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Abstract

In the present paper we elaborate on the underlying Hamiltonian structure of interconnected
energy-conserving physical systems. It is shown that a power-conserving interconnection of
port-controlled generalized Hamiltonian systems leads to an implicit generalized Hamiltonian
system, and a power-conserving partial interconnection to an implicit port-controlled Hamil-
tonian system. The crucial concept is the notion of a (generalized) Dirac structure, defined on
the space of energy-variables or on the product of the space of energy-variables and the space
of flow-variables in the port-controlled case. Three natural representations of generalized Dirac
structures are treated. Necessary and sufficient conditions for closedness (or integrability) of
Dirac structures in all three representations are obtained. The theory is applied to implicit
port-controlled generalized Hamiltonian systems, and it is shown that the closedness condition
for the Dirac structure leads to strong conditions on the input vector fields.
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1 Introduction

Most of the current modelling and simulation approaches to (complex) physical systems (e.g. multi-
body systems) are based on some sort of network representation, where the physical system under
consideration is seen as the interconnection of a (possible large) number of simple sub-systems.
This way of modelling has several advantages. From a physical point of view it is usually natural
to regard the system as composed of sub-systems, possibly from different domains (mechanical,
electrical, ...). The knowledge about sub-systems can be stored in libraries, and is re-usable for
later occasions. Because of the modularity the modelling process can be performed in an “iterative”
manner, gradually refining - if necessary - the model by adding other sub-systems. Further, the
approach is suited to general control design where the overall behavior of the system is sought to
be improved by the addition of other sub-systems or controlling devices. From a system-theoretic
point of view this modular approach naturally emphasizes the need for models of systems with
external variables, e.g. inputs and outputs.

In this paper we concentrate on the mathematical description of network representations of
(lumped-parameter) energy-conserving physical systems. In our previous work we have shown how
energy-conserving physical systems with independent energy variables can be naturally described as
generalized Hamiltonian systems (with external variables). However, a general power-conserving in-
terconnection of such systems will lead to a system described by differential and algebraic equations,
that is an tmplicit dynamical system, which cannot be anymore directly described as an explicit
generalized Hamiltonian system. This motivates the definition of implicit generalized Hamiltonian
systems, as introduced in [SM2, SM3]. The main ingredient in this definition is that of a (general-
ized) Dirac structure. The relevance of Dirac structures in the Hamiltonian modelling of electrical
LC-circuits with dependent storage elements (a clear example of interconnected energy-conserving
systems) was already recognized in [C2].

The notion of Dirac structures was introduced by Courant and Weinstein [CW] and further
investigated by Courant in [C1], as a generalization of Poisson and (pre-)symplectic structures.
Dorfman [D1, D2] developed an algebraic theory of Dirac structures in the context of the study of
completely integrable systems of partial differential equations, with the aim of describing within a
Hamiltonian framework certain sets of p.d.e’s which do not admit an easy Hamiltonian formulation
in terms of Poisson or symplectic structures, due to non-locality of the involved operators. The
conceptual novelty in the approach initiated in [C2, SM2, SM3] is to use Dirac structures for the
direct Hamiltonian description of differential-algebraic equations resulting from the interconnec-
tion of energy-conserving systems, including constrained systems. Although the terminology Dirac
structure is derived from the ”Dirac bracket” introduced by Dirac in his study of of constrained
Hamiltonian systems arising from degenerate Lagrangians [D3], our use of Dirac structures deter-
mining, together with the stored energy (Hamiltonian), the algebraic constraints as well as the
dynamical equations of motion seems to be new. Furthermore, we stress the ”physical” relevance
of Dirac structures as naturally capturing the geometric structure of the system as arising from the
interconnection of sub-systems (see e.g. Proposition 2.2).

In Courant and Dorfman [C1, D2] the definition of a Dirac structure includes a closedness (or
integrability) condition generalizing the Jacobi-identity for Poisson brackets or the closedness of
two-forms defining symplectic structures. This condition is naturally satisfied for constant Dirac
structures (as in the case of LC-circuits) and for Dirac structures arising from holonomic kinematic
constraints in mechanical systems, but not for the generalized Dirac structures arising from non-
holonomic kinematic constraints [SM1, SM3] or from general kinematic pairs in multibody systems
[M2].

The structure of this paper is as follows. In Section 2 we will recall the definitions of a
(generalized) Dirac structure and of an implicit Hamiltonian system, and we will show how the
power-conserving interconnection of port-controlled (explicit) Hamiltonian systems leads to such
an implicit Hamiltonian system. In Section 3 we will investigate various useful ways of representing
generalized Dirac structures and consequently of representing implicit Hamiltonian systems, and
we will study their relationship. Then in Section 4 the closedness (or integrability) condition for
Dirac structures will be worked out for the three different representations obtained. Both Sections
3 and 4 use extensively techniques and results from the work of Courant and Dorfman, although
the emphasis is rather different. The results of Section 3 and 4 are applied in Section 5 to Dirac
structures as arising in implicit generalized Hamiltonian systems with external variables. Tn partic-
ular it is shown that the closedness condition translates into strong conditions on the input vector



fields.

A main motivation for the Hamiltonian modelling of interconnected energy-conserving physical
systems is, apart from the clear motivation from a general modelling and simulation point of view,
the generalization of the theory of “passivity-based control” to complex interconnected physical
systems. Key concepts in this theory (see e.g. [TA, OS, S]) are the use of the internal energy
as candidate Lyapunov function, the shaping of the internal energy via state feedback, and the
injection of “damping” in order to achieve asymptotic stability. This approach has shown to
be very powerful in the robust and/or adaptive control of physical systems described by Euler-
Lagrange or Hamiltonian equations of motion (such as robot manipulators, mobile robots and
electrical machines), and can be expected to be equally powerful for interconnected physical systems.
Although it is not the topic of the present paper to demonstrate this, we indicate at the end of
Section 4 how the usual stability theory of Hamiltonian systems based on the Hessian matrix of the
Hamiltonian can be naturally extended to implicit Hamiltonian systems. Moreover, at the end of
Section 5 we show the link between results in this paper and “passivity-based control” of actuated
mechanical systems with kinematic constraints.

In the control design of interconnected physical systems also the system-theoretic properties
(such as controllability and observability) of implicit port-controlled Hamiltonian systems will prove
to be instrumental (e.g. in the analysis how much damping injection is needed for asymptotic
stabilization). For explicit port-controlled generalized Hamiltonian systems some of these topics
already have been studied in our previous work [SM2, MS1, MS2]. Section 5 only provides a
basic framework for a study of these issues. Apart from “passivity-based control” also the further
exploitation of the structure of symmetries and conservation laws has a great potential (see e.g.
[BKMM] for related developments). All this is a large area for further research.

2 Generalized Hamiltonian modelling of interconnected sys-
tems

In our previous work ([MS1], [MS2], [MBS], [MSB1], [MSB2], [SM1], [SM2], [SM3]) we have argued
that the basic dynamic building blocks in the network representation of energy-conserving physical
systems are systems of the form

o= @) + e
(2.1)
T(,\oH
¢ = g (2)5(2)
Here & = (21, ..., 2n) denotes the vector of (independent) energy variables, coordinatizing the state
space manifold X', H(z1,...,®,) is the total stored energy in the system, with %(m) denoting
the column-vector of partial derivatives of H, and the n x n skew-symmetric structure matrix J(z)
is associated with the network topology of the system. The columns g;(z), j = 1,...,m, of the
matrix g(z) define the (state modulated) transformers describing the influence of the external flow
sources (or inputs) f;, j = 1,...,m. The components e; of e are the corresponding conjugated

(with respect to the power) efforts (or outpuis). Since the matrix J(z) is skew-symmetric we
immediately obtain the energy balance

d
= el'f (2.2)
expressing that the increase in energy equals the externally supplied power (e; f; is the power of
the j-th source). Thus (2.1) describes an energy-conserving physical system with internal variables
x1,...,x, (associated with energy storage) and ezternal (or port) variables fi,..., fm,€1,... ,em
(associated with power), which can be regarded as input, respectively output, variables.

The system (2.1) is called a port-controlled generalized Hamiltonian system because of the
following. We may define a generalized Poisson bracket operation on the real functions on &' as

{F,G}(z) = [g—i(x)] J(z) g—f(l‘), F.G: X =R (2.3)

Clearly, this bracket is skew-symmetric and satisfies the Leibniz identity

{F,G1G2}(x) = {F,G1 }(x)Ga(z) + G1(2){F,G2}(2), for all F,G1,Gy: X =R
(2.4)



and thus z = J(x)%(a:) can be seen as the generalized Hamiltonian vector field corresponding to
H and the generalized Poisson bracket { , }. This generalized Poisson bracket is a true Poisson
bracket if additionally the Jacobi-identity is satisfied, that is

{FAG K+ {GAK, P} +{K {F,G}} =0, VF,.G,K: X =R (2.5)

If (and only if) the Jacobi-identity holds there exists in a neighborhood of every point 2y € X where
J(x) has constant rank local canonical coordinates (¢,p,7) = (q1,..., ¢k, P1,- .-, Pk, T1,...,11) for

X in which J(z) takes the form (see e.g. [O])

0 Iy O
J(g,p,r)= |- 0 0 (2.6)
0 0 0

implying that the Hamiltonian vector field & = J(z)% (z) takes the form

i = SE(qpr)
p = _%(Qapa T) (27)
r = 0

which are almost the standard Hamiltonian equations of motion except for the appearance of the
conserved quantities rq,...,7;. Although in many cases of interest the Jacobi-identity is satisfied,
there are clear examples where it is not satisfied (e.g. mechanical systems with nonholonomic
kinematic constraints; see [SM1]).

The overall energy-conserving physical system 1s now obtained by interconnecting the various
port-controlled generalized Hamiltonian sub-systems as above in a power-continuous fashion (e.g.
by using Kirchhoft’s laws). In general this will result in a mized set of differential and algebraic
equations, which nevertheless is expected to be again Hamiltonian in some sense. Indeed, it can
be seen that it is an implicit generalized Hamiltonian system, as defined in [SM2, SM3]. The key
concept in the definition of an implicit generalized Hamiltonian system is the notion of a generalized
Dirac structure, as introduced (in a rather different context) in [C1, D2].

First we concentrate on interconnected energy-conserving physical systems without any remain-
ing external sources; see Section 5 for the general case. In this case the Dirac structure for the
interconnected system is defined solely on the space of energy-variables. Let X be an n-dimensional
manifold with tangent bundle TX" and cotangent bundle 7*X. We define TX @ T*X as the smooth
vector bundle over X with fiber at each z € X given by T, X x Ty X. Let X be a smooth vector
field and « a smooth one-form on X respectively. Then we say that the pair (X, ) belongs to a
smooth vector subbundle D C TX @ T*X (denoted (X, a) € D) if (X(z),a(z)) € D(z) for every
z € X. Furthermore for a smooth vector subbundle D C TX & T* X we define the smooth vector
subbundle D+ C TX @ T*X as

DL ={(X,0) eTX ®T*X|(a| X) + (&| X) =0, V(X, &) € D} (2.8)

with (| ) denoting the natural pairing between a one-form and a vector field. In (2.8) and
throughout in the sequel the pairs (X, @), (X, &) are assumed to be pairs of smooth vector fields
and smooth one-forms.

Definition 2.1 ([C1, D2]) A generalized Dirac siructure on an n-dimensional manifold X is a
smooth vector subbundle D C TX @ T*X such that D+ = D.

If D satisfies an additional closedness (or integrability) condition then D defines a Dirac structure;
see Section 4. Later on we will see that the dimension of the fibers of a generalized Dirac structure
on an n-dimensional manifold is equal to n. By taking @ = o, X = X in (2.8) we obtain

(] X) =0, forall(X,a)eD (2.9)
Conversely, if (2.9) holds then for every (X, a),(X,&) € D

0=(a+a|X + X) = (a|X)+(a]| X) + (&] X) + (&| X)
= (| X) + (a] X) (2.10)



and thus D C D*t. Hence a Dirac structure is a smooth vector subbundle of TX @ 7*X which is
mazimal with respect to property (2.10) or (2.9).

Let now X be an n-dimensional manifold with a generalized Dirac structure D, and let H :
X — R be a Hamiltonian (energy function). Then the implicit generalized Hamiltonian system on
X corresponding to D and H is given by the specification (see [SM2])

<i:, %Z(@) € D(z) (2.11)

By (2.9) we immediately obtain the energy conservation property 4L = (2Z(2)|#) = 0. Note
that in general the specification (2.11) puts algebraic constraints on X', since in general there will
not exist for every z € X a tangent vector & € T,X such that (2.11) is satisfied. Thus (2.11) is
in general a set of DAE’s (Differential Algebraic Equations). It can be seen that (2.11) generalizes
the notion of an (explicit) generalized Hamiltonian system

b= I @), I =) (2.12)

by noting that
={(X,0) eTX T X | X(2) = J(2)a(z), z € X}

defines a generalized Dirac structure. (If a7 (z)J(z)a(z) + a7 (z)X(2) = 0 for all &, then X(z) =
J(z)a(z).)

A special case of a Dirac structure is that of a constant Dirac structure on a linear space.

Definition 2.2 A constant Dirac structure on a linear n-dimensional space V is a linear subspace
D CV x V* with the property that D+ =D, where

DL = {(v,v*) €V x V* | (v* |0) + (2* |[v) = 0 for all (v,7*) € D}
where (| ) denotes the natural pairing between V and V*.
It is straightforward to derive the following proposition.

Proposition 2.1 Let V be an n-dimensional linear space. A linear subspace D C V x V* defines
a constant Dirac structure if and only if dimD = n and

(v*|v) =0, forall (v,v*)ED (2.13)

Proof: (Sketch; see [SM3] for details.) Asin (2.9) and (2.10) we see that if D defines a constant
Dirac structure then (2.13) holds, while if (2.13) holds then equivalently

(v* o) + (0" |v) =0 for all (v,0*) €D (2.14)

Furthermore, a subspace D of ¥V x V* defines a Dirac structure if it is mazimal with respect to
property (2.14), which is equivalent (see [C1]) to the property dim D = n. |
Now let us consider k port-controlled generalized Hamiltonian systems as in (2.1), i.e., for

i=1,...,k

iy = Ji(wi) Gh oo (i) + gi(x:) fi
ei = gf (i) G (2;) (2.15)

v, €X;, i €F =R™ e €& :=F =R™

with X; an n;-dimensional state space. Consider a general power-conserving interconnection of these
systems given by an (m + ...+ my )-dimensional subspace (possibly parametrized by z1, ..., zx)

I(zl,...,wk)c.ﬂx...x]—"kxé'lx...xé'k (2.16)

with the property

(froos e, ooen) €1, ak) =Y e fi=0 (2.17)



Remark 2.1 By Proposition 2.1 it follows that I(x1,...,xr) defines a constant Dirac structure
on Fi X ...x Fy, parameterized by (x1,...,xx).

Proposition 2.2 Consider k port-controlled generalized Hamiltonian systems (2.15) subject to an
interconnection (2.16) satisfying (2.17). Then the resulting interconnected system is an implicit
generalized Hamiltonian system with state space X := X1 x ... x Xy, Hamiltonian H(z1,...,zy) =
Hi(x1)+ ...+ Hy(xg), and generalized Dirac structure D on X given as

(X,a)=(X1,..., Xp,a1,...,0) €D —

Ve, e Xy, i=1,...,k, 3(fr,..., fr,e1, .. ex) € I(x1, ..., x5) such that
2.18
Xi(zi) = Ji(wi)ai(wi) + gi(wi) fi (2.18)

ei = g7 (xi)o(zy)

Proof: The main point is in proving that D given by (2.18) defines a generalized Dirac structure.
Let (X,a) = (X1,...,Xg,a1,..., ;) be in DL, that is (&| X) + (| X) = 0, for all (X,a) =
(X1,..., Xk, &1,...,a5) satisfying (2.18). This means

0= 3 [of () Xi(ai) + o (@) Xi(a)

=3 (&l () [Xilw:) = Ti(wai ()] + of (2:)gi(2:) ;) (2.19)

for all ay, f:Z such that ¢; = gZT(zZ)&Z(m) satisfies (fl, o ,fk,él, ooy €r) € I(®1,...,z1). Letting
first f; = 0 and & = 0, we obtain

> af (@) [Xi(zi) = Jii)ai(x:)] = 0 (2.20)

for all &;(2;) such that g7 (z;)a;(z;) = 0. This means that there exist vectors fi, ..., fi such that
Xi(xi) = Ji(wi)oi(i) + gi(2i) fi (2.:21)

Substitution into (2.19) yields

(aZT (xi)gi(zi)fi + (";T(Tz)gz(rz)fz)

it
-

1

-
1]

[l
'M?’

GEExs) (2.22)

i=1

for all f; and é; = gl (z;)a;(z;) satisfying (fl,... N TR ér) € I(zq,...,zp). If gf(x;) is
surjective for all ¢ = 1,..., k, this means that (2.22) is satisfied for all (fl, oo fri k) €
I(x1,...,z), and by Proposition 2.1 and Remark 2.1 this implies that (fi,..., f,e1,...,ex) €
I(zy,...,2) and thus (X, @) € D. In general we proceed as follows. Define the space of achievable
flows and efforts

Clary .o ywp) ={(f1, o, é1, . en) | fi€ Fiy & elmgl(as), i=1,... k}
Then (2.22) implies that

(fl,...,fk,el,...,ek)E(I(Il,...,ka)mC(Il,...,.’l‘k))J':IJ'(.'El,...,QZk)+CJ_(331,...,Ik)



where L denotes orthogonal complement with respect to property (2.22). By Proposition 2.1 it
follows that I*+(z1,...,2x) = I(21,...,2x), while CL(z1,..., ) is seen to be given as

CJ‘(zl,...,zk):{(fl,...,fk,el,...,ek)|fi6kergi(1'i), e =0,i=1,... k}

Thus there exist flow vectors fi,..., f; such that (f],..., f, e1,...,ex) € I(z1,...,24), with
Xi(z;) = Ji(zi)ai(z:) + gi(2:) f, ei = g7 (z;)a;(x;), showing that (X,a) € D. Hence DL C D.
Since it is easily seen that D C D+, this shows that D defines a Dirac structure. |

We note that the definition of a power-conserving interconnection is very general, and for ex-
ample includes Kirchhoff’s laws for electrical systems, the interconnection relations for generalized
velocities and forces for interconnected mechanical systems (Newton’s third law), as well as trans-
formers in electrical circuits and kinematic pairs in multibody systems.

From a classical control point of view an important example of a power-conserving interconnec-

tion is the standard feedback interconnection:

Example 2.1 Consider two input-state-output systems (“plant” and “controller”)

& = gi(xs, u;) .
yi = hi(z;), wi,y €R™, =12 (2.23)

and tmpose the (negative) feedback interconnection

Uz =%
2.24
Uy = —Ys ( )
leading to the explicit system
£y = gi(z1, —ha(za)) .
. 2.25
By = gales, i(21)) (225)

If we equate the input vectors u; with flow vectors, and the output vectors y; with effort vectors,
then (2.24) is a power-conserving interconnection. Proposition 2.2 applied to this particular case
says that if both systems in (2.23) are Hamiltonian, then also (2.25) is Hamiltonian. This can be
regarded as a special instance of the Passivity theorem in input-output stability theory.

3 Representations of generalized Dirac structures and im-
plicit generalized Hamiltonian systems

There are different ways of representing generalized Dirac structures, and consequently of writing
the equations of an implicit generalized Hamiltonian system. These representations each have their
own advantages and are connected to different but equivalent ways of mathematically modelling
the energy-conserving physical systems.

Before going into these representations we first note that a generalized Dirac structure D on an
n-dimensional manifold X' defines the smooth distributions

Go={X e TX|(X,0) €D}

(3.1)
G ={X €TX|Ja e T*X s.t. (X,a) € D}

and the smooth co-distributions

Py={aeT*X|(0,a) € D}

Py ={acT"X|3X € TX st. (X,a) € D} 2
Define for any smooth distribution G' the smooth co-distribution ann G as
annG = {a € T"X | (a| X) =0 for all X € G} (3.3)
and for any smooth co-distribution P the smooth distribution ker P as
ker P={X € TX |{a|X) =0forall « € P} (3.4)

The smooth (co-)distributions Go, G1 and Py, P; are related as follows.



Proposition 3.1 Let D be a generalized Dirac structure on X and define Go, G1, Py, P1 as in
(3.1), (3.2). Then

1. Go =ker P, Py = annGy
2. Py C annGo, G1 C ker Py, with equality if G1, respectively Py, is constant-dimensional.
Proof:
1. Z € Gy if and only if (Z,0) € D, if and only if
(0] X)+{(a|Z) =0, forall (X,a) €D

or equivalently (a|Z) = 0 for all « € P;. Thus G¢ = ker P;. Similarly # € P, if and only if
(0,8) € D, if and only if (5| X) =0 for all X € G1, which implies Py = ann G;.

2. Follows from property 1 and the inequalities P C ann ker P, G C ker ann (G, for any smooth
(co-)distribution P and G, with equality if P and G are constant-dimensional [NS].

Remark 3.1 The distribution G1 and the co-distribution Py have the following interpretation.
Consider the implicit generalized Hamiltonian system (2.11) corresponding to a generalized Dirac
structure D and a Hamiltonian H. Then the distribution G1 describes the set of admussible flows
&. In particular, if G1 is constani-dimensional and involutive then there are (n — dimG1) inde-
pendent conserved quantities for (2.11). Dually the co-distribution Py describes the set of algebraic
constraints of (2.11), i.e.

0H
oz

Definition 3.1 A point x € X s a regular point for the Dirac structure D on X if the dimension
of G1 and Py (and hence, see Proposition 3.1, of Go, Py) is constant in a neighborhood of .

(2) € Pi(2) (3.5)

At every regular point z € X we have
D (z) = {(v,v*) E T, X x TAX | (v* | ) + (2" |v) = 0 for all (9,9*) € D(x)} (3.6)

and, since DL (z) = D(z), we may regard D(z) C T, X x T!X as a constant Dirac structure on
Tz X (see Definition 2.2). Invoking Proposition 2.1 we deduce that dim D(z) = n for every regular
point z € X'. Since the set of regular points is open and dense in X', and D is a vector subbundle,
it thus follows that

dimD(z) =n, forallze X (3.7)

and therefore we may regard D(z) C T, X' x Ty X as a constant Dirac structure on T, X for every
z € X. In particular it follows, since D is a smooth vector subbundle, that locally about every
point in X we may find n x n matrices F(x) and F'(z), depending smoothly on z, such that locally

D(z) ={(v,v*) € T,X x Ty X | F(z)v = E(z)v*}

(3.8)
rank[F(z) : —E(z)]=n
Furthermore, because D = D1 necessarily (see [SM2])
E(x)FT(z) + F(z)E"(z) = 0 (3.9)

We will refer to this local representation (3.8), (3.9) of a Dirac structure as Representation I.
Given a Hamiltonian H : X — R the corresponding implicit generalized Hamiltonian system in
Representation T is locally given as

F(z)t = E(m)aa—i[(.r) (3.10)



Example 3.1 ([SM2], see also [MSB2]) An LC-circuit is composed of a set of (multiport) in-
ductors and capacitors interconnected through their ports by the network graph. An n-port inductor
is defined by fluz linkage variables ¢ € R™ (the energy variables) and an energy function Hr ().
The port variables are the voltages vy, € R"” and the currents iy, € R™ defined as

v, = 6, i = 85% (3.11)
Similary, an n-port capacitor is defined by charge variables ¢ € R™ and energy function Hc(q),
with port variables the currents ic € R™ and voltages ve € R™ defined as
i =i vo= ¢ (312)
By Kirchhoff’s laws we obtain ny, + nc independent equations
Feic 4+ Ecir, =0, Frvr + Erve =0 (3.13)
for certain matrices Fe, Fr, Fc and Fy, satisfying (Tellegen’s theorem)
EcFf + FcEL = (3.14)

Using (3.11), (3.12), and defining the total energy H(q,¢) = Hr.(¢)+Hc(q), we may rewrite (3.13)

as the implicit generalized Hamziltonian system

. 9H
(7 AL )] o
S——— S—— — 9¢

F E
where EFT + FET =0 by (3.14).

Two other useful types of representations of generalized Dirac structures, which admit a global
and coordinate-free definition, can be given provided an extra regularity condition is satisfied. We
will denote them as Representation II, respectively Representation TII.

Theorem 3.1 (Representation IT) Let X' be an n-dimensional manifold. Let G be a constant-
dimensional distribution on X, and J(x) : T, X — TpX, x € X, a skew-symmetric vector bundle
map. Then

P={(X,0) eTX DT X | X(2) — J(2)a(z) € G(z),z € X,a € ann G} (3.16)

defines a generalized Dirac structure. Conversely, let D be any generalized Dirac structure having
the property that the co-distribution Py (see (3.2)) is constani-dimensional. Then there exists a
skew-symmetric vector bundle map J(z) : Pi(x) — (Pi(2))*, x € X', which locally can be extended
to a skew-symmetric vector bundle map J(x) : Ty X — T X, x € X, such that D is given by (3.16)
with G := ker Py.

Proof (see also [C1] for the constant case): Let D be given by (3.16). We have to show that
Dt =D.

1. Take (X,a) = (Ja + Z,a) € D, with Z € G. Then for all (X,4) = (Ja+ Z,4) €D, Z €G
(@] X) + (@] X) =(a|Ja) + (@] Ja) + («| Z) + (@] Z) = 0
because J(z) is skew-symmetric, and o, & € ann G.
2. Take (X, a) € DY, that is for all (X, &) = (Ja+ Z,4) €D, Z€ G, & € ann G
0= (a|X)+(&|X) = (a|Jd) + (a] Z) + (@] X)

First let Z = 0. Then
O=(alJa)+ (a|X)=(a|X —Ja)

for all & € ann GG, implying that X — Ja € ker ann G = G, since (G is constant-dimensional.
Now let @ = 0. Then
0= {(al|Z)

for all Z € G, implying that « € ann G.



Conversely, let D be a generalized Dirac structure on X', with P; constant-dimensional. Then we
define for every x € A a linear map

J(z): Pi(z) CT, X — (Pi(2))" C ToX
as follows. Let v* € Pi(x), that is, there exists v € T, X' such that (v,v*) € D(x). Then define
J(z)v* =v € (P ()" (3.17)

To see that J(z) is well-defined, let also (0,v*) € D(z). Then (v — ©,0) € D(x), which means
v—10 € Go(x) = ker Pi(x), and thus v and 9 define the same linear function on Pi(z). Skew-
symmetry of the map J(z) : Pi(z) — (Pi(z))* follows from

(0" [v) + (v* |8) =0

for all (v, v*), (¢,9*) € D(z). Finally we may locally extend J(z) to a skew-symmetric map from
TeX to TXX. Now, let (v,v*) € D(2). Then by (3.17) v = J(2)v* modulo G(z) := ker Pi(z),
while v* € Py(2), and thus D is indeed given by (3.16). |

Remark 3.2 Note (see (3.17)) that the kernel of J(x) : Pi(x) — (Pi(x))* is given by Py(x).

Given a Hamiltonian H : X — R the equations of the implicit generalized Hamiltonian system
corresponding to Representation II now take the form

go= J(x)G () + g(z)A
(3.18)

where g(z) is any full rank matrix such that Img(x) = G(z). The variables A can be seen as
Lagrange multipliers, required to keep the constraint equations gT(m)%(m) = 0 to be satisfied
for all time. Note that (3.18) can be also interpreted as a port-controlled generalized Hamiltonian
system (see Section 2) with the efforts (or outputs) e set equal to zero.

“Dualizing” Representation IT we obtain

Theorem 3.2 (Representation IIT) Let X' be an n-dimensional manifold. Let P be a constant-
dimensional co-distribution on X, and w(x) : To X — TiX, x € X, a skew-symmetric vector bundle
map. Then

P={(X,0) eTX T X |a(z) —w(z)X(z) € P(z),z € X, X € ker P} (3.19)

defines a generalized Dirac structure. Conversely, let D be any generalized Dirac structure having
the property that the distribution Gy (see (3.1)) is constani-dimensional. Then there erists a skew-
symmetric vector bundle map w(z) : G1(z) — (G1(2))*, © € X, which locally can be extended to a
skew-symmetric vector bundle map w(z) : ToX — To X, © € X, such that D is given by (3.19) with
P :=annG,.

Proof: Completely dual to the proof of Theorem 3.1 |
Remark 3.3 (see Remark 3.2) The kernel of w(x) : Gi(z) — (G1(x))* is given by Go(x).

The equations of an implicit generalized Hamiltonian system corresponding to Representation
III and a Hamiltonian H take the form

Wio) = wl@)i+ ()
(3.20)
0 = p(z)z
where p(z) is any full rank matrix such that Im p(z) = P(z). A main feature of (3.20) in comparison

with (3.18) is that in (3.20) the flow constraints p” (z)& = 0 are made explicit, while in (3.18) the

algebraic constraints g7 (z) %2 (z) = 0 are distinguished.
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Example 3.2 Let Q be an n-dimensional configuration manifold of @ mechanical system. Classical
(kinematic) constraints are given in local coordinates ¢ = (q1,...,¢n) for @ as

AT ()i =0 (3.21)

with A(q) an n x k matriz, k < n, with entries depending smoothly on q. We will assume that A(q)
has rank equal to k everywhere. The constrained Hamiltonian equaiions on T*(Q are classically

given as (see e.g. [SM1])

[Z] B wligg +[A?q)]A (3.22)
o= Lo | e

Here the constraint forces A(q)A, with A € R, are uniquely determined by the requirement that
the constraints (3.21) have to be satisfied for all time. It straightforward to see that an equivalent
description of the equations (3.22) is given as follows

en] - Ll

0 = (47w o]

o
o

(3.23)

Let G and P be the distribution, respectively the co-distribution, on T*Q spanned by the columns

of the matriz [ ], respectively the rows of the mairiz [AT(q) O]. Then, since both J and w

0
Alq)
are skew-symmetric, it follows from Theorem 3.1 and 3.2 that the pairs (J,G) and (w, P) define
Representation I, respectively Representation III, of the same generalized Dirac structure. We will

refer to this generalized Dirac structure as Dy.

As the last part of this section we will now briefly show how we can directly go from Repre-
sentation I to a local version of Representation IT or 111, and vice versa. This is particularly useful
in analysis, where some aspects may be more easily studied in one representation, while others are
more easy to address in a different representation. The transformation from Representation IT or 111
to I is direct, and consists in eliminating the Lagrange multipliers A. Indeed, consider the implicit
generalized Hamiltonian system (3.18) corresponding to Representation TI. Since rank g(z) = k
for all 2 € X, we can locally find an (n — k) X n matrix s(z) of constant rank n — k such that
s(z)g(x) = 0. Premultiplying the first n equations of (3.18) by s() then transforms (3.18) into the

following n equations

s(x)] . _ [s(x)(x)] OH :

[ 0 ] T = [ @) | on (2) (3.24)
N . . _|s(2) _|s(x)J(z) e

which is easily seen to be of the form (3.10) with F(z) = 0 and E(z) = ¢ (2) satisfying

(3.8), (3.9). The transformation from Representation III to I is completely similar.

