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Abstract— The notion of simulation relation has been adopted
from theoretical computing science to control theory to reduce
the complexity arising in modeling physical processes. Simula-
tions can serve as an abstraction of a given system behavior
whilst preserving the input-output structure. We intend to apply
simulation relations to develop a framework for compositional
and assume-guarantee reasoning for linear dynamical systems.
The underlying idea is to use information about the relation
of components or subsystems to abstract the behavior of
interconnected systems. The interconnection structure ishereby
defined by two types of negative feedback.

I. I NTRODUCTION

Models of engineering systems become increasingly com-
plex and therefore difficult to analyze. The complexity arises
from the interaction of different components or subsystems
which are embedded in the model of the whole process. In
the theory of concurrent processes, abstraction concepts have
been developed to deal with large scale models. An important
method in this context is the notion of simulation relations
(or, as a two sided version, bisimulation relations) introduced
by [5]. The idea of abstracting a given system by a lower
dimensional and therefore less complex one has since been
applied successfully in the area of systems and control by
several authors, see [1], [7] and [9]. Simulation relations
between linear systems can be analyzed with tools from
geometric control theory. This resulted in linear algebraic
existence conditions and efficient algorithms to compute
maximal simulation relations.
The assume guarantee reasoning (AGR) paradigm also orig-
inates from theoretical computer science, see e. g. [6] and
[8]. More recently, applications in automata theory ([4]) and
special classes of hybrid systems with dominating discrete
dynamics, e.g. [2] and [3] have proven the significance of
this concept. The basic principle is to make assumptions on
the behavior of individual components of an interconnection
as to how the components interact with their environment
in order to prove properties of the structure as a whole.
In the AGR literature, one distinguishes between circular
and non-circular proof rules. Here, circularity means that
assumptions of one antecedent are based on to be proven
properties or guarantees of another antecedent. To insure
correctness of circular rules, additional conditions are usually
required. In contrast, non-circular rules are usually sound
without imposing further conditions, but generally have to

assume universal properties of individual components which
might not be easy to verify in practice.
In this paper, we want to combine the above analysis
techniques to develop a theory of compositional and assume
guarantee reasoning for linear feedback control systems
based on simulation relations. First, we summarize the theory
of simulation relations for linear continuous-time systems
and define the notions of interconnection used in the fol-
lowing. Based on this theoretical framework, we show that
modularity is a key property in the compositional analysis of
linear feedback systems. In the last part, AGR proof rules,
both circular and non circular, are investigated for linear
feedback systems.

II. T HEORETICAL BACKGROUND

Consider linear continuous-time systems of the form

Σi : ẋi = Aixi + Biui + Gidi, (1)

yi = Cixi ,

whereui represents a control input,di a disturbance input
and xi ∈ Xi, ui ∈ Ui, di ∈ Di, yi ∈ Yi are all taken
from vector spaces of appropriate dimensions. External dis-
turbance inputs are introduced in analogy to both the theory
of concurrent processes and the concept of abstractions of
dynamical systems as developed in [7]. We call systems on
which external disturbances actnon-deterministicsystems in
contrast todeterministicsystems wheredi ≡ 0.
Due to the complexity of physical processes it is common
practice to subdivide a given structure into sub-models which
– when connected in the correct manner – represent a
model of the process as a whole. Similarly, from a control
perspective, combining models of the plant and the controller
yields a model of the controlled system. Assuming all these
subsystems are of the class of systems (1), we are therefore
interested in interconnections of linear dynamical systems,
denoted byΣ1‖Σ2. More precisely, we restrict ourselves to
two different kinds of negative feedback interconnection.On
the one hand, direct interconnection of the formu1 = −y2,



y1 = u2, denoted by‖c, yields the combined system

Σ1‖cΣ2 :

[

ẋ1

ẋ2

]

=

[

A1 −B1C2

B2C1 A2

] [

x1

x2

]

+ (2)

+

[

G1 0
0 G2

] [

d1

d2

]

[

y1

y2

]

=

[

C1 0
0 C2

] [

x1

x2

]

u1 = −y2, u2 = y1

(“closedfeedback interconnection”)

