CoupledHopf-bifurcations:
Persistenexamplesof n—quasiperiodicity
determinedy familiesof 3—jets
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Abstract

In this note examplesare presentedf vector fields dependingon param-
etersand determinedby the 3—jet, which display persistentoccurrenceof
n—quasiperiodicity In the parameterspacethis occurrencehasrelatively
largemeasureA leadingexampleconsistof weakly coupledHopf bifurca-
tions. This example,however, is extendedto full generalityin the spaceof
all 3—jets.

1 Intr oduction

In the theoryof coupledreactiondiffusion equationghe following is of interest,
seePokCik etal. [12, 19]. The problemis whetherpersistenexamplesexist of
(parametedependentilynamicalsystemswith thefollowing properties:

1. Occurrence®f n—quasiperiodicityn ameasureheoreticallysignificantway.
2. Thesystemis local, andthe propertyis determinedy alow orderjet.

3. Preferablyparameterareonly neededn thelinearpart.

Below we presenta solutionto this problemby meansof coupledHopf families.
To fix thoughtswe startwith anexample.

Example 1 (Weakly coupledHopf bifur cations) Considera C'*°—systemof n
weakly coupledHopf bifurcations nearthe origin of R?" givenby

(5)=(5 2)(2) @i (2) o @
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1 < j < n,wherer? = 3% (z7 + y;). The lower order part (the 3—jet)

consistsof n completelydecoupledHopf bifurcations,as alreadyconsideredn

[15]. Presentlyhowever, we includethe couplingterm O(r*). Moreover, we in-

clude2n parameterga, 3) = (o, ..., o, 51, ..., Bn), Wherea € R? is small

andwhere 3 variesover ary compactdisc L C R’;.. In multi-polarcoordinates
x; =15 €08 ¢;,y; = r;sin ; thedecoupledower orderpartreads

o; = B

o= rila;—13), (2)
1 < j < n. Clearlyfor o; > 0, system(2) hasan n—torusattractorr; = ,/a;
wherethe dynamicsis parallelgivenby ¢; = 3;, 1 < j < n. Our interestis

with the fate of this dynamicalphenomenorupon addition of the higher order
perturbatiorO(r?).

Below we generalizehesettingof Examplel, raisingasimilar problem.To solve
this we apply both CenterManifold Theory [14] and KAM Theoryin the dis-
sipatve setting[17, 2, 6, 3, 7]. We summarizethe resultsof our investigation.
First, for small ||, the family of n—tori is C—persistenfor suchperturbations,
wherethe boundon |«| depend®n ¢. Secondthe continuumof paralleldynam-
ics persistsasa Whitney smoothfamily of quasiperiodiattractorsfoliated over
a Cantorset. Projectedto the («, §)—parametespace this Cantorfoliation has
positive measureexpressedn termsof a Lebesguealensitypoint of quasiperiod-
icity correspondingo o = 0. Notably, thedynamicsn betweergenericallybreak
up dueto internalresonanceuponvariationof parametershe dynamicscanbe
asymptoticallyperiodic(e.g.,phasdocked)or chaotic(n > 3), [20, 18, 21, 23].

Let us briefly outline the contentsof this paper We startby generalizinghe
settingof Examplel, anddevelopingan appropriateperturbationrmodelfor the
applicationof CenterManifold andKAM Theory We endby a generaldiscus-
sion, pointing towardssomeinterestingproblemsregardingquasiperiodidHopf
bifurcationthatoccurin a subordinatevay.

2 Coupled Hopf-bifur cations

2.1 Setting of the problem

Insteadof weakly coupledcase(1) we hereconsidethe moregenerakystem

T\ _ [ o —B; T 2
(?Jj)_(ﬁj aj)(yj)JrO(r)’ )

which will be subjectto suitableC3—openconditions. As in Examplel a we
include dependencen the parametewector (o, 3) € R} x R}. We apply a
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standarchormalform procedurdo system(3), e.g.comparg22, 4, 24,11]. Note
thatthelinearpartof (3) hasa T"—symmetry Strongresonanceareexcludedby
requiringthat

> Bjkj # 0 whenarer0 < [k;| < 4, (4)
7j=1 Jj=1

which amountdo thefirst opencondition. Granted(4), by nearidentity, polyno-
mial change®f variablesthis T"—symmetrycanbe pushedover thewhole 3—jet,
which thenin appropriatenulti—polarcoordinateseads

ij = ﬁj—fj(T%,...,TZ)-i-O(?A)
ryo= rila;—g;(ri,... ) + 0@, (5)

1 < j < n.Asin Examplel, wetruncatetheO(r*) term,soarriving atthepresent
generalizatiorof (2), whichwe explorefor invariantn—tori. Thereforewe expand

fi = fari+--+ fiur?
g = gnri+ o+ gt

with f;;, g;; constants;, j = 1,2, ..., n. Invariantn—tori thenaredeterminecoy
n equations

gjlr% 4+ -+ gjnri = aj, (6)
1 < j < n. Considerthe ‘action—spaceR" = {r?,...,r2}, wheretheequations

(6) determinen hyperplanesConsideringhen x n—matrix

G = <(9j,i)j,i:7f> :
we imposefurther C3—openconditions
det G # 0 while G '(a) € R?. (7)
By ¢® := G~ '(a) denotethe unique(trans\ersal)intersectionpoint of the hyper
planes.Thenthe equationg6) have the uniquesolution

> =ch, with ¢&f = (), (8)

2 _ 2
rH=«c¢,...,T,

1 < j < n, whichdetermine®ur invariantn—torus,carryingparalleldynamics.

Remark. The openconditions(7) are trivially satisfiedin Examplel1, where
G = 1d,. Oneeasilydetectsotherconcreteexamplesthatare C3—nearby(1).

As announcedn Examplel, the problemis to studythe effect of the higheror-
der perturbatonO(r%) on this family of tori. As said before,to answerthis we
shallapplybothCenterManifold Theory[14] andKAM Theoryin thedissipatve
setting[6, 3, 7].



2.2 An appropriate perturbati ve setting

We formulatea perturbationproblemsuitablefor our purposes.Introducingthe
smallparametet andputtingl; = r; — c;, we scale

aj=¢e’q; B;j=5;
Ty = SFJ' Yi = @ja
alsowriting I; = £1;, 1 < j < n. Thisgivesthe estimates
¢j = Bj + 50(7)

Ij = —2826]'7]'—%—827]'0(\/57),

1 < j < n, whichareuniformfor (@, ) € K x L, for ary givencompacsubsets
K, L C R} . A furtherscaling

I= 5qi
for afixedq > 1, leadsto thefollowing perturbatiorproblem:
= B, +0()
= —2%1; + O(e*9), (9)

S

~ll-
<.

1 < j < n, againwith uniform estimates.Sinceq > 1, theform (9) is suitable
for applicationof the CenterManifold Theorem{14], Thm.4.1,implying the C*~
persistencef theinvariantn—torusfor smallvaluesof ¢.

To furtherinvestigatepersistencef thequasiperiodicdynamicswve applydissipa-
tive KAM Theoryasdevelopedin [6] §§4 and8. In theunperturbeatase

= B

— 2_.:.
= —2"a;lj,

3

il

1 < j < n, wesingleoutparametewectorss € L suchthatfor all £ € Z" \ {0}
Diophantineconditions

7‘7 (10)

k >
Bl 2
hold. Herer > n — 1 is aconstantwhile we choosey = ce?, for anappropriate
(sufficiently small) constantc, dependingon K and L. Theseconditionsdefine
a Cantorfoliation C. . C K x L for the unperturbedsystem. The complement

(K x L)\ C. . hasmeasure)(c?) ase | 0. Themainresultof the presenpaper
is:



Theorem 2 (Perturbation Theorem) Considersystem(9), with parametervec-
tors (o, B) € K x L, for givencompactsubsetsk’, L C R". Alsolet/ € N be
suficientlylarge. Then,for ¢ > 0 andsuficientlysmallthe (9) hasthe following

properties:

1. Theunperturbedn—torusfamily I = 0 persistsas a unique C*~family of
hyperbolicn—torusattractors 7;, alsodepending’? one.

2. For parametervalues(a, 3) € C. . asdescribedabove, with ¢ suficiently
small,theunperturbedori persistasquasiperiodidori inside7;.

3. Theunionoftori inside7. with non—quasiperiodidynamicshasLebesgue
measue O(g?), ase | 0, 1 < j < n, uniformlyin (@, 8) € K x L.

Proof. (sketch) For simplicity we performthe KAM Theory inside the cen-
ter manifold, see[6], the Appendix. This meansthat for some/’ < ¢, there
exists a C* —reparametrizatio®, : K x L — R? x R, extendingto a C*—
diffeomorphism

T, : T x {0} x K x L - R xR} xR*

suchthatfor (@, 8) € C., themapV, is aconjugay from theunperturbedystem
to thefull (perturbedpystem(9).! Thedependencef themap¥, one is smooth.
Thisimpliesthat(9) hasa subsystenconsistingof aWhitney smoothfoliation
of quasiperiodia—tori. Morover, in the C* —topology|¥, — Id| = o(¢) ase | 0,
whichimpliesthatthetheimage®(C.) haspositive (almostfull) measurase | 0.
O

Returningto the context of system(3) we conclude

Corollary 3 Considersysten(3), with parametervectos@ € K, andg € L, for
anygivencompactsetsk, L C R} with L notcontainingany strongresonances
(4). Alsolet ¢ € N be suficientlylarge. Then,up to condition(7), for e > 0,
suficiently small, the system(3) hasthe propertiesl., 2. and 3. of Theoem?2.
Moreover, thebehaviourdescribedaboveis persistentundersuficiently C3—small
perturbations.

The 7.—dynamicsin betweenthe Cantorfoliation genericallybreakup due to
internalresonancekinally noticethatthe weakly coupledcaseof Examplel also
is fully coveredby the Corollary.

To beprecise,K x L hasto beshrunkatits boundaryby alayerof thicknessO(g9).



2.3 Conclusive remarks, towards quasiperiodic Hopf bifur ca-
tion

Concerninghe asymptoticof the measureestimatewe notethatthe KAM The-
orem[6, 7] may well be appliedin the C*°—setting,keepingtrack of the normal
linear part. This doesnot leadto contradictionssincethe quasiperiodidori by
parallellity are of classC*°, sincethey are ¢ normally hyperbolicfor ary /. A
further (quasiperiodichormalizingand reparametrizingsee,e.g.,[3]) leadsto
sharperestimateson the complemenbf quasiperiodicitywhich becomeof arbi-
trarylargeorderin ¢, ase | 0, comparg7], §5.2. Assumingrealanalyticity, even
exponentiallysmallestimateganbe obtainedor the complemenbf quasiperiod-
icity. Compard7, 16 andfurtherreferencegiventhere.

Next we point out a relationshipwith quasiperiodidifurcationtheory Until
now we restricteda to compactsubsetsk of the openconeR? , therebyonly
coveringinterior points. Considerthe a—regime nearthe boundaryof this cone.
In the unperturbedsystem(2) of Examplel, this givesnormally elliptic subtori,
andclearlytheperturbatve casesnvolve subordinatejuasiperiodiddopf bifurca-
tions,compar€g3, 7, 8, 5, 25, 9, 10, 23]. In the presentgeneralcasethe theory
will be even more interesting,compare[13, 26], for generalreferencealso see
[1]. Investigationof this will requirefurtherresearchasis alsoindicatedby the
following example kindly providedby FlorianWagener

Example 4 (Two weakly coupled Hopf families) Considerthe ‘integrable’sys-
tem

¢ = B

P2 = P2

o= ri(on—rd) =15
Fo = ro(ag —13).

A brief calculationrevealsthatthe non—hyperbolidori occurfor

2705 = 4a rlzﬁ\/a ro = /02,
012:0 7’1:\/0171 7’2:0.

The problemis to studythe effects of integrableand non—intgrablehigher or-
der terms. Notice that the hyperplanesn parameterspacewhere subordinate
quasiperiodicHopf bifurcationstake place, have shifted someavhat. However,
by the scalingall interior points of the coneare dravn within the regime with
invariantn—tori.

Obsenethatthis programis reminiscento theHamiltoniancