2~ to z7 With 2y anster := 27 — 2~ € J, will take
Next, we define for each the jump space place, in such a manner th%fzi (2T) € Cy.

Jr = {fo | (f+,0,0,0,0,0) € Dy} (12) The jump spacéd, is the space of flows in the state space

_ . . . X = F, that is compatible with zero effort, at the energy-
The following crucial relation between the jump spate storing elements and zero flows, fp and effortser, ep
and the constraint subspa€g holds true. Recall thaf, C  at the resistive elements and external ports. Said otherwis

F. while Cr C &,, where&, = (F,)*. the jump space consists of all flow vectofs that may be
Theorem 2.6: addedto the present flow vector corresponding to a certain
Jr = Cy (13) effort vector at the energy storage and certain flow and

where denotes the orthogonal complement with respect gffort vectors at the resistive elements and external ports

the duality product between the dual spadesand & while remaining in the Dirac structur®@,., without changing
xT- .
Proof Let f, € .J,. Furthermore, consider amy, € C,, that these other effort and flow vectors. Sinék. captures the
is, there existf.., fr, ¢r, fp, ep With fr — —Reg such that full power-conserving interconnection structure of thsteyn
’ T ) ) 9 -

(fur €as frsems frrep) € Di. Since(f 0,0,0,0,0) € D while in switch configurationr, reflecting the underlying
it follows that T A " conservation lawf the system, the jump spack. thus

- . corresponds to a particular subset of conservation laws, an
0 =< (fo,€x: fR €Rs fPr€P), (f2,0,0,0,0,0) >=e€l fo,  the state transfer principle proclaims that the discomtirau
implying that.J, ¢ C.t. ch_ange i_n the state vector is an impulsive motion satisfying
For the converse direction, we take afy € C. It this particular set of conservation laws.
follows from effm —0forall e, € C, that For physpal systems one _vvould expect thgt t_he \{alue of
N ~ the HamiltonianH (z*) immediatelyafter the switching time
0=¢; fo =< (for €z, fRseR, frrep), (f2,0,0,0,0,0) > s less than or equal to the valué(z~) just before:

for all (f,,ex, fr,er, fr,ep) € Dy With fr = —Reg. This 7Theore+m 2.8:Le_t H be aconvexfunctior_l. Then for any
implies that x~ andz™ satisfying the state transfer principle (15)
(fm,em:O,fp:O,epzo)e (DWOR)Orth H($+) SH(‘T_) (16)
- i s Proof A function f : R™ — R is convex if and only if [12]
where R denotes the linear relatio® := {(fr,er) | f(y) > fla)+ < 2L(z) |y — z > for all z,y. Application
. e y) > o y ,y. App
fr = —Regr}, while D, o R denotes the composition of +y 17 with 2 = 2+ andy = z~ yields
the relationsD,, and R via their shared variablegg, eg. It
has been shown in [11] that H(z")> H(zM)+ < 8_H(I+) |z~ —at >
- _ - Ox
Dy o R)*™™ = {(fu, €z, fp,ep) | 3fr,€r with
(, } H i ,P)J oo However, by (15)< 25 (2%) | 2~ — 2% >=0 (sinceJ, =
fr = Reg such that(f., e;, fr, €r, fr,ep) € Dr} C:1), and the result followsa
(Note the different sign before thB-matrix !). Hence By combining (9) and Theorem 2.8 we obtain

~ . Corollary 2.9: Consider a switching port-Hamiltonian
(fz.0, fr.€r,0,0) € Dx system satisfying the state transfer principle, with itsrila
for somefg,ér with fr = Reér. However, any vectod :=  tonian H being a convex function. Then for al} > t;