Example 3.3 Consider again the mechanical system with kinematic constraints in Erample 3.2.
Since rank A(q) = k for all ¢ € Q, we can locally find an (n — k) x n mairiz S(q) of constant rank
n —k such that S(q)A(q) = 0. Premultiplying the first 2n equations of (3.22) by the (2n — k) x 2n
matriz

I, 0
5 sl (3.25)
of constant rank 2n — k, then transforms (3.22) into the following 2n equations
q,p)
0 S(q) [ 4 ] =|-S(g) o0 ljﬁ, ] (3.26)
o o0 |LP 0 AT(g)| Lap(a:P)
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The transformation from Representation I to II or III is more substantial. Consider Represen-

tation I as given by (3.8), (3.9). Since

ker [F(z) : —E(z)] =Tm [—E;T(fa?’)] (3.27)
we deduce that locally
Gi(z) =Im ET(CE‘), Pi(z) =Im FT(JJ) (3.28)

(while Go(z) = ker F(z), Po(z) = ker E(z) if F(z), respectively E(z) has constant rank). In
order to obtain Representation II we need to assume that P; has constant dimension (see Theorem
(3.1)), or equivalently by (3.28), F(x) has constant rank. Then we may always locally transform
the equations F'(x)v = E(x)v* into the form

[Fl(gz)] v [%Eﬁﬂ v (3.29)

where Fy(z) has full row rank for every x in this neighborhood. Since

0= BT () + F@)ET (o) = [P DR ) L)

Eo(z)F{ (2) 0 (3.30)
it follows that
Ev(z)F{ (z) + Fi(z)E (z) = 0 (3.31)
and ET (2)Fy(z) = 0, or actually since rank [F(z) : —E(z)] = n
ker Fy(z) = Tm EY () (3.32)

By injectivity of F{(z) it follows that there exists an n x n matrix J(z) satisfying J(z)F{ (z) =
—ET (), which is by (3.31) skew-symmetric on Im F{T(z), and extendable to a skew-symmetric
matrix on R™. Thus the equations (3.29) can be written as

v— J(x)v* € ker Fi(z) = ImEZT(x)

0 = Ey(z)v* (3.33)
or equivalently, defining the constant rank matrix g(z) := E7 (z)
v = J(x)v* +g(x)A
0 = gT(l‘)v* (3.34)

which 1s Representation I11. Representation 111 can be obtained similarly by manipulating instead
of F'(x) the constant rank matrix F(x).

4 Closedness of generalized Dirac structures

The Dirac structures D of Definition 2.1 are called generalized because they do not necessarily
satisfy the following closedness (or integrability) condition.

Definition 4.1 ([D2]) A generalized Dirac structure D on X is called closed (or simply a Dirac
structure) if for arbitrary (X1, a1), (X2, @s) and (X3, a3) € D there holds

(Lx,a2| X3) + (Lx,a3 | X1) + (Lx a1 [ X2) =0 (4.1)

The following theorem gives a very useful characterization of closedness of a generalized Dirac
structure.

Theorem 4.1 (cf. [D2], Theorem 2.1, see also [C1]) D is closed if and only if

([Xl,Xz],iXIdOZQ - iX2da1 + d(OZQ |X1>) S D, V(Xl, ozl), (XQ, 012) S D (42)
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Proof: First note that the following identities (see e.g. [AMR])

Lxa = dixa+ixda (43)
iixyje = Lxiva—iyLya (4.4)

are satisfied for all vector fields X,Y and k-forms o on X'. (The formula (4.3) is also known as
Cartan’s magic formula.) Hence,

(Lxa|Y) = (d{a|X)|V) + da(X,Y) (4.5)
(@ [X,Y]) = ~(d{a| X) | V) + (Lya | X) (4.6)

for all vector fields X,Y and one-forms o on X'.
Take now arbitrary (X1, a1), (X2, @2), (X3, a3) € D. Then

(ix, das —ix,dar + d(as | X1) | Xs) + (as | [X1, Xa])
= (ix,das| X3) — (ix,day | X3) + (d{aa | X1) | X3) + (a3 | [X1, X2])
= day(Xy, X3) + (d(az | X1) [ X3) — don(Xa, X3) + (a3 | [X3, X2])

(Lx, 2| X3) + dai (X3, X2) + (Lx,as| X1) — (d{asz | X1) | X2)

= (Lx,a9| X3)+ (Lx,as|X1) + (Lx 1| X2) (4.7

since daq (X2, X3) = —da (X3, X2), and d{as| X1) + d{e1 | X3) = 0 because (X1, a1), (X3, a3) €
D. Thus,
D 1s closed

)
<LX1a2 |X3> + <Lx2a3 | X1> + (LX3a1 |X2> = 0
for all (Xl,al), (Xz,az), (X3,0Z3) cD

(iX.ldCYQ — ngdOll + d(()zg | X1> | Xg) + <(¥3 | [X1, XQ]) = 0
for all (Xl;al); (Xg,()zg), (Xg,()zg) eD

([Xl, Xg],iXId()zg — iXQd()tl + d((!Q | Xl)) eD
for all (X1, a1),(X2,a2) €D

where the last equivalence follows from the fact that D = DL, [ |

Remark 4.1 Courant [C1] uses property (4.2) as the definition of closedness (or integrability) of
a generalized Dirac structure.

Closedness only needs to be checked on a set of pairs (Xj, ;) which span the generalized Dirac
structure D, as follows from the following lemma.

Lemma 4.1 Consider a generalized Dirac structure D on a manifold X. Let
(X1,01),...,(Xp,an) €D

and suppose that

(Xi, Xj],ix,daj — ix;do; + d(0j | Xi)) €D, i,j=1,...,n (4.8)
Then also ([X,Y],ixdf —iyda + d(3| X)) € D, where

(X, 0) =300 G(Xi,aa), (V. B) = 2immi(Xs, o) (4.9)

for arbitrary (;,m; € C°(X), i=1,...,n.
Proof: Let vy =ixdf —iyvda+d(f|X). A straightforward calculation then gives

(X, V] =220 [GXa(ng) X+ Gy [Xa, X5] = 0 X5 (G) X (4.10)

v = 2= G Xi(ng ey + Gy (ix, day —ix, dag + d{ey | Xi)) — 75X (Ci) o] )
411
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Thus, from (4.8) it follows that ([X,Y],v) € D. [ |

A smooth function H € C*®(X) is said to be admissible (see [C1]) if there exists a (smooth)
vector field X such that (X,dH) € D. From the definition of the co-distribution P; in equation
(3.2) we see that the space of all admissible functions is given by

Ap ={H € C*(X)|dH € P} (4.12)
There is a well-defined generalized Poisson bracket on Ap given by the formula
{H1, Ha}p = (dH1 | Xo) = —(dHs | X4) (4.13)

where (X1,dH1),(X2,dH2) € D. To show that {, }p as defined in (4.13) is a generalized Poisson
bracket is straightforward. Bilinearity of { , }p follows from bilinearity of { | ). Skew-symmetry
is a consequence of (4.13). Finally, take arbitrary (Xy,dHy), (X2, dH3),(X3,dHs) € D. Then

{Hl, H2H3}D = —(d(HgHg) |X1) = —<H3dH2 + HgdH3|X1)
= H3{H1,H2}'D+H2{H1,H3}D (414)

so {, }p also satisfies the Leibniz identity. For a Dirac structure given by Representation IT (see
Theorem 3.1), {, }p is given as follows

{Hy, Hy}p(z) = [%(x)] J(z) %(z), Hy, Hy € Ap (4.15)

We will now characterize closedness of a generalized Dirac structure D in terms of the bracket
{, }p and the admissible functions Ap. The following necessary conditions for closedness follow
from Theorem 4.1.

Corollary 4.1 (cf. [C1, D2]) If D is closed then

1. Gy and G1 are involutive distributions

2. {H1,Ha}p € Ap

3. {H1,{H2, H3}p}p + {H2,{H3, Hi}p}p + {Hs,{H1,Ha}p}p =0
for all Hy, Hy, H3 € Ap.
Proof:

1. Let X1, X5 € Gp, i.e. (X1,0),(X2,0) € D. Then by Theorem 4.1 ([X1, X»],0) € D, which
means that [X1, X3] € Go. Involutivity of Gy also follows directly from Theorem 4.1.

2. Take Hl,HQ € Ap so that (Xl,dHl),(Xg,de) € D. Then ([X1,X2],d(dH2|X1>) e D

which means that

d(dH, | X1) =d{Hs, Hi}p € P = {Hi, Hy}lp € Ap (4.16)

3. Take Hy,Hs,Hs € Ap so that (Xl,dHl), (Xz,ng), (X3,dH3) € D. Then

0 = (LXIdH2|X3>+(LX2dH3|X1>+(LXadH1|X2>
= (d(dH2| X1) | X3) + (d(dH3 | Xo) | X1) + (d(dH: | X3) | X2)
(d{H2, Hi}p | X3) + (d{H3, Ha}p | X1) + (d{H1, H3}p | X2)
{{H2, Hi}p, Hs}p + {{Hs, Ha}p, Hi}p + {{H1,H3}p, H2}p
= {Hi,{Hs, H3}p}p + {Hz,{H3, Hi}p}p + {Hs, {H1, Ha}p}p (4.17)

If in addition the co-distribution P; (see (3.2)) is constant-dimensional, the following theorem gives
necessary and sufficient conditions for closedness in terms of { | }p and Ap.
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Theorem 4.2 Consider a generalized Dirac structure D on a manifold X. Let Py denote the co-
distribution on X defined by (3.2). Assume that Py is constant-dimensional. Then D is closed if
and only if the following three conditions are satisfied

1. Go = ker Py is involutive

2. {H{,Hs}p € Ap

3. {H1,{H2, Hs}p}p + {H2,{Hs,Hi}p}p + {Hs,{H1,Ha}p}p =0
for all H1,Hy, Hs € Ap.

Proof: The necessity of these three conditions follows from Corollary 4.1 so we only have to show
the sufficiency part here. First note that by using Proposition 3.1 we have that P; = ann Gg. Since
Go = ker Py isinvolutive and P; 1s constant-dimensional, by Frobenius’ theorem in a neighborhood
of any point zq € X' there exists local coordinates x = (1, ... ,2y) such that

Py = ann Go = span {dz1,... ,de,_m}, (4.18)

where m = dim ker P; (= dim Gy). In the sequel, every computation is done in such a neighborhood
using local coordinates.
Take now arbitrary (X1, 1), (X2, @) € D. Then, since a1, as € P;, we have that

o = Yoo M(da (4.19)
oo = Y pda (4.20)
where (;, n; are smooth functions. Now, let the vector fields Yi,...,Y,_m be such that
(Y;,dax;) €D, 1<i<n—m (4.21)
Since also (X3, a1) € D it follows that
(day | X1) + Q25" Gidwi [ Vi) = 0 (4.22)
SO
(day | X1) = =Y 272" CGi{zi, r}o (4.23)
for 1 < k < n — m. Define the vector fields 7y, 75 as
Zvo= Xa = LG (4.24)
Zy = Xo= L mYi (4.25)
Then
(dzp|Z1) = (dap | Xy = 375" GYi)
= =X G e - S G wido
=0 (4.26)
for all 1 < k < n—msince {z;,z;}p = —{@, z;}p. This means that Z; € ker P, = Gy and
Xio= YXLGYi+ 4 (4.27)
Xy = YL miYi+ 7 (4.28)

where Z1, Z5 € G.
Now we want to calculate the term

a1z = ix,das — ix,daq + d{a2 | X1) (4.29)
We have das = d(>_ ;=" nidz;) = Y7 dn; Adz;, so
ix,das = ix, (0.5 dni Adx;)
S lix, dns A da; — dn; Aix, da)
= Yooy Wdme | 32527 GYs + Z)dag — (da | 30027 G Y + Z1)dni)
= YOG () ey — Gz, 2 b odn] + 3075 71 (i) de (4.30)
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where we used the fact that (dz;|Z1) = 0 since da; € ann Gy. Similarly we obtain