On the other hand, the feedback interconnection might
involve external signals such as measurement noise or ref-
erence signals which act as new inputs on the closed loop
system. Such an interconnection will be denoted by‖o and
results in the following dynamics

Σ1‖oΣ2 :

[

ẋ1

ẋ2

]

=

[

A1 −B1C2

B2C1 A2

] [

x1

x2

]

+ (3)

+

[

B1 0
0 B2

] [

e1

e2

]

+

[

G1 0
0 G2

] [

d1

d2

]

[

y1

y2

]

=

[

C1 0
0 C2

] [

x1

x2

]

u1 = −y2 + e1, u2 = y1 + e2

(“open feedback interconnection”)

Despite being so closely related, distinguishing between
these two types of feedback interconnection will indeed make
a difference for compositional reasoning as will be shown in
the remainder. Whenever‖ is used unspecified it represents
both open and closed feedback interconnection.
The relation4 denotes simulation as defined in [9, Definition
5.1].

Definition 1: Given two systemsΣi, i = 1, 2 as in (1). A
simulation relationS of Σ1 by Σ2 is a linear subspace of
the product state spaceS ⊂ X1 × X2 with the following
properties:
For any (x10, x20) ∈ S, any joint input functionu1(.) =
u2(.) and any disturbance functiond1(.) there should exist
a disturbance functiond2(.) such that the resulting state
trajectoriesxi(.), i = 1, 2 with xi(0) = xi0 satisfy

(i) : (x1(t), x2(t)) ∈ S ∀t ≥ 0 (4)

(ii) : C1x1(t) = C2x2(t) ∀t ≥ 0

Furthermore ,Σ1 is simulated by Σ2, denotedΣ1 4 Σ2,
if there exists a simulation relationS ⊂ X1 × X2 fulfilling
ΠX1

S = X1 with ΠX1
: X1 × X2 → X1 the canonical

projection fromX1 × X2 to X1. In this case,S is called a
full simulation relation .

Remark 1: In this definition as for the remainder, we
shall denote an element of the cartesian product space

X1 ×X2 both by (x1, x2) and

[

x1

x2

]

, x1 ∈ X1, x2 ∈ X2.

Due to the similarity with the disturbance decoupling prob-
lem, the subspace properties of a simulation relationS can
be described as follows:

Theorem 1 (c. f. Proposition 5.2 in [9]):A linear sub-
spaceS ⊂ X1 × X2 is a simulation relation ofΣ1 by Σ2

if and only if

(i) : S + im

[

G1

0

]

⊂ S + im

[

0
G2

]

(5)

(ii) :

[

A1 0
0 A2

]

S ⊂ S + im

[

0
G2

]

(iii) : im

[

B1

B2

]

⊂ S + im

[

0
G2

]

(iv) : S ⊂ ker
[

C1 −C2

]

Analogously to [9, Proposition 2.9] an alternative charac-
terization for a subspace to be a simulation relation can be
given.

Theorem 2:A linear subspaceS ⊂ X1 ×X2 is a simula-
tion relation ofΣ1 by Σ2 if and only if for all (x1, x2) ∈ S,
for all u1 = u2 = u and alld1 there exists ad2 such that

(i) :

[

ẋ1

ẋ2

]

=

[

A1x1 + B1u + G1d1

A2x2 + B2u + G2d2

]

∈ S (6)

(ii) : C1x1 = C2x2

We also state results for deterministic systems, i.e. systems
without external disturbancesdi ≡ 0, from [9].

Theorem 3:Given deterministic systemsΣi, i = 1, 2.
Then there exists a simulation relation ofΣ1 by Σ2 if and
only if the Markov parameters ofΣ1 andΣ2 are equal, i.e.

C1A
k
1B1 = C2A

k
2B2 , k = 0, 1, 2, . . . , (7)

or, equivalently, if and only if the transfer functions are the
same, i.e.G1(s) = G2(s).
An important statement about maximal simulation relations
is given in the following theorem.