(f2,0, fr,€r,0,0) € D, satisfies

to
) dd >0t int 00— L H(a(t2)) < HGa(t) + [ eho)fnltae

ty



and thus the system isassive[15] if H is bounded from Ill. CHARGE AND FLUX TRANSFER IN SWITCHEDRLC
below. Moreover, ifH has a strict minimum at some then, CIRCUITS
wheneverep(t) fp(t) is identically zero, the equilibriunz*

is stable (and under appropriate conditions on the resistive Cc|>n3|dler an bRLg'C'rC.l;)'t (\leth SW'tc.:hf]S (\leth a1|r_|b|tr§1|ry .
relation asymptotically stable), topology It can be described as a switched port-Hamiltonian

If the Hamiltonian H is a quadratic functionf (z) system as follows (see also [6]). First consider the orénte

1,7 Ky (and thus the port-Hamiltonian system is Iinear)graph_assouated with the circuit. Identlfy_ every capacito
t2hen the state transfer principle reduces to every inductor, every resistor and every switch with an edge

Furthermore, associate with every external port an edge
(between the terminals of the port). Denote the incidence
matrix [1] of this oriented graph bys. The incidence matrix

If K > 0 then it follows from Theorem 2.8 and Corollary has as many column_s as_there are edges, and as many
rows as there are vertices in the graph. Each colum# of

2.9 that the switching port-Hamiltonian system is passive,
Furthermore, for each— there exists a* satisfying (17), corresponds to an edge, and equals the vector witltahe

and moreover itk > 0 this z+ (and the JUMzyaneer) IS position of the terminating vertex and-al at the position of
unique Indeed, the property, — C implies /\tf}r{‘}ei 0 the starting vertex, and zeros everywhere else. By reargleri
’ ™ T -

forall A € J, and allz € X with Kz € C};, or equivalently the edges we partition the incidence matrix as

MKz =0foralxeCEK :={zxeXx|KzeC,} and .

all A\ € J,. Thus, J, is the orthogonal complement of the B = [Bc:BL:Br:Bs:Bp] (20)
subspac€ X where the inner product ok’ is defined by the

positive definite matrixK’. Hence it follows that the vector . ; . !
tively, to the capacitor, inductor, resistor, and switclyes

* satisfying (17) is unique. )
* fying (17) _q L . and Bp corresponds to the external ports. Then Kirchhoff's
The state transfer principle in the linear case also allows

o o current laws are given as
for a variational characterizatior(see also [7], [9]). 9

Theorem 2.10:Let K > 0. A statez™ satisfying (17) is Bele + Bl + Brlg + Bsls + Bplp =0 (21)
a solution of the minimization problem (for giver)

Ttransfer — -z S Jﬂ—, Kzt e Cr (17)

where the submatriceB¢, By, Bg, Bs correspond, respec-

with I, I, IR, Is, Ip denoting the currents through, respec-
min l(x —2 ) K(x—a), (18) tively, the capacitors, inductors, resistors, switches] the
@, Kz€Cr 2 external ports.

and conversely i > 0 then the unique solution of (18) is Correspondingly, Kirchhoff’s voltage laws are given as

the unique solution to (17). Ve = BLy
Proof By the Lagrange multiplier theory a minimum® of v, = BTy
18) is found by minimizin
(49 g . Ve = Bl 22

1 = T

—(r—a2)TK(@x—2")+ 'Kz Vs Bsv

2 Vp = BRY
overallz € X and\ € C = Jr. Aminimizing 2™ is thus  with V¢, V7, Vg, Vs, Ve denoting the voltages across the
found as a solution: of capacitors, inductors, resistors, switches, and porspe®

- tively, and being the vector of potentials at the vertices.
Kx—27)+K\A=0, Me€J,, KzeC; Kirchhoff's current and voltage laws define a Dirac struc-

) ture D on the space of flow and effort variables given as
correspondingtae™ =2~ + X, M€ J,, Kzt c€C,. m

Furthermore, an application ddorn’s duality [10], [2] fo = (o, V1)
yields (see also [2], [9]) e = (Vo,Ir)
Theorem 2.11let K > 0. Then the state transfex = fr = Vg
zt — 2~ is the unique minimum of er = Ir (23)
Js = Vs
min l(x* +NTK(@ +)) (19) es = Is
XEJ, 2 frp = Vp
Proof By Lagrange multiplier theory the minimization prob- ep = Ip

lem (19) can be rewritten as the minimization
The constitutive relations for the energy storage are gagen
: Lo_ T — T -
e Gl TR A AT Q&) = -(c,V)

(24)
leading to the conditiod (z~ +\) —e =0,e € C. W Ve, Ir) = (g—g, o)



whereq is the vector of charges at the capacitors, énithe  This corresponds t&irchhoff’s current laws for the circuit
vector of fluxes of the inductors. For a linear RLC-circuit with switch configurationr, where the inductors and resis-

1 1 tors have been open-circuited, and the currents through the
H(Q,®) = gQchlQ + §@TL71@ (25)  external ports are all zero

where the diagonal elements of the diagonal matri€es Furthermore, theamogr_ltof charge transfer is uniquely
etermined by the condition

and L are the capacitances, respectively, inductances, of the

capacitors and inductors. CHQ™ + Quranster) = B&Y
Similarly, the constitutive relations for the linear resis for somey) satisfyingVs = BLy, Vi =0,i €
are given as Ve — —RI The direction of the flux transfeb;,..s.r ON the other hand
r=—RIgr (26) . . :
is determined by the equations
with R denoting a diagonal matrix with diagonal elements 0 = By
being the resistances of the resistors. e
For every subset C {1,--- , s} (wheres is the number of Poranster = BLY
switches) the Dirac structut®, is defined by the equations 0 = By (31)
_ T i __ :
Beolo + Brlp + Brlgr + Bsls + Bplp =0 Vs N Biw’ Ve=0iem
Ve = BTy 0 = Bpy
“ g These areKirchhoff’s voltage laws for the circuit corre-
Vo = By sponding to the switch configuration, where the capac-
Vr = BLy (27) itors and the resistors have been short-circuited, and the
Vs = BLy voltages across the external ports are all zefarthermore,
Vp = BLy the amountof flux transfer is uniquely determined by the

condition

. . . BCIC + BLLil((I)i + (I)transfcr)
(That is, all switches corresponding to the subsetre Brle+ Bl + Boln—0
closed, while the remaining are open.) The constraint sub- tOrIR+ Bsls +5plp = g
spaceC,. for each switch configuration is given as for somelc, Ig, Ip, Is with I3 =0, j &
— Since in the case of a linear circuit the Hamiltonian
Cr {Ve. In) | e, Vi Vi In Vs, Ls, Ve, I H(Q,®) = 1QTC'Q + 1®TL~'® splits as the sum
such that (26) and (27) is satisfigd (28) of a quadratic function of the charg@ and the flux®,
the variational characterization of the state transfanqipie
also splits into the variational characterization of tharge
transfer principle, given as the minimization of

Vi=0,ien, IL=0,j¢n

Furthermore, the jump spacég; is given as the set of all
(I¢, V1) satisfying for some) the equations

fede Tt .  SQ-Q)TCTQ-Q) (32
min - — —
0 = BLy Q,c-1Qecy 2
— T
Vo = BLY (whereCY denotes the projection of the subspé&geon the
0 = Biy (29)  space of voltage¥) and the variational characterization of
Vs = BEY the flux transfer principle, given as the minimization of
_ T 1
0 = Bpy min  -(@ -0 )L Ne o)  (33)
Vi=0,iem, I,=0,j¢én ®,L-1beCL 2
Hence the jump space can be written as the product of tiiwhereC; denotes the projection of the subsp@teon the
space space of current$y).
(Ic |3ls, T2 = 0,j ¢ 7, Bele + Bsls = 0} IV. STATE TRANSFER IN SWITCHED MECHANICAL
e ’ SYSTEMS
with the space Consider a mechanical system subject to linear damping
{Vi | 3 such thatV, = BT, 0 = BLy,0 = BLy, and kinematic constraints, which is written in Hamiltonian
- . , ) form as [15]
0= Bpy,Vs =By, Vé=0,i€m} ()
Thus the state transfer can be split intcclearge transfer 6’;H _ OH
Diranser- T_he direction (_)f the c.harge_ tr_ansfeti)_tlmnsfer 0 = AT(q)%—’;I(q, D)
corresponding to the switch configuratianis specified by s
v = BTq)%, (a,p)

BCQtransfer + Bsls =0, Ié’ =0,J ¢ ™ (30) (34)



whereq = (q1, -+, ¢») denotes the vector of generalizedcharacterization of the state transfer principle is given b
position coordinateg; = (p1, - - - , p,) is the vector of gener- definingp™ to be the unique minimum of
alized momentalF’ € R™ the vector of external generalized 1
forces, andv € R™ the vector of conjugated generalized sp-p ) "M g)p—p")
o (g)p=0 2

velocities. H(q,p) denotes the total energy of the system
(which usually can be split into a kinetic and a potentiaFurthermore, since in this case the kinetic energy is a conve
energy contribution). Furthermore, = A7 (g ) (q p) = function of the momenta, it follows from Theorem 2.8 and
AT (¢)¢ denotes the kinematic constraints (such as rollingorollary 2.9 that the switching mechanical system is passi
without slipping) with corresponding constraint forces=  If the potential energy is bounded from below.
R?, wheres is the number of kinematic constraints (equal
to the number of rows of the matrix” (q)).

The damping is characterized by the< n matrix R(q, p)
which is assumed to be symmetric and positive semi-definit

min (36)
p, AL (g)M—1

V. CONCLUSIONS

Inspired by the charge/flux conservation principle of cir-
gwt theory, we presented a state transfer principle foegan

that is, RT — R > 0. This implies the usual energy-balance switching port-Hamiltonian systems. This principle exten
. the charge/flux conservation principle to RLC circuits of

dH OH _ oH T T arbitrary topology with nonlinear capacitors and industor
dt (2,7 Op (. p)R(a,p) Op (g:p) +v < vn Also, we applied the principle to switching mechanical

systems. A future research line concerns the extension of
the state transfer principle to port-Hamiltonian systehsat t
contain state-dependent switching elements, such as diode
in circuits and unilateral constraints for mechanical eyst.

We throughout assume that the matii¥q,p) admits a
factorization

R(q,p) = P"(¢,p)RP(q.p), R=R" >0

for somer x n matrix P(q,p) andconstantr x r» matrix R.

A switching mechanical systemrises if the kinematic
constraints can be turned on and off. Denotjf3g:= A and
replacing the kinematic constraints in (34) by
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with 7 € 7, is active, while the other kinematic constraints
(corresponding to indices not in) are inactive.

It follows that the constraint subspacg. in this case is
given as

T = {em | EfmafRaeRaFafsa with
fh=0,j¢1, fr=—Reg, er=P"(qp)L

0 I,
e = [—In 0

€s = AT(q)a@_I;(qvp)a

Furthermore, the jump spack is given as

L@:{n|hehnL§@J}

where the matrix4,(q) is obtained from the matrixd(q)

by leaving out everyj-th column withj & 7. (14]
Thus the state transfer principle in this case amounts tor )

jump in the momentum variablasgiven as

%H(qp ) =

(7]

(8]

1(g,p) O

}%+P@mm+Bmm+A@h 0
€i5 = O,Z S H} [11]

[12]

[13]

Ptransfer :P+ —p € A ( )7 AT( )
1
If H can be wr|tten as the sum of a kinetic and a potentlal
energy H(q,p) = sp"M~*(q)p + V(q), with M(q) >
denoting the generalized mass matrix, then a variational



