
CoupledHopf–bifurcations:
Persistentexamplesof � –quasiperiodicity

determinedby familiesof 3–jets

HenkBroer�
Abstract

In this noteexamplesarepresentedof vectorfields dependingon param-
etersanddeterminedby the � –jet, which displaypersistentoccurrenceof� –quasiperiodicity. In the parameterspacethis occurrencehasrelatively
largemeasure.A leadingexampleconsistsof weaklycoupledHopf bifurca-
tions. This example,however, is extendedto full generalityin thespaceof
all 3–jets.

1 Intr oduction

In the theoryof coupledreactiondiffusionequationsthefollowing is of interest,
seePoĺačik et al. [12, 19]. Theproblemis whetherpersistentexamplesexist of
(parameterdependent)dynamicalsystemswith thefollowing properties:

1. Occurrenceof � –quasiperiodicityin ameasuretheoreticallysignificantway.

2. Thesystemis local,andthepropertyis determinedby a low orderjet.

3. Preferablyparametersareonly neededin thelinearpart.

Below we presenta solutionto this problemby meansof coupledHopf families.
To fix thoughts,westartwith anexample.

Example 1 (Weakly coupledHopf bifur cations)Considera ��� —systemof �
weaklycoupledHopf bifurcations,neartheorigin of �
	�� givenby
������������� 
�� � �������� � ��� 
 ���� ��� �"!#� 	�%$ � 	�'& 
 ���� �(� $�) !+*-, &/. (1)0
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132 452 � . where * 	 � 6 ��87:9 !;� 	� $ � 	� &/< The lower order part (the 3–jet)
consistsof � completelydecoupledHopf bifurcations,asalreadyconsideredin
[15]. Presently, however, we includethecouplingterm ) !+* , &=< Moreover, we in-
clude >?� parameters! � . � & � ! � 9 . < < <@. � � . �A9 . < < <=. � � &=. where

�CB � � D is small
andwhere � variesover any compactdisc EGFH� �D < In multi–polarcoordinates��� � *I�:J@KMLONA� . ��� � *I�OLQPSRTN:� thedecoupledlowerorderpartreads�NA� � ����*I� � *U�?! � �V�W* 	�?&=. (2)1X2C4W2 � < Clearly for

� �ZY\[ . system(2) hasan � –torusattractor *U� �^] � � .
wherethe dynamicsis parallelgiven by

�NA� � ��� . 1_254"2 � < Our interestis
with the fate of this dynamicalphenomenonupon addition of the higher order
perturbation) !+* , &=<
Below wegeneralizethesettingof Example1, raisingasimilarproblem.To solve
this we apply both CenterManifold Theory [14] and KAM Theory in the dis-
sipative setting[17, 2, 6, 3, 7]. We summarizethe resultsof our investigation.
First, for small ` � ` . the family of � –tori is �Ta –persistentfor suchperturbations,
wheretheboundon ` � ` dependson b < Second,thecontinuumof paralleldynam-
ics persistsasa Whitney smoothfamily of quasiperiodicattractors,foliatedover
a Cantorset. Projectedto the ! � . � & –parameterspace,this Cantorfoliation has
positivemeasure,expressedin termsof a Lebesguedensitypoint of quasiperiod-
icity correspondingto

� � [ < Notably, thedynamicsin betweengenericallybreak
up dueto internalresonance:uponvariationof parametersthe dynamicscanbe
asymptoticallyperiodic(e.g.,phaselocked)or chaotic( �(c"d ), [20, 18, 21,23].

Let usbriefly outline thecontentsof this paper. We startby generalizingthe
settingof Example1, anddevelopingan appropriateperturbationmodelfor the
applicationof CenterManifold andKAM Theory. We endby a generaldiscus-
sion, pointing towardssomeinterestingproblemsregardingquasiperiodicHopf
bifurcationthatoccurin a subordinateway.