Theorem 4:Consider two deterministic systemsΣi, i =
1, 2 with the same transfer functionG1(s) = G2(s). The
maximal simulation relationSmax of Σ1 by Σ2 is the unob-
servability space of the augmented system,

Smax = ker











C1 −C2

C1A1 −C2A2

...
...

C1A
n−1
1 −C2A

n−1
2











(8)

while im

[

B1

B2

]

⊂ Smax and n = max{n1, n2}, ni =

dim{Xi}.
In [2], it is shown that simulation relations for labeled
transition systems (LTS), calledΣ−simulation there, are
modular with respect to the compositional operator represent-
ing parallel composition. Modularity is a desired propertyin
compositional analysis, for instance it can be used to prove
the correctness of circular assume-guarantee rules. In order
to do so, we first recall some characteristics of simulation
relations as given in [9].

Theorem 5:Simulation for linear continuous-time sys-
tems is a preorder, i.e., it is reflexive and transitive.

Proof: Given the systemsΣi, i = 1, 2, 3.
Clearly,Sid := {(x1, x1) | x1 ∈ Σ1} is a simulation relation



of Σ1 by itself.
Moreover, given simulation relationsS12 ⊂ X1 × X2 and
S23 ⊂ X2 ×X3 of Σ1 by Σ2 and ofΣ2 by Σ3, respectively,
define

S13 := {(x1, x3) | ∃x2 ∈ Σ2 : (x1, x2) ∈ S12, (x2, x3) ∈ S23}

Choosingẋ2 = A2x2 + B2u + G2d, one indeed finds that
(ẋ1, ẋ2) ∈ S12 and (ẋ2, ẋ3) ∈ S23 which proves the claim.

An important difference toΣ-simulation for LTS is expressed
in the following

Proposition 1: For any two dynamical systemsΣ1 andΣ2

(1), simulation is not commutative with respect to feedback
interconnections,

Σ1 ‖ Σ2 � Σ2 ‖ Σ1 (9)
Proof: To illustrate this with an counterexample, con-

sider the two systems

Σ1 : ẋ1 = x1 + u1 Σ2 : ẋ2 = 2x2 + u2 (10)

y1 = x1 y2 = x2

The transfer functions of the interconnections are then given
by

GΣ1‖Σ2
=

[

g1(s) −g2(s)
g3(s) g4(s)

]

(11)

GΣ2‖Σ1
=

[

g4(s) −g3(s)
g2(s) g1(s)

]

Even after reordering the state components, the transfer
functions do not match which by Theorem 3 implies that
there does not exist a simulation relation ofΣ1‖Σ2 by Σ2‖Σ1

nor, in fact, vice versa.
Remark 2:Whether or not simulation relation is commu-

tative depends heavily on the type of interconnection. Parallel
composition of LTS can be thought of as restricting the
dynamics of the interconnection to the intersection of the
dynamics of the individual components. For linear feedback
systems, the interconnection via negative feedback brakes
the symmetry of the closed loop system. Choosing positive
feedback instead would have preserved commutativity of the
interconnection.

III. C OMPOSITIONAL REASONING

Definition 2: A preorder4 is calledcompositional with
respect to an interconnection operator‖ if

ΣP1
4 ΣQ1

∧ ΣP2
4 ΣQ2

(12)

=⇒ ΣP1
‖ ΣP2

4 ΣQ1
‖ ΣQ2

and invariant under composition or a precongruenceif

ΣP1
4 ΣQ1

=⇒ ΣP1
‖ΣP2

4 ΣQ1
‖ΣP2

for all ΣP2
(13)

If a preorder fulfils both properties (12) and (13), it is called
modular.

Proposition 2: Simulation is both compositional and in-
variant under composition with respect to feedback inter-
connection of linear continuous-time systems.

Proof: Given the linear dynamical systemsΣi, i ∈
{P1, P2, Q1, Q2}.
We will prove the Proposition for open feedback intercon-
nection‖o thus implying the proof for‖c whereei ≡ 0.
compositionality: Assume there exists a simulation relation
S ⊂ XP1

× XQ1
of ΣP1

by ΣQ1
, ΣP1

4 ΣQ1
. It has

to be shown that there exists a simulation relationR ⊂
XP1

×XP2
×XQ1

×XP2
of ΣP1

‖ΣP2
by ΣQ1

‖ΣP2
for any

systemΣP2
.

Due to Theorem 2, for every(xP1
, xP2

) ∈ S, for any
u1 = u2 = u and anyd1 there exists ad2 such that

(i) :

[

AP1
xP1

+ BP1
u + GP1

d1

AQ1
xQ1

+ BQ1
u + GQ1

d2

]

∈ S (14)

(ii) : CP1
xP1

= CQ1
xQ1

Let’s consider the relation R :=
{(x = (xP1

, xP2
), (xQ1

, xP2
)) | (xP1

, xQ1
) ∈ S}. Take

any x ∈ R, any e =

[

e1

e2

]

and anyd1 =

[

d1
1

d2
1

]

.

According to Eq. (14), for a given(xP1
, xQ1

) ∈ S, any
u = e1 − CP2

xP2
and everyd1 = d1

1 there exists ad2 such

that (ẋP1
, ẋQ1

) ∈ S. Thus, settingd2 =

[

d2

d2
1

]

yields

((ẋP1
, ẋP2

), (ẋQ1
, ẋP2

)) ∈ R since (ẋP1
, ẋQ1

) ∈ S and
ẋP2

= ẋ′
P2

.
invariance under composition: Assume we are given both
a simulation relationS1 ⊂ XP1

× XQ1
of ΣP1

by ΣQ1
and

S2 ⊂ XP2
×XQ2

of ΣP2
by ΣQ2

. Define the subspace

S := {(xP1
, xP2

, xQ1
, xQ2

) | (xP1
, xQ1

) ∈ S1, (15)

(xP2
, xQ2

) ∈ S2}

Again, the proof uses Theorem 2. Take any elementx =

(xP1
, xP2

, xQ1
, xQ2

) ∈ S, any e =

[

e1

e2

]

and d1 =
[

d1
1

d2
1

]

. Since (xP1
, xQ1

) ∈ S1 it follows that CP1
xP1

=

CQ1
xQ1

and similarly fromS2 that CQ2
xQ2

= CP2
xP2

.
Moreover, for everyu1 and d1 there exists ad2 such that
(AP1

xP1
+ BP1

u1 + GP1
d1, AQ1

xQ1
+ BQ1

u1 + GQ1
d2) ∈

S1. Similarly, for everyu2 andd3 there exists ad4 such that
(AP2

xP2
+ BP2

u2 + GP2
d3, AQ2

xQ2
+ BQ2

u2 + GQ2
d4) ∈

S2. Settinge1 = u1 + BP2
xP2

, e2 = u2 + BP1
xP1

, d1
1 =

d1, d
2
1 = d3, d

1
2 = d2, d

2
2 = d4, it follows that indeed

(ẋP1
, ẋP2

, ẋQ1
, ẋQ2

) ∈ S.
Remark 3:Even though in this framework simulation is

not commutative with respect to feedback interconnection,
nevertheless the modularity properties of compositionality
and invariance under composition hold. Commutativity of
the simulation preorder would have simplified the proof
obligation since in that case, invariance under composition
is equivalent to compositionality, c.f. [2, Proposition 3.7.].

Based on assumed properties of individual system com-
ponents such asΣPi

4 ΣQi
, compositionality allows to

draw conclusions about interconnections of components. For
the open type of interconnections of linear continuous-time
systems it will be shown that also the converse is true.



Proposition 3: For linear dynamical systems (1) inter-
connected by open negative feedback (3), the following
equivalence holds with respect to simulation relations4:

ΣP1
4 ΣQ1

∧ ΣP2
4 ΣQ2

(16)

⇐⇒

ΣP1
‖oΣP2

4 ΣQ1
‖oΣQ2

Proof:
“=⇒”: This holds because of Proposition 2.
“⇐=”: Let a simulation relationS of ΣP1

‖ΣP2
4 ΣQ1

‖ΣQ2

be given, i.e. for anyx ∈ S, any e =

[

e1

e2

]

and d1 =
[

d1
1

d2
1

]

there exists ad2 =

[

d1
2

d2
2

]

such that

(i) :









AP1
xP1

+ BP1
(e1 − CP2

xP2
) + GP1

d1
1

AP2
xP2

+ BP2
(e2 + CP1

xP1
) + GP2

d2
1

AQ1
xQ1

+ BQ1
(e1 − CP2

xP2
) + GQ1

d1
2

AQ2
xQ2

+ BQ2
(e2 + CP1

xP1
) + GQ2

d2
2









∈ S

(17)

(ii) : CP1
xP1

= CQ1
xQ1

∧ CP2
xP2

= CQ2
xQ2

Define the relation S1 :=
{(xP1

, xQ1
) | ∃ xP2

, xQ2
: (xP1

, xP2
, xQ1

, xQ2
) ∈ S}.

It has to be shown that for any(xP1
, xQ1

) ∈ S1, anyu and
any d1 there exists ad2 such that

(i) :

[

AP1
xP1

+ BP1
u + GP1

d1

AQ1
xQ1

+ BQ1
u + GQ1

d2

]

∈ S1 (18)

(ii) : CP1
xP1

= CQ1
xQ1

Take any (xP1
, xQ1

) ∈ S1 and fix u and d1. Since
(17) holds for anye and d1, in particular it holds for
e1 = u + CP2

xP2
and d1

1 = d1. Thus, property (18),(ii)
follows directly from Eq. (17),(ii) and (18),(i) is a con-
sequence of (17),(i) for the particular choice ofe and
d)1. The same arguments also hold for a relationS2 :=
{(xP2

, xQ2
) | ∃ xP1

, xQ1
: (xP1

, xP2
, xQ1

, xQ2
) ∈ S}.

This means that for open interconnections, the problem of
checkingΣP1

‖oΣP2
4 ΣQ1

‖oΣQ2
can be reduced to (and,

in fact, is equivalent to)

ΣP1
4 ΣQ1

(19)

ΣQ1
4 ΣQ2

As a consequence, proof obligations for individual compo-
nents are as hard to prove as obligations for interconnected
components.

Proposition 4: For closed interconnections of linear
continuous-time systems, necessity of statement (16) does
in general not hold.

Proof: To construct a counterexample, define the sys-
tems

ΣP2
, ΣQ2

: ẋi = ui, i = {P2, Q2} (20)

yi = 0

ΣP1
: ẋP1

= uP1
ΣQ1

: ẋQ1
=

1

2
uQ1

yP1
= xP1

yQ1
= xQ1

The interconnected systems are given by

ΣP1
‖cΣP2

:

[

ẋP1

ẋP2

]

=

[

0 0
1 0

] [

xP1

xP2

]

(21)
[

yP1

yP2

]

=

[

1 0
0 1

] [

xP1

xP2

]

ΣQ1
‖cΣQ2

:

[

ẋQ1

ẋQ2

]

=

[

0 0
1 0

] [

xQ1

xQ2

]

[

yQ1

yQ2

]

=

[

1 0
0 1

] [

xQ1

xQ2

]

Thus, the interconnectionsΣP1
‖cΣP2

and ΣQ1
‖cΣQ2

de-
scribe the same behavior so that there indeed exists a
simulation relation. In fact, the two interconnections are
even bisimilar. According to Theorem 3, however, there is
no simulation relation ofΣP1

by ΣQ1
since the transfer

functions of the two controllable systemsΣP1
andΣQ1

do
not match,

YP1
(s)

UP1
(s) = 1

s
6=

YQ1
(s)

UQ1
(s) = 2

s
.

IV. A SSUME GUARANTEE REASONING

Suppose it has to be checked for given systemsΣi, i =
{P1, P2, Q1, Q2} whether the following statement holds:

ΣP1
‖cΣP2

4 ΣQ1
‖cΣQ2

(22)

Because of Proposition 3, we will apply assume guarantee
reasoning only to systems with closed feedback intercon-
nections. The basic idea of AGR is to split the proof
obligation (22) into a sequence of obligations for components
of the interconnection which are possibly easier to check
than (22). A fundamental property concerning AGR rules is
soundnessor logical correctness, i.e. the question whether
the assumptions in the AGR rule guarantee the conclusion.
As a first example, we will investigate the following trian-
gular rules for which only the existence of one simulation
relationΣPi

4 ΣQi
, i ∈ 1, 2, is required.

Proposition 5: Given linear continuous-time systems
Σi, i = {P1, P2, Q1, Q2} of the form (1). Then the following
AGR rules are sound:

(A1) ΣP1
4 ΣQ1

(23)

(B1) ΣQ1
‖cΣP2

4 ΣQ1
‖cΣQ2

(C1) ΣP1
‖cΣP2

4 ΣQ1
‖cΣQ2

(A2) ΣP2
4 ΣQ2

(24)

(B2) ΣP1
‖cΣQ2

4 ΣQ1
‖cΣQ2

(C2) ΣP1
‖cΣP2

4 ΣQ1
‖cΣQ2

Proof: The proof relies on the modularity proper-
ties of simulation relations for linear continuous-time sys-
tems. From Proposition 2, one can deduce from (A1) that
ΣP1

‖cΣP2
4 ΣQ1

‖cΣP2
holds when interconnected with

ΣP2
. Then by transitivity of simulation, one obtains (C1)

from (B1),

ΣP1
‖cΣP2

4 ΣQ1
‖cΣP2

4 ΣQ1
‖cΣQ2

(25)

The same arguments also hold for the second rule.



The above rules are examples of non-circular AGR where
the assumption of antecedent (Bi), namely the existence
of a simulation relation ofΣP1

by ΣQ1
, is guaranteed by

antecedent (Ai). As in other applications (e. g. [2]), these
rules are sound without any further conditions.
On the contrary, circular rules use assumptions yet to be
proven in both the antecedents. Such a circular AGR rule is
given by

(A) ΣP1
‖cΣQ2

4 ΣQ1
‖cΣQ2

(26)

(B) ΣQ1
‖cΣP2

4 ΣQ1
‖cΣQ2

(C) ΣP1
‖cΣP2

4 ΣQ1
‖cΣQ2

Note that (26) is weaker than the non-circular AGR rule
(23) since by Proposition 2, (A) is implied by (A1), but the
converse is not true for closed feedback interconnections as
stated in Proposition 4.

Example 1:Consider the following example systems

ΣP1
:

ẋP1
=

[

1 0
0 1

]

xP1
+

[

1
1

]

uP1

yP1
=

[

1 0
]

xP1

(27)

ΣQ1
:

ẋQ1
=

[

2 0
0 −1

]

xQ1
+

[

1
1

]

uP1

yQ1
=

[

1 0
]

xQ1

ΣQ2
:

ẋQ2
=

[

1 0
0 1

]

xQ2
+

[

0
1

]

uP1

yQ2
=

[

1 −1
]

xQ2

Clearly, ΣP1
� ΣQ1

since their transfer functions do not
match,GP1

= 1
s−1 6= GQ1

= 1
s−2 .

Considering their interconnections withΣQ2
, there does

exist a simulation relationS of ΣP1
‖cΣQ2

by ΣQ1
‖cΣQ2

given by S = {( 0, x1
P1

, x1
Q2

, 0, x1
Q1

, 0, x1
Q2

, 0) | x1
P1

=
x1

Q1
, (x1

P1
, 0, x1

Q2
, 0) ∈ XP1

×XQ2
, (x1

Q1
, 0, x1

Q2
, 0) ∈ XQ1

×
XQ2

}. Thus, the proof obligation (A) is indeed weaker than
(A1).

We investigate the soundness of the AGR rule (26) for lin-
ear continuous-time systems without external disturbances,
i.e.Gi ≡ 0, i = {P1, P2, Q1, Q2}. In the proof, the following
lemma will be used.

Lemma 1:Given two deterministic linear continuous-time
systemsΣi, i = 1, 2 with the same Markov parameters, i.e.
C1A

k
1B1 = C2A

k
2B2, k = 0, 1, . . ..

Then for all (x1, x2) ∈ X1 ×X2 such that

C1x1 = C2x2 (28)

it holds that

C1(A1 − B1C1)
kx1 = C2(A2 − B2C2)

kx2, k = 1, 2, . . .

⇐⇒
C1A

k
1x1 = C2A

k
2x2, k = 1, 2, . . .

(29)

Proof: We will prove (29) by induction.
For k = 1 we obtain

C1(A1 − B1C1)x1 = C2(A2 − B2C2)x2

⇐⇒
C1A1x1 − C1B1C1x1 = C2A2x2 − C2B2C2x2

⇐⇒
C1A1x1 = C2A2x2

sinceC1B1C1x1 = C2B2C2x2 by assumption (28) and the
equality of the first Markov parametersC1B1 = C2B2.
Assuming that (29) holds for a certaink, we conclude

C1(A1 − B1C1)
k+1x1 = C2(A2 − B2C2)

k+1x2

⇐⇒
C1(A1 − B1C1)

kA1x1 − C1(A1 − B1C1)
kB1C1x1 =

= C2(A2 − B2C2)
kA2x2 − C2(A2 − B2C2)

kB2C2x2

⇐⇒
C1(A1 − B1C1)

kA1x1 = C2(A2 − B2C2)
kA2x2

⇐⇒

C1A
k+1
1 x1 = C2A

k+1
2 x2

where we made use of

C1(A1 − B1C1)
kB1C1x1 = C2(A2 − B2C2)

kB2C2x2. (30)

As before,C1x̃1 := C1B1C1x1 = C2B2C2x2 =: C2x̃2 so
that we can apply the hypothesis (29) on

C1(A1 − B1C1)
kx̃1 = C2(A2 − B2C2)

kx̃2 .

Equation (30) then reduces to the equality of the(k +1)−th
Markov parametersC1A

k
1B1 = C2A

k
2B2.

Proposition 6: Given the linear continuous-time systems
Σi, i = P1, P2, Q1, Q2 and the conditions (A) and (B) of the
circular AGR rule (26). Define the linear subspace

S ⊂ XP1
×XP2

×XQ1
×XQ2

:= (31)

=
{

(xP1
, xP2

, xQ1
, xQ2

)
∣

∣∃x′
Q2

: (xP1
, xQ2

, xQ1
, x′

Q2
)

∈ S1 ∧ ∃x′
Q1

: (xQ1
, xP2

, x′
Q1

, xQ2
) ∈ S2

}

Then the subspaceS defines a simulation relation of
ΣP1

‖ΣP2
by ΣQ1

‖ΣQ2
as defined by (C).

Moreover, if Si, i = 1, 2, are maximal thenS defines a full
simulation relation as well. Hence the circular AGR rule (26)
for deterministic linear continuous-time systems is sound.

Proof:
S defines a linear subspace:
This can easily be verified.
S defines a simulation relation ofΣP1

‖ΣP2
by ΣQ1

‖ΣQ2
:

Take anyx = (xP1
, xP2

, xQ1
, xQ2

) ∈ S. Since x ∈ S,
property 2,(ii) is readily fulfilled, namely thatCPi

xPi
=

CQi
xQi

, i = 1, 2 and moreover alsoCjxj = Cjx
′
j , j =

Q1, Q2. Construct

ẋ′
Q2

:= AQ2
x′

Q2
+ BQ2

CQ1
xQ1

(32)

ẋ′
Q1

:= AQ1
xQ1

− BQ1
CQ2

xQ2

Then








ẋP1

ẋQ2

ẋQ1

ẋ′
Q2









=









AP1
xP1

− BP1
CQ2

xQ2

BQ2
CP1

xP1
+ AQ2

xQ2

AQ1
xQ1

− BQ1
CQ2

x′
Q2

BQ2
CQ1

xQ1
+ AQ2

x′
Q2









∈ S2 (33)



and similarly(ẋQ1
, ẋP2

, ẋ′
Q1

, ẋQ2
) ∈ S2.

S defines a full simulation relation :
AssumingS1 and S2 are maximal one can explicitly char-
acterize the subspacesS1 andS2 in a kernel representation
as stated in Theorem 4. The maximal simulation relations
Smax

1 can therefore be written as

Smax
1 =

k
⋂

i=0

ker
[

C1(A1 − B1C1)
i −C2(A2 − B2C2)

i
]

(34)

Since we are considering deterministic systems, the assump-
tions of Lemma 1 are fulfilled which renders (34) equivalent
to

Smax
1 =

k
⋂

i=0

ker
[

C1A
i
1 −C2A

i
2

]

(35)

PartitioningSmax
1 , one obtains the desired kernel represen-

tation

S1 =
{

(xP1
, xQ2

, xQ1
, x′

Q2
) | P 1

1 xP1
+ Q1

2xQ2
+ (36)

Q1
1xQ1

+ Q
1,′
2 x′

Q2
= 0

}

where

P 1
1 =



















CP1

0
CP1

AP1

0
...

CP1
Ak

P1



















, Q1
1 =



















CQ1

0
CQ1

AQ1

0
...

CQ1
Ak

Q1



















Q1
2 = Q

1,′
2 =























0
CQ2

0
CQ2

AQ2

0
...

CQ2
Ak

Q2























with imP 1
1 ⊂ imQ1

1 + imQ
1,′
2 sinceS1 is full.

Similarly for S2, one obtains

S2 =
{

(xQ1
, xP2

, x′
Q1

, xQ2
) | Q2

1xQ1
+ P 2

2 xP2
+ (37)

Q
1,′
1 xQ1

+ Q2
2xQ2

= 0
}

for some matricesP 2
2 , Q1

2, Q
1,′
2 , Q2

2 such thatQ2
1 = Q

2,′
1 and

imP 2
2 ⊂ imQ

2,′
1 + imQ2

2.
Following the construction (31),S is given by

S =

{

(xP1
, xP2

, xQ1
, xQ2

) | ∃x′
Q1

, x′
Q2

:

[

P 1
1

0

]

xP1
+

+

[

0
P 2

2

]

xP2
+

[

Q1
1 Q1

2

Q2
1 Q2

2

] [

xQ1

xQ2

]

+

+

[

Q
1,′
2

0

]

x′
Q2

+

[

0

Q
2,′
1

]

x′
Q1

= 0

}

Then,S is a full simulation relation if

im

[

P 1
1 0
0 P 2

2

]

⊂ im

[

Q1
1 Q1

2

Q2
1 Q2

2

]

+ (38)

+im

[

Q
1,′
2

0

]

+ im

[

0

Q
2,′
1

]

Knowing that S1 and S2 are full and imQ2
1 = imQ

1,′
2 ,

imQ1
2 = imQ

1,′
2 from (36) and (37), respectively, it holds

that

im

[

P 1
1

0

]

⊂ im

[

Q1
1

Q2
1

]

+ im

[

Q
1,′
2

0

]

+ im

[

0

Q
2,′
1

]

im

[

0
P 2

2

]

⊂ im

[

Q1
2

Q2
2

]

+ im

[

Q
1,′
2

0

]

+ im

[

0

Q
2,′
1

]

Thus, (38) is fulfilled which makesS a full simulation
relation.

Finally, by (A) and (B) there exist full simulation rela-
tions S1 andS2 implying that also the maximalsimulation
relations for (A) and (B) are full. HenceS as defined in (31)
is a full simulation relation.

V. CONCLUSIONS

In this paper, we started to develop a framework for
compositional and assume guarantee reasoning for linear
dynamical systems. For the open type of interconnection,
modularity of simulation relations is the main property.
Thus, statements with respect to interacting subsystems
can be reduced to statements with respect to the individual
components and vice versa. When closed interconnections
are considered, assume guarantee reasoning can simplify
the analysis of complex interconnections. To that aim, we
presented both circular and non- circular AGR rules. As a
subject of future research, the fundamental properties of the
latter , especially its soundness, are to be investigated also
for non-deterministic systems. Furthermore, generalizations
to classes of nonlinear or hybrid systems and other types of
interconnections would be desirable.
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