1X2da1 = Ez Jj= 1[77J (Cl)dxl nj {‘E“ mJ}DdCZ + Z ZQ(CZ)dmZ (431)

Moreover,

doz | X0) = AT mida | 35757 GY; + 71)
= A7 DmG (dei | )]
= d[Z” SimiCi{zi, zj}o]
= i g= S d{®s, x5 p + {2, 25 (G dn + 0id( )]
= ST (w2 Yo + (21,25} (G dn — 0] (4.32)

where the last equation follows from skew-symmetry of { , }p. Inserting (4.30), (4.31) and (4.32)
n (4.29) gives

Q19 = indag —iX2da1 +d<0[2|X1>
> =1 l(GY (mi) = mi Y5 (G))dws + ni¢idfzs, v} o]
+ 2205 (Za(mi) = Za(G))dws (4.33)

From (4.33) we immediately see that a12 € Py since d{z;,z;}p € P1 when 1 <i,j <n—m
Now we have to take a closer look at the term [X7, X5]. A direct calculation yields

[XlaXQ] [Z? 1mCzY +Z1,Z] -1 77]Y +Z2]
=20 DG Y () — g V()i + miGi [Y5, VY + 200t (Za () — Z2(G))Yi + 712 (4.34)

where the vector field 75 is given by
Ziz = 32 (GY:, Za) = milYe, Z1)) + [, 7] (4.35)
Take now arbitrary 7 € G and consider d{z;, z;}p € annGq for 1 <i,j < n —m. Then

0 = (d{zi,zj}p|2)
= —Z({zj,zi}p)
= =7Z(Yi(z;))
= —Yi(Z(x;)) + Vi, Z](=;)
= (dz; [[Vi, Z]) (4.36)
for all 1 <i,j < n— m, which means that [¥;, Z] € ker Py = Gy for all 1 <i < n— m. Since Gq is
involutive we immediately see from (4.35) that also Z12 € Go.

Now we want to show that ([Y;,Y;], d{x;, z;}p) € P. We know that {z;,xj}p € Ap, which
means that there exist vector fields Y;; such that (Yj;, d{z;, z;}p) €D, 4,j=1,... ,n—m. Then

(dey | [V, Vi) = Yij) = [V, Yil(zs) = Yij(zs)
= Yi({(dap | V3)) = Yi((dzy | Y;)) — (dap | Vi)

(d{ak, z:}p | Y;) — (d{zk, zj}p | Vi) — {zx, {2i,zj}p}D

Hew, zido, zjto — {{zr, xi}, @it — {zr, {=i 7))o

{ej, {xs, en}otp + {zi, {zn, zj}o}p + {2k, {25, i} DD

0 (4.37)

when 1 <4, j, k < n — m, which means that [Y;,Y;] - Y;; € ker P = Gg. Thus,
([v;, Vi, d{zs,2;}) €D, 4,j=1,...,n—m (4.38)

and by inspection of (4.33) and (4.34) we see that ([X1, X2], @12) € D, and closedness of D follows
from Theorem 4.1. |

In the following we will explicitly characterize closedness in the three different representations
of a Dirac structure.
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Theorem 4.3 (Representation I) Consider a generalized Dirac structure D on a manifold X
given locally in Representation I (see (3.8), (3.9)). Define (X, ;) € D in local coordinates by

X; = El'(2) (4.39)
a; = —F (2) (4.40)

where EX () and FT(x) denote the i-th column of the matrices ET(x) and FT(x) respectively.
Then D 1s closed if and only if

(X, X;) ix,deyj — ix,da; + d{a; | X;)) €D(z), Yz e X, i,j=1,...,n (4.41)
Proof: Follows from (3.27), Theorem 4.1, and Lemma 4.1. [ |

Theorem 4.4 (Representation II) Let X' be an n-dimensional manifold. Let G be a constant-
dimensional distribution on X, and J(x) : T, X — TpX, v € X, a skew-symmetric vector bundle
map. Moreover, let { | } denote the generalized Poisson bracket corresponding to J. Then the
generalized Dirac structure given by (see Theorem 3.1)

D={(X,a) € TX & T*X | X(x) — J(x)a(z) € G(x),2 € X, a € ann G} (4.42)
is closed if and only if

1. G is involutive

2. {Hi, Hs} € Ap

3. {H1,{Hz, H3}} + {H2, {H3, H1}} + {H3,{H1, H2}} = 0
for all H, Ha, Hs € Ap = {H € C°(X)|dH € annG}.

Proof: The result follows from Theorem 4.2 using the facts that Gy = G and that {Hy, Ho}p =
{Hl,Hz} for all Hl,HQE.A'D. |

Theorem 4.5 (Representation IIT) Let X' be an n-dimensional manifold. Let P be a constant-
dimensional co-distribution on X, and w(z) : T, X — T} X, x € X, a skew-symmetric vector bundle
map. Then the generalized Dirac structure given by (see Theorem 3.2)

P={(X,0) eTX DT X |a(z) — w(z)X(z) € P(z),z € X, X € ker P} (4.43)
s closed if and only if
1. ker P 1s involutive
2. dw(X1, Xo, X3) = 0 for all X1, X5, X3 € ker P
Proof: TLet (X1, a1),(X2,a2) €D, ie.
o =ix,w+pi, piEP X;EkerP, i=1,2 (4.44)

Define as in (4.29) the 1-form a2 = ix,das — ix,da1 + d{a2 | X1). Now, using Cartan’s magic
formula, we get

dix,w = Lx,w —ix,dw (4.45)

dixlix2w = Lxlixz(.d —ileX2w+ix1ix2dw (446)

for all vector fields Xy, X5 on X'. Hence

a1s = ix,das —ix,dag + d{as | X1)

ix,d(ix,w + p2) — ix,d(ix,w + p1) + dix, (ix,w + p2)

in dixzo.) =+ in dp2 — indixlw — ixzdpl + diniXZOJ —+ diX1p2
—ix,Lx,w+ Lx,ix,w +ix,dps —ix,dp1 +ix,ix, dw

= i, xaw +ix, dp —ix, dpy + ix,ix, dw (4.47)
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since ix, x,jw = Lx,ix,w —ix,Lx,w. So, using Theorem 4.1 and the definition of D, we have that

D 1s closed

)
([Xl,XQ],i[lexz]w -|-iX1dp2 — ngdpl -|-iX2iX1dw) eD Vpl,pQ € P, VXl,Xz € ker P
T

[Xl,XQ] EkerP

ix,dps —ix,dp; +ix,ix,dw € P } Vp1,p2 € P, VXy, Xy € ker P

Now, if P is a constant-dimensional co-distribution and ker P is involutive, it follows that for every
p € P there exists p € P and a one-form 7 such that dp = n A p. Thus, ixdp = n(X)p € P for
all X € ker P. Moreover, ix,ix, dw(Xs) = dw(X1, X2, X3) which means that ix,ix, dw € P if and
only if dw(X1, X2, X3) = 0 for all X3 € ker P since P is constant-dimensional. [ |

Remark 4.2 In [C1] it is shown that closedness of D implies condition 2 in Theorem J.5.

We will now apply the above theory to mechanical systems with kinematic constraints (see
Example 3.2).

Proposition 4.1 Consider the mechanical system with kinematic constraints AT (¢)§ = 0 as given
in Ezxample 3.2. Let { , } denote the Poisson bracket defined (locally) by the structure matriz J.
Then the following statements are equivalent

1. D4 is closed
2. The constrainis (3.21) are holonomic
3. d{H1,H>} € annG for all Hy, Hy such that dH,,dH> € annG

Proof: 1 < 2: From Theorem 4.5 it follows that D4 is closed if and only if ker P is involutive
which is equivalent to the constraints (3.21) being holonomic. 1 < 3: Follows from Theorem 4.4
since G is involutive and { , } satisfies the Jacobi identity in this case. |

The next proposition gives an interesting interpretation of closedness of generalized Dirac struc-
tures that come up in connection with Lie-Poisson structures.

Proposition 4.2 Let G be any n-dimensional Lie group (e.g. SE(3)), with Lie algebra g, and the
dual Lie algebra g* with the Lie-Poisson bracket { |, }. Consider a constant distribution on g*, that
ts a linear subspace V C g*. Define the Dirac structure D on g* as

D={(X,0) €ETg* ®T*g" | X(2) = J(z)a(x) €V, a(z) EV', 2 € 4"} (4.48)

where J(z) is the structure matriz of the Lie-Poisson bracket { , }. Then D is closed if and only
if V1 C g is a subalgebra.

Proof: The proof follows more or less directly from results in [MR], page 287. |

Example 4.1 (X = se*(3) = R®) The motion of a rigid body with respect to a body-fized rotation
reference frame in the center of mass is given by (in the absence of gravity)

Mu+wx Mw=r (4.49)
mi+wxmov=F (4.50)

where v,w € R are the linear, respectively, the angular velocities, M is the inertia tensor and
7, F € R? are the torques, respectively, the forces. By defining I, p € R3 as

M= Muw, T=I[0,,T,T]" (4.51)
p=mv, p=pspyp:]" (4.52)
and the Hamiltonian H(IL, p) as
H(, p) = Lty + _ipr (4.53)
2 2m
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it follows that (4.49) and ({.50) can be written as

1

[ sany s [ 55 T

J(,p)

Here T = [N, M, T,]T and p = [ps,py,p:]T are the body angular and linear momentum respec-
tively. S(-) is defined by S(a)b = a x b for a,b € R® J(II,p) is the structure matriz of the
Lie-Poisson bracket on X = se*(3) = RE.

Assume that the following constrainis are imposed on the system

Let e =[100]7, ¢, =[010]7, e, =[001]7. Then

VL = ker [0 0] (4.56)

€y €

which is not a subalgebra of se(3) = R® (see e.g. [MR]). Hence, the corresponding generalized Dirac
structure 1s not closed in this case. However, if the additional consiraint p, = 0 is imposed on the
system (fized center of mass), it is easy to see that closedness of the corresponding generalized Dirac
structure follows.

Similarly to the case when the Jacobi-identity is satisfied for a generalized Poisson structure, one
can show that if the closedness condition (4.1) is satisfied for a generalized Dirac structure then
there exist local canonical coordinates around any regular point in which the geometric picture
simplifies considerably (see Proposition 4.1.2 in [C1]). In our context (i.e. for generalized Dirac
structures arising from physical systems) constant-dimensionality of the co-distribution Pj is often
a reasonable assumption. Thus, in the next proposition we will draw attention to the existence
and construction of canonical coordinates for Dirac structures that may be given in Representation
IT (cf. Theorem 3.1). In essence, the proof of this proposition comes down to using Frobenius’
theorem and a generalized version of Darboux’ theorem and proceeds along the same general line
as the proof of Proposition 4.1.2 in [C1]. However, we show directly how local canonical coordinates
may be found for a Dirac structure in Representation I1. In addition, we show more explicitly where
the three necessary conditions in Corollary 4.1 come into play which is interesting in itself.

Proposition 4.3 Let D be a generalized Dirac structure on an n-dimensional manifold X . Assume
that the co-distribution Py (see (3.2)) is constant-dimensional so that D can always be given in
Representation IT as follows

D={(X, ) eTX dT*X | X(z) — J(z)a(z) € Go(z),z € X,a € ann G} (4.57)

where J(x) : TrX — To X, © € X, is a skew-symmetric vector bundle map. Then, if D is closed,
there exist around every regular point xg € X local canonical coordinates

(0,7, 8) =(q1, -, Qb P1y- -  PEsT1, - - T STy -2 3 Sm), 2k+1+m=n

for X in which J(z) and Gy take the simple form

0 [k 0 *
—Iy 0 0 = 0 0
J(z) = Ok 0 o0 .l Go = span {E’ Ceey 0Sm} (4.58)
* * % %

where * denotes unspecified elements, m =n — dim Py and | = n — dimG1(zq).
Conversely, if D is given by (4.57), (4.58) in a neighborhood of xo € X, then D is closed in this
netghborhood.
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Proof: If D is closed, it follows from condition 1 in Corollary 4.1 that G is involutive. Since

P, = annGy is constant-dimensional, also G 1s constant-dimensional with dimension equal to
m. Thus, by Frobenius’ theorem in a neighborhood N, of any point zq € & there exist local
coordinates (y,5) = (Y1, .- ,Yn—m, S1,--- , Sm), such that
0 0
Go_span {E,,a} (459)

and

Py = ann Go = span {dy1, ... ,dyn_m} (4.60)
Now, {, }p is given in terms of J(z) as follows

or 1" oG
(16100 = [5o)| Ie) Gt (1.61)

for all F,G € C*(X) such that dF,dG € annGy. Moreover, since D is closed it follows from
condition 2 in Corollary 4.1 that

d{yiayj}'DEannGO; Z’)j:l,...,n—m (462)
which means that
Mt g 4t it e (453)
8Sk

Hence, J(z) takes the following form in the local coordinates (y, )

J *
s ="V (4.64)
where J(y) = [{vi,y; }p] is the (n — m) x (n — m) upper-left submatrix of J(y, s). In addition, the
distribution G is given locally in the coordinates (y, s) as

Gi(y,s) = Im [jgy) I?n] (4.65)

Ifzg € Xis a regula}' point then G is by definition constant-dimensional in a neighborhood of zg
which implies that J(y) has constant rank 2k = n — (I + m) in a neighborhood N, C N, of zo.
Define (without loss of generality) the submanifold Y C & as

Y= {(1,5) € Ny |5 = 5(20)) (4.66)

y=(y1,-..,Yn—m) are local coordinates for J around yo = y(xo). Since D is closed it follows from
condition 3 in Corollary 4.1 that { , }p defines a Poisson structure on ) with structure matrix

J(y). Now, using the fact that J(y) has constant rank 2k < n — m for all y € Y it follows from
Theorem 6.22 in [O] (called the generalized Darboux’ theorem; see also [W]), that around yo € Y

there exist local (¢,p,7) = (q1,-.. , @&, P1,-- -, Pk, 71, - - - ,71) in which J(y) takes the form
) 0 Iy O
Jpqr)=|-L 0 0 (4.67)
0 0 0

Now (q,p,r,s) are local coordinates for X' around zy € X in which J(z) and G take the simple
form (4.58).

Conversely, it is easy to check that a generalized Dirac structure given by (4.57), (4.58) in a
neighborhood of 2o € X, satisfies the sufficient conditions for closedness as given in Theorem 4.2
in this neighborhood. |

The equations of an implicit generalized Hamiltonian system corresponding to the local repre-
sentation (4.57), (4.58) and a Hamiltonian H take the form

= G(a,prs)

— _9H
: . 3¢ (Q;p; r 5) (4.68)
= g, prs)

[ L
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Comparing (4.68) with (2.7) we see that while (2.7) makes explicit the conserved quantities, (4.68)
also makes explicit the algebraic constraints

0 = Zo(¢,prs)
: (4.69)
0 = #(qprs)
If H is non-degenerate in the energy-variables sq1,- - -, s,,, that is
*H
rank = 4.70
[(%i aSj ] ( )
then by the Implicit function theorem one may locally express the variables sq, - - - | s,, as functions
of ¢,p,r, ie. s =s;(¢q,p,7), t =1, -, m. Defining the constrained Hamiltonian
He(q,p,r):=H(q,p, 7, 5(¢,p,7)) (4.71)
it follows that (4.68) reduces to the same format as (2.7)
i = He(epr)
p = _%(Qapa 7“) (472)
r = 0
which is an explicit Hamiltonian dynamics on the constrained state space X. = {(q,p,r,s) |
%(q,p, r,s) =0, i=1,---,m}. Also note that while under the assumption (4.70) the variables
$1, -+, Sm together with the Hamiltonian H define a (constraint) submanifold X, of X', dually the
level sets of the variables r1, -+ | 7y define a foliation of X'. Both the constraint submanifold X, and

the foliation are invariant for the Hamiltonian dynamics. However, as shown in this section, there
are cases of interest where the generalized Dirac structure does not satisfy the closedness condi-
tion (e.g. mechanical systems with nonholonomic constraints). Furthermore, also if the closedness
condition is satisfied the actual consiruction of the canonical coordinates ¢;, p;, r;, s;, may be very
involved, and preferably should be avoided.

We remark that the representation (4.68) of an implicit Hamiltonian system with regard to a
closed Dirac structure is quite amenable for stability analysis, at least when the non-degeneracy
condition (4.70) is satisfied. Indeed, let (qo, po, 70, s0) be an equilibrium of (4.68), that is

OH oH oH }
_(QUJPOJTO’SU) = 0: _(q0;p0ar0;50) = Oa _(quPOaTUJSO) =0 (4{3)

Jq Op Os

and let us also assume that %(qo, Do, 70, S0) = 0 (see later on). Under the non-degeneracy condition
(4.70) the Tmplicit function theorem allows to express the variables s locally around gq, po, 70, So
as functions of ¢, p, r leading as above to the explicit Hamiltonian dynamics (4.72). Note that in
general the Implicit function theorem only provides an ezistence result, and that finding the actual
expression of s as function of ¢, p, r is in general not possible or preferably should be avoided.

Now, if the Hessian matrix of H,. at (qq, po, 7o) is positive (or negative) definite it follows that
(g0, p0,70) is a stable equilibrium of (4.72) (see e.g. [MR]). On the other hand, this Hessian matrix
of H. can be easily expressed in the original Hamiltonian H as

9°H 5°H 5°H 8°H

2

aq dqop aqor dqos 62H -1

8°H  9*H  8°H | _ 8°H 8°H  8°H 8°H (474)
dpdq op? dpor dpds Os2 dsdq  Osdp  OsOr '
8%H 5°H 8°H 8% H

drdq  Ordp or? drds

evaluated at (qo, po, 70, S0). Thus this way of checking stability can be performed without the actual
computation of H,.. Furthermore, note that for checking definiteness of (4.74) only the variables s
need to be explicitly computed; we may use other coordinates instead of ¢, p, r.

Since the variables rq,...,r; are invariants (or Casimirs) we may also replace in the sta-
bility analysis the constrained Hamiltonian H. by H.(q,p,r) + ®(r), with & any function of
r=(r1,...,m). Hence we may also replace H(q,p,r,s) by

Ho(q,p,r,s):= H(q,p,r,s)+ ®(r) (4.75)
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and substitute Hg into (4.74) in order to check definiteness. (The addition of a function ®(r) to
H. when checking the definiteness of the Hessian is known as the the Energy-Casimir method; see
e.g. [MR].)

5 Implicit port-controlled generalized Hamiltonian systems

As already alluded to in Section 2, if we interconnect port-controlled Hamiltonian systems (2.1) in
such a way that some of the external variables remain free port variables, then we will end up with
an implicit generalized Hamiltonian system with external (or port) variables. In order to make this
precise we give the following definition (see [SM2]).

Definition 5.1 Let X be an n-dimensional manifold of energy variables, and let H : X — R be a
Hamultonian. Furthermore, let F be the linear space R™ of external flows f, with dual the space
F* of external efforts e. Consider a Dirac structure on the product space X x F , only depending
on x. The implicit port-conirolled generalized Hamiltonian system corresponding to X, H, D and
F is defined by the specification

<i,f,§£§(z),—e> € D(z) (5.1)

Remark 5.1 The minus sign in front of the effort e comes from the natural identification (a,e) €
T*X x F* — (a,—e) € (TX x F)*. Physically this means that the ingoing power is counted
posttively.

Since by definition of a Dirac structure (cf. (2.9)) (a|X) — (e| f) =0 for all (X, f,a,—e) € D, it
follows that an implicit port-controlled Hamiltonian system satisfies the energy balance

dH T
— = 5.2
ey (52)
Definition 5.1 generalizes the notion of an (explicit) port-controlled generalized Hamiltonian system
(2.1) by noting that in this case the Dirac structure D on X' x F is given by the specification

(X, f,a,—e) e D iff

X(@) = J(@)ale)+g()f
(5.3)
e = ¢T(@)a(z), z€Xx
Indeed, let (X, f, @, —¢) € DL, that is
(@] X) + (@] X) = (e[ f) = (e f) =0 (5.4)
for all ()2', f @, —é) satisfying (5.3). By first taking f =0 we obtain
&7(2)X(2) + o (2)T (2)a{x) — a7 (2)g(2)f = 0 (5.5)
for all &, and thus X () = J(z)a(z) + g(2)f, and substitution in (5.4) yields
87 (2)9(2)f + aT (@)g(x)f — 47 (2)g(@)f — ¢TF =0 (5.6)

for all f, implying that e = g% (z)a(z), and thus that (X, f, o, —¢) € D.

Now let us consider, as in Section 2, k port-controlled generalized Hamiltonian systems, see
(2.15), with & = Fi,j=1,...,k. A power-conserving partial interconnection is obtained by
writing a direct sum decomposition

Fix..xFr=F @Fr (5.7)

with the subspace F* denoting the flows to be interconnected, and FP the remaining flows at the
external ports of the partially interconnected system. By defining £ := (F?)L and &P = (F')t
we obtain the dual direct sum decomposition

Eix.. . x&E=E & (5.8)
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Proposition 5.1 Consider as in (2.15) k port-controlled generalized Hamiltonian systems, with
direct sum decomposition (5.7), (5.8). Consider a power-conserving partial interconnection given
by a subspace (possibly parametrized by x1,...,xy)

I(z1,...,25) C Fix & (5.9)
with dim I(xy,...,2;) = dim F, having the property
(ff, ey €X(ay,...,ap) = ('|f)=0 (5.10)

Then the resulting partially interconnected system is an implicit port-controlled generalized Hamilto-
nian system with state space X := X1 x... Xy, Hamiltonian H(x1,... ,x5) = Hi(x1)+.. .+ Hi(zp)
and generalized Dirac structure on X x FP given as

(X,fp)a’_ep) = (Xl)"' an’fp’al"" ’ak’_ep) ED A

Xj(s) = Jj(zj)e(x;) + () f (5.11)
¢j = gj (wj)aj(z;), @ €&, j=1,....k

(Fiyo s frrer, - en) = (fF, fP et eP) such that (fi,e') € I(2q,...,2x)

Proof: The proof is very similar to the proof of Proposition 2.2. Let (X, f?, o, —€?) be in DL,
that is

(@] X) + (@ X) = (& [ f7) = (" | f7) = 0 (5.12)

for all (X,fp,d, —éP) satisfying (5.11). Letting first fj =¢; =0forall j =1,...,k we obtain
(2.21), and by substitution in (5.12) we obtain, similarly as in (2.22)

0= Z (éffj + %Tf}) (7Y =" 1) = (@) + (L) (5.13)

j=1

for all fi, é. By definition of I(z1,...,z) in (5.10) this implies, as in Proposition 2.2 (adding if
necessarily flow vectors in the kernel of g;(z;)) that (f7,€’) € I(z1, ..., zy), and thus (X, f?, o, —€P)
€ D. Since it is readily seen that D C D+ it follows that D defines a Dirac structure. [ |

Remark 5.2 An interesting open problem is the variational interpretation of Proposition 5.1 (and
Proposition 2.2). Indeed, if all the Hamiltonian sub-systems admit a variational characterization (as
Fuler-Lagrange equations) one could conjecture that also the (partially) interconnected Hamiltonian
system admits "some kind of” variational characterization. It is to be expected, however, that the
closedness conditions as treated in this and the previous section will play an tmportant role in such
a characterization, since already for classical mechanical systems with kinematic constraints il is
known (see e.g. [AKN, BC]) that they cannot be formulated as standard Euler-Lagrange equations
in case the constraints are nonholonomic. Also, the formulation (4.68) of an implicit Hamiltonian
system satisfying the closedness condition suggests a connection with variational principles via the
first-order condition of Ponitryagin’s Mazimum principle. In the case of electrical circuits, where the
interconnections are defined by Kirchhoff’s laws and the closedness conditions are trivially satisfied
(see Example 3.1), some important work concerning a variational formulation of Kirchhoff’s laws
and the resulting variational characterization of the overall circuit has been done, see e.g. [JE, M1],
and it seems of inierest to extend these ideas to the general situation considered in Proposition 5.1.

In the rest of this section we will not elaborate on general implicit port-controlled Hamiltonian
systems and their different representations, but instead concentrate on a special subclass which
arises naturally in the control of mechanical systems. Consider the following port-controlled gen-
eralized Hamiltonian system with constraints given by

b= J@)3E () + (o) + b
e = ¢"(2)5k () (5.14)
0 = bT(af:)%(ac)
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where z € X, f € F :=R™ and g(z) = [91(2) . ..gm(x)] is the n X m matrix of input vector fields
g;. b(x) = [bi(x)...br(x)] is the n x k matrix of constraint vector fields. Throughout this section
we will assume that b(x) has rank equal to k everywhere. It is easily seen that e.g. an actuated
mechanical system with kinematic constraints will fit into the description (5.14). By rewriting

(5.14) as follows

-
J(z) (5.15)
- [Eg )

where A € R™+E it follows from Theorem 3.1 that (5.15) defines Representation IT of a generalized
Dirac structure D on X x F. Thus (5.14) is an implicit port-controlled generalized Hamiltonian
system.

We will now study D further as given in representation (5.15). In what follows we will use
{, } and {, }xxx to denote the generalized Poisson brackets on X, respectively X x F, with
structure matrices J(z) and J(z) (see (5.15)) respectively. In addition we will let B denote the
constant-dimensional distribution on X' given by

B(z) =Imb(z), ze€X (5.16)

From (5.15) we immediately see that the distribution Gy on X' x F defined by D (see (3.1)) is
given by

Gote) =t | ) PV e ar .17

Note that Gg is constant-dimensional with dimension equal to m + k since rankb(z) = k for all
z € X. The following lemma, for which a proof is straightforward, gives necessary and sufficient
conditions for Gy being involutive,

Lemma 5.1 Gq is involutive if and only if [X,Y] € B for all X, Y € {g1,... ,9m,b1,... bz}
The next lemma gives three necessary conditions for the closedness of D.
Lemma 5.2 If the generalized Dirac structure D on X x F is closed then
1. {Hy,{H2, H3}} + {H2,{Hs, H1}} + {Hs,{H1, Hy}} = 0
2. Ly AH1, Ho} ={Lg;Hi, Ho} +{H1,Ly; Ha}, j=1,...,m
3. d{H1,Hs} € ann B
for all Hy,Hy, H3 € C™(X) such that dHy,dH,,dH3 € ann B.

Proof: Assume that D is closed, i.e. satisfies (4.1). Using Cartan’s magic formula, the closedness
condition (4.1) can be written as

(d{az | X1) | Xs) + (d(as| X2) [ X1) + (d{a1 | X3) | X2)
+da2(X],X3)+da3(X2,X1)+da](X3,X2) =0 (518)

Consider Hy, Hy and Hz € C°(X) where dH; € ann B, i = 1,2,3. Let j € {1,...,m} and define

Xi(z,y) = XHE)(m) ] , ar(z,y) = T l(f()r) (5.19)
Xo(z,y) = [ XHS(I) ] ’ as(z,y) = —LT;:():B) (5.20)
Xa(z,y) = - XHS(r)p;—j P93 () ] , as(z,y) = —LTZH(':()x) (5.21)
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for (:L’,y)EXx}"WhereYj:%,pERand

8H T _ Ty, aHz
i), L Hi(e) = g7 (2) 5 (@)

Thus, (X;,a;) € D, i =1,2,3. Now, it is easy to see that (a; | X;) = {H;, H;}, i,j = 1,2,3, which
implies that

X, (2) = J(z) (5.22)

(d{ag | X1) | X3) = {{H2, H1}, H3} + pLy,{H2, H1} (5.23)
(d{as| Xo) | X1) = {{Hs, Ha}, Hi} (5.24)
(d{a1 | X3) | Xo) = {{H1, Ha}, Ha} (5.25)

Moreover, we have that

Hz' 7 .
aiza z1+ ... — L, Hdy,—...— L, Hdy,, i=1...,3
which means that
0Lgl .
da; = — ZZ 0 e Ady, i=1,...,3 (5.27)
=1 k=1
Hence,
8L, Hy 1T ,
das(Xy, Xa) = —p| 282 Xu, = —pily Ha Hi} (5.28)
and similarly
dOzl(Xg,XQ) = —dOzl(Xz,Xg,) = p{ngHl,Hz} = —p{Hg,ngHl}
(5.29)

In addition, it follows that das(Xs, X1) = 0. Therefore, from the integrability condition (5.18) we
have that

{Ho, Hi}, Ha} + {{Hs, Ha}, Hi} + {{H1, Ha}, Ha}
+p(Lg,{Hs, H\} = {L,, Hy, Hi} — {H3, Ly, Hi}) =0 (5.30)

for all p € R, implying for p = 0 condition 1, and for p = 1 condition 2.
Now, a direct calculation yields
19 = ixzdal - in da2 + d(al |X2> =

5{H1,H2}

—Z {LyH1, Ha} + +{Hy, Ly, Ha}) dyz-f-z (5.31)

=1 k=1

from which condition 3 (and condition 2) follows directly since a15 € ann G (see Theorem 4.1). W
Before being able to give the sufficient and necessary conditions for D being closed, we also need
the following result.

Lemma 5.3 If for arbitrary Hq1, Hy € C™°(X) such that dH1,dH> € ann B there holds
Ly {Hy,Ha} ={Ly,Hy,Hy} +{Hy,Ly; Ho}, j=1,...,m
2. d{H,,Hs} € ann B
then {ﬁl,ﬁg},yx}- € Ap for all Hi, Hy € Ap.

Proof: Take arbitrary Hy, Hy € Ap. From (5.17) we see that this is equivalent to

0= bT(I)aaii (2,y) (5.32)
e == @ @) (539
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for i=1,2. Let j € {1,...,m} and define

Then (5.33) can be written as

dH; .
8yk :_Lngi; k’:l, N
for i = 1,2. Now,
. o u OHy OHo
i i = N g (o) QL O
{H1,HaotxxF kzl_:l kl(l‘)azk o,
SO
O{H, H L . 5
%=—{ngHsz}Xxf—{Hthsz}Xxf
j
Since
i OH1 0H,
Hqi, Hy} = —— H{,H (X
{H1, Ha} ijl(x)amk gz, o 5 € C™(X)

k=1
it follows from condition 1 that
L.@j{ﬁl; HaYxxr = {Ls,Hi, HoYxxr + {Hi, Ly, Ha} xxr
which inserted in (5.37) yields

8{1{[1, ﬁ?}Xx}"

5, =—Ls{H1,Hatxxr

Moreover, from condition 2 it follows that

O{H1, Ha}xxF
ox

Thus, from (5.40) and (5.41) we see that {ﬁl, ﬁg}xxgc e Ap.

b7 (x) =0

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

We are now ready to present the necessary and sufficient conditions for (5.15) defining a Dirac

structure on X x F.

Theorem 5.1 The generalized Dirac structure D on X x F as defined by (5.15) is closed if and

only if
1. [X,Y] € B for all vector fields XY € {g1,... ,gm,b1,...,bx}
2. Ly {Hy,Hy} ={Ly,Hy,Ho} +{Hy,Ly; Ho}, j=1,...,m
3. d{H,,Hs} € ann B
4. {Hy,{Hs, Ha}} + {H2, {Hs, H1}} + {Hs, {H1, H2}} = 0
for all Hy, Ho, Hy € C*°(X) such that dH,,dHs,dH3 € ann B.

Proof: The necessary and sufficient conditions for closedness of D follows immediately by com-

bining the results in Lemma 5.1, Lemma 5.2, Lemma 5.3 and then using Theorem 4.4.

Corollary 5.1 (B =0) Let b(xz) =0 (no constraints) in (5.14). Then the generalized Dirac struc-

ture D on X X F as defined by (5.15) (with b(x) = 0) is closed if and only if

1. [glagj]zof Z;J:L , T

2. ng{Hl,Hg} = {ngHl,Hg} + {Hl,ngHg} fOT‘ all Hl,HQ S COO(X), _] = 1, e

26



3. {, } satisfies the Jacobi identily

Hence, the closedness condition (4.1) for the generalized Dirac structure on X' x F arising from
the constrained port-controlled Hamiltonian system (5.14) translates (among other things) into
strong conditions on the input vector fields g;.

The conditions 2-4 in Theorem 5.1 may be succinctly expressed by requiring that the generalized
Poisson bracket { , } of F,G € C®(X) where dF, dG € ann B is preserved by the dynamics of

(5.14) for every choice of internal energy H such that dH € ann B and for every f € F. Indeed,
requiring that
4
T dt
for all F,G € C*(X) such that dF,dG € ann B where % denotes the time-derivative along (5.14),
is equivalent to
{{F) G}a H}+ Lg{F) G}f+ Lb{Fa G}’\ =
{{Fa H}a G} + {(LQF)fa G} + {Fa {G; H}} + {Fa (LgG)f} (543)

for all H € C*°(X) such that dH € ann B and f € F. Letting first # = 0 and f = 0, we obtain

d d ,
SAR,GY = {5 .Gy +{F, 26 (5.42)

Li{F,G}IA=0, VAcRF (5.44)
which means that d{F, G} € ann B. Moreover, letting f = 0 leads to

R GYLHY={{F,H},G}+{F {G,H} (5.45)
which is nothing else than the Jacobi-identity. Thus, (5.43) amounts to
L{F,GYf={(L,F)f,GY+ {F,(L,G)f}, VfeF (5.46)
which is equivalent to
Ly AF,GY={Ly, F,G}Y+{F,L,,G}, j=1,...,m (5.47)

The next example should give an idea of what the conditions in Theorem 5.1 imply for the (local)
mathematical structure of system (5.14).

Example 5.1 Consider the port-controlled generalized Hamiltonian system with constraints given
in (5.14). Assume that the conditions 1-4 in Theorem 5.1 are all satisfied. By condition 1 it
follows that the constant-dimensional distribution B is involutive. Hence, by Frobenius’ theorem in

a neighborhood of any point xg € X there exist local coordinates (y,s) = (Y1,... , Yn—k,S1,. .., Sk),
such that
ann B = span {dy1,... ,dyn_r} (5.48)
and
0 0
= — e, — 4
B = span {851’ , 3Sk} (5.49)
Condition 3 implies that
Nvitid _ o 14 ki1, n—k (5.50)
851

Hence, J(x) takes the following form in the local coordinates (y, s)

J(y, s) = [Jyy(y) *] (5.51)

* *

where Jyy, (y) = [{vi, y;}] is the (n—k) x (n— k) upper-left submatriz of J(y,s). From condition 1 it
also follows that [b;, g;] € B which implies that in the coordinates (y,s) the matriz of input vector
fields takes the form

g(r,y)z[ 9 (v) ] (5.52)

9s(y, 5)
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Furthermore, since

Jy;r 9y; \Y
on.9)w) = | P10 ] (5.59)
while [g;,9;] € B it follows that [gyi,gyj] =0, 4,5 = 1,...,m. Assume additionally that the
distribution B + G s constant-dimensional with dimension equal to m + k. Then the submatriz
9y (y) of g(x,y) has constant rank equal to m < n—k. Thus (see e.q. Theorem 2.36 in [NS]), there

exists a local transformation (y1, ..., Yn—k) — (U1, ..., Yn—x) such that
_ 9 =1 5.54

In these coordinates condition 2 amounts to

i, U; } _{0@' N,} {N, 037j}_ _ —
T 57 Ui + y“@g]l =0, I=1,....m,i,j=1,...n—k (5.55)

W
which means that {J;,y;} is independent of the first m local coordinates §r,...,0m. Let now
2= (Jm+41,--,Un-k) and w = (J1,...,Ym). Then from the discussion above we can conclude that

(z,w, s) are local coordinates for X around zq in which (5.14) takes the form

R A | i T P Y

Jw
$ = Jsz(z,w,s)%(z,w,s)-|-sz(z,w,s)%(z,w,s)—I-gs(z,w,s)f-l-bs(z,w,s))\
5.56
e = 2oz w,s) (5.56)
0 = %(z,w,s)

where the last equation follows from the fact that the k x k matriz bs(z, w, s) has full rank. Note that
the equation for s can be left out from (5.56) because it is only needed to determine the Lagrange
multipliers A\ € R*. Finally from condition 4 it follows that the matriz

T.o(2)  Tow(2)
—T7u(2) Juww(?)

satisfies the Jacobi-identity (in the (z,w)-coordinates).

(5.57)

Finally, in the next example we will relate the results in this paper (in particular this section)
to “passivity-based control” of actuated mechanical systems with kinematic constraints.

Example 5.2 Constder a mechanical system with kinematic constraints AT(q)q' =0 as in Fzam-
ple 3.2. Additionally, let the system be actuated by generalized external forces u = (uy, ..., Upy)
corresponding to generalized configuration coordinates C1(q),...,Cn(q). The dynamical equations
of motion are given as

oH
q 0 I, ] g (1,P) m 0 ] [ 0 ]
- = +2 21| ac u; + A
[ b ] [ 0 [ % (0:P) B | g A0
aC; T on ac; .
Yi = |: aql (Q):| %(Qap) (: dtl (q)) ) 1= 1; s, M (558)
0 = AT(@)%L(q,p) (= AT(¢)d)
This is a port-controlled generalized Hamiltonian system with constraints as in (5.14) with external
flows the vector (u1,...,um) of external forces, and external efforts the vector (y1,...,ym) of

corresponding generalized velocities. It can be verified, as in Proposition 4.1, that the underlying
generalized Dirac structure satisfies the conditions of Theorem 5.1 (that is, is closed) if and only if
the kinematic constraints AT (q)q are holonomic.
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Now, consider an additional port-controlled Hamiltonian system (the “controller”)

é = U
(5.59)
Ye = %(5); & Ue,ye €R™

with Hamiltonian P. (Note that this is of the type (2.1) with J = 0, g = identily matriz, x = £,
f=u., and e = y,.) Feedback interconnection as in Ezample 2.1 leads to the implicit generalized
Hamaltonian system

{I-? ] _ —1, TO —52(0) %—H(q,p) + [ A(q) } A
¢ ey o 22 ) ’ (6.60)
0 = AT(Q)%(’LP)

with %€ (q) denoting the matriz with i-th column aac (¢). The co-distribution Py of the underlying
gen(’mizzed Dirac structure can be readily seen to be given as

Py = span{dC; — d¢&; |i=1,... ,m} (5.61)
expressing the fact (see also Remark 3.1) that the functions
Ci(g) =&, i=1...,m (5.62)

are independent conserved quantities for the closed-loop dynamics (5.60). It follows that along
(5.60)

&) =Ci(q) + ey, forallt, i=1,...,m (5.63)

with the constants ¢; solely depending on the initial conditions of the “controller” (5.59).
Substituting (5.63) into (5.60), and noting that

oc , 0P oP

( )65 (Ci(g)+c1,. .., Cm(q) +em) = a—q(Cl(q)—{—cl,...,C'm(q)—{—cm)

(5.64)

it follows that the dynamics of the (q,p)-part of (5.60) (the original mechanical system) is given as

[q]:[o InH“é%(q,p) +[0]/\

? B N e () Alg) (5.65)
0 = AT(q) G (q.p)

where Hy ey 15 the “new” Hamiltonian defined by
Hnew(q,p) = H(g,p) + P(Ci(9) +c1, -, Cm() + em) (5.66)

Thus by appropriately choosing the Hamiltonian P(§) of the “controller sub-system” (5.59), we
may shape the Hamiltonian H(q,p) of the constrained mechanical system (5.58) by addition of
the potential energy P(C1(q) +¢1,...,Cm(q) + ¢cm), with c1, ... ¢m only depending on the initial
condition of (5.59) (that is, by properly initialization we may set ¢y = ... = ¢y = 0). This idea
of shaping the internal energy is one of the main ideas of “passivity-based control”. We have thus
demonstrated that this can be accomplished by power-conserving (in-fact, feedback) interconnection
of (5.58) with a controller sub-system (5.59).

In particular, if H and C1, ..., Cp are such that P can be chosen in such a manner that Hyq
as defined by (5.66) has a strict minimum at some desired equilibrium point (qo, po), then (qo, po)
will be a (Lyapunov) stable equilibrium of (5.65) (and, because of (5.63), also the {-dynamics will
be stable). To be more precise we only need the function Hpey restricted to the constraint manifold
{(g,p)1 AT (q )aH"“” (¢,p) = 0} to have a strict minimum at (g, po).
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It can be verified that the underlying generalized Dirac structure of (5.60) is closed if and only
if the kinematic constraints AT (q)g = 0 are holonomic. If this happens to be the case then checking
that H,, e restricted to the constraint manifold has a strict minimum may be performed as indicated
at the end of Section 4.

Within the same philosophy one may pursue asymptotic stability by adding, apart from the
energy-shaping Hamiltonian controller (2.24), energy-dissipating elements to the system. In partic-
ular, one may replace the feedback interconnection u, = y, u = —y,. as above by the power-conserving
partial interconnection (with free external flow v and external effort y)

u. =y
W= (5.67)

and then terminate this port by an energy-dissipating element

v=="2(y) (5.68)

for some (Rayleigh) dissipation function R. For the asymptotic stability analysis of the resulting
closed-loop system one again need to distinguish between holonomic and nonholonomic kinematic
constraints AT(q)(j = 0. (In fact, in the nonholonomic case there is a fundamental obstruction to
asympiotic stabilization, since Brocketl’s necessary conditions is not satisfied; see e.g. [MS3] for
the references.)

6 Conclusions

It has been shown that a power-conserving interconnection of port-controlled generalized Hamilto-
nian systems leads to an implicit generalized Hamiltonian system, and a power-conserving partial
interconnection to an implicit port-controlled Hamiltonian system. The crucial concept is the no-
tion of a (generalized) Dirac structure, defined on the space of energy-variables or on the product
of the space of energy-variables and the space of flow-variables in the port-controlled case. Three
natural representations of generalized Dirac structures have been treated. Necessary and sufficient
conditions for closedness of a Dirac structure in all three representations have been obtained. This
has been illustrated on mechanical systems with kinematic constraints and constrained systems
on dual Lie algebras. Canonical coordinates for (closed) Dirac structures have been discussed, as
well as their use for stability analysis of implicit Hamiltonian systems. Finally the theory has been
applied to implicit port-controlled generalized Hamiltonian systems, such as actuated mechani-
cal systems with kinematic constraints, and it has been shown in particular that the closedness
condition for the Dirac structure leads to strong conditions on the input vector fields.
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