2 CoupledHopf–bifur cations

2.1 Setting of the problem

Insteadof weaklycoupledcase(1) wehereconsiderthemoregeneralsystem
�����������e� 
�� � �f������ � �g� 
 ���� �(� $h) !+* 	 &/. (3)

which will be subjectto suitable �ji –openconditions. As in Example1 a we
include dependenceon the parametervector ! � . � & B �
�Dlk �
�D < We apply a
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standardnormalform procedureto system(3), e.g.compare[22, 4, 24,11]. Note
thatthelinearpartof (3) hasa mn� –symmetry. Strongresonancesareexcludedby
requiringthat �o �Q7:9 ���=pq�sr� [ whenever [ut �o �Q7:9 ` pq� ` 2�v . (4)

which amountsto thefirst opencondition.Granted(4), by nearidentity, polyno-
mial changesof variablesthis m � –symmetrycanbepushedover thewhole3–jet,
which thenin appropriatemulti–polarcoordinatesreads�NA� � ���
�hw@�?!+* 	9�. < < <=. * 	� &x$�) !+*-, &�*I� � *I�y! � �%�{z �?!+* 	9 . < <�<@. * 	� &8&x$�) !;* , &=. (5)1�2|4�2 � < As in Example1,wetruncatethe ) !+* , & term,soarriving atthepresent
generalizationof (2), whichweexplorefor invariant � –tori. Thereforeweexpandw@� � w@�/9�* 	9n$�}q}q} $ w=� � * 	�z � � z �I9�* 	9~$"}q}q}q$ z�� � * 	� .
with w=��� . z���� constants,� . 4 � 1 . > .�< < <=. � < Invariant � –tori thenaredeterminedby� equations z��/9�* 	9~$�}q}q} $ z�� � * 	� � � � . (6)1s2�4�2 � < Considerthe‘action–space’� � D ��� * 	9 .�< < <�. * 	��� . wheretheequations
(6) determine� hyperplanes.Consideringthe � k � –matrix� ��� !;z���� � & ���� ��7:9�� .
we imposefurther � i –openconditions���@� � r� [ while

��� 9 ! � & B � � D < (7)

By � 	j� � � � 9 ! � & denotetheunique(transversal)intersectionpoint of thehyper-
planes.Thentheequations(6) have theuniquesolution* 	9 � � 	 9 . < < <=. * 	� � � 	� . with � 	� � � 	� ! � &=. (8)1�2|4�2 � . whichdeterminesour invariant � –torus,carryingparalleldynamics.

Remark. The openconditions(7) are trivially satisfiedin Example1, where� �e� ��� < Oneeasilydetectsotherconcreteexamplesthatare ��i –nearby(1).

As announcedin Example1, theproblemis to studytheeffect of thehigheror-
der perturbaton) !;* , & on this family of tori. As saidbefore,to answerthis we
shallapplybothCenterManifold Theory[14] andKAM Theoryin thedissipative
setting[6, 3, 7].
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2.2 An appropriate perturbati vesetting

We formulatea perturbationproblemsuitablefor our purposes.Introducingthe
smallparameter� andputting � � � *I�
� � � . we scale� � � � 	 � ����� � � �*U� � � *=� NA� � N � .
alsowriting � � � � � � . 1�2|4g2 � < Thisgivestheestimates�N � � � � $ � ) ! � &�� � � � >y� 	 � � � � $ � 	 � � ) ! ] � � &=.1�2|4�2 � . whichareuniformfor ! � . � & B�� k E . for any givencompactsubsets� . E ��� �D < A furtherscaling � � �?¡ � .
for a fixed ¢ Y 1 . leadsto thefollowing perturbationproblem:�N � � � � $h) ! � 9 D ¡ &�� � � � >-� 	 � � � � $�) ! � 	 D ¡ &/. (9)1£2¤4{2 � . againwith uniform estimates.Since ¢ Y 1 . the form (9) is suitable
for applicationof theCenterManifold Theorem[14], Thm.4.1,implying the � a –
persistenceof theinvariant � –torusfor smallvaluesof � <
To furtherinvestigatepersistenceof thequasiperiodicdynamicsweapplydissipa-
tiveKAM Theoryasdevelopedin [6] ¥ ¥ 4 and8. In theunperturbedcase�N � � � ��� � � � >y� 	 � � � � .1¦2�4Z2 � . we singleout parametervectors� B E suchthatfor all p B¨§ �ª© � [ �
Diophantineconditions `¬« p . �n­ `Mc ®` p ` ¯ (10)

hold. Here ° Y � � 1
is a constant,while we choose® � �I� ¡ . for anappropriate

(sufficiently small) constant� . dependingon
�

and E < Theseconditionsdefine
a Cantorfoliation ±�² � ³ � � k E for the unperturbedsystem.The complement! � k E & © ±�² � ³ hasmeasure) ! � ¡ & as �¦´ [ < Themainresultof thepresentpaper
is:
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Theorem 2 (Perturbation Theorem) Considersystem(9), with parametervec-
tors ! � . � & Bµ� k E . for givencompactsubsets

� . El�l�
�D < Also let b B ¶
be

sufficiently large. Then,for � Ye[ andsufficientlysmall the(9) hasthefollowing
properties:

1. Theunperturbed� –torusfamily � � [ persistsas a unique �·a –family of
hyperbolic� –torusattractors ¸�² . alsodepending� a on � <

2. For parametervalues ! � . � & B ±�² � ³ asdescribedabove, with � sufficiently
small,theunperturbedtori persistasquasiperiodictori inside ¸�² <

3. Theunionof tori inside ¸�² with non–quasiperiodicdynamicshasLebesgue
measure ) ! � ¡ &/. as �·´ [ . 1�2|4�2 � . uniformlyin ! � . � & B�� k E <

Proof. (sketch) For simplicity we perform the KAM Theory inside the cen-
ter manifold, see[6], the Appendix. This meansthat for some b=¹ t b . there
exists a � a;º –reparametrization»V² � � k E½¼ �¾�D k �¾�D . extendingto a � a;º –
diffeomorphism ¿ ² � m � k � [ � k � k EW¼À� 	�� k � � D�k � � �
suchthatfor ! � . � & B ±�² . themap

¿ ² is aconjugacy from theunperturbedsystem
to thefull (perturbed)system(9).1 Thedependenceof themap

¿ ² on � is smooth.
Thisimpliesthat(9) hasasubsystemconsistingof aWhitney smoothfoliation

of quasiperiodic� –tori. Morover, in the � a#º –topology ` ¿ ² � � � ` �ÂÁ ! � & as ��´ [ .
whichimpliesthatthetheimage» ! ±�² & haspositive(almostfull) measureas ��´ [ <Ã
Returningto thecontext of system(3) weconclude

Corollary 3 Considersystem(3), with parametervectors
�_B�� . and � B E . for

anygivencompactsets
� . E"FÄ� �D with E not containinganystrongresonances

(4). Also let b BÂ¶
be sufficiently large. Then,up to condition(7), for � Y5[ .

sufficiently small, the system(3) hasthe properties1., 2. and 3. of Theorem2.
Moreover, thebehaviourdescribedaboveis persistentundersufficiently � i –small
perturbations.

The ¸�² –dynamicsin betweenthe Cantor foliation genericallybreakup due to
internalresonance.Finally noticethattheweaklycoupledcaseof Example1 also
is fully coveredby theCorollary.

1To beprecise,Å¤ÆTÇ hasto beshrunkat its boundaryby a layerof thicknessÈÊÉ¬Ë=Ì�ÍÏÎ
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2.3 Conclusive remarks, towards quasiperiodic Hopf bifur ca-
tion

Concerningtheasymptoticsof themeasureestimate,wenotethattheKAM The-
orem[6, 7] maywell beappliedin the � � –setting,keepingtrackof thenormal
linear part. This doesnot leadto contradictions,sincethe quasiperiodictori by
parallellity are of class � � . sincethey are b normally hyperbolicfor any b < A
further (quasiperiodic)normalizingandreparametrizing(see,e.g., [3]) leadsto
sharperestimateson thecomplementof quasiperiodicity, which becomeof arbi-
trary largeorderin � . as �T´ [ . compare[7], ¥ 5.2.Assumingrealanalyticity, even
exponentiallysmallestimatescanbeobtainedfor thecomplementof quasiperiod-
icity. Compare[7, 16] andfurtherreferencesgiventhere.

Next we point out a relationshipwith quasiperiodicbifurcationtheory. Until
now we restricted

�
to compactsubsets

�
of the opencone � � D . therebyonly

covering interior points. Considerthe
�

–regime nearthe boundaryof this cone.
In theunperturbedsystem(2) of Example1, this givesnormallyelliptic subtori,
andclearlytheperturbativecasesinvolvesubordinatequasiperiodicHopf bifurca-
tions,compare[3, 7, 8, 5, 25, 9, 10, 23]. In thepresent,generalcasethe theory
will be even more interesting,compare[13, 26], for generalreferencealsosee
[1]. Investigationof this will requirefurther research,asis alsoindicatedby the
following example,kindly providedby FlorianWagener.

Example 4 (Two weakly coupledHopf families) Considerthe‘integrable’sys-
tem �N¾9 � �A9�N 	 � � 	�*?9 � *?9@! � 9~�W* 	9I& �_*y,	�* 	 � * 	 ! � 	 �W* 		 &=<
A brief calculationrevealsthatthenon–hyperbolictori occurfor>'Ð � ,	 � v � i 9 *y9 � 9Ñ i ] � 9Ò* 	 � ] � 	 .� 	 � [ *y9 � ] � 9 * 	 � [ <
The problemis to study the effectsof integrableandnon–integrablehigheror-
der terms. Notice that the hyperplanesin parameterspacewheresubordinate
quasiperiodicHopf bifurcationstake place,have shifted somewhat. However,
by the scalingall interior points of the coneare drawn within the regime with
invariant � –tori.

Observethatthisprogramis reminiscentto theHamiltoniancaseof elliptic subtori,
[6, 3, 7, 16].
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[3] B.L.J. Braaksma,H.W. Broer andG.B. Huitema,Towardsa Quasiperiodic
BifurcationTheory, Mem.AMS, 83(421)(1990),83–175.

[4] H.W. Broer, Formalnormalformsfor vectorfieldsandsomeconsequences
for bifurcationsin thevolumepreservingcase.In: D. RandandL.S. Young
(eds.),DynamicalSystemsandTurbulence, Warwick 1980LNM 898(1981),
75–89,Springer–Verlag.

[5] H.W. Broer, KAM-Theory: Multi–Periodicity in conservative anddissipa-
tivesystems,NieuwArch. Wisk. 14(1), (1996),1–15.

[6] H.W. Broer, G.B. Huitemaand F. Takens,Unfoldings of Quasi–Periodic
Tori, Mem.AMS, 83(421)(1990),1–82.

[7] H.W. Broer, G.B. HuitemaandM.B. Sevryuk, Quasi–periodictori in fami-
lies of dynamicalsystems:orderamidstchaos,LNM 1645, SpringerVerlag
1996.

[8] H.W. Broer & F. Takens,Mixed spectrumandrotationalsymmetry, Arch.
RationalMech. An.124(1993),13–42.

[9] H.W. Broer, F. TakensandF.O.O.Wagener, Integrableandnon–integrable
deformationsof theskew Hopf bifurcation,Reg. andChaot.Dyn. 4 (1999),
17–43.

[10] H.W. BroerandF.O.O.Wagener, Quasi–periodicstability of subfamiliesof
an unfoldedskew–Hopf bifurcation,Arch. RationalMech. An. 152 (2000),
283–326.

7



[11] S-N. Chow, C. Li andD. Wang,Normal Formsand Bifurcation of Planar
VectorFields. CambridgeUniversityPress1994.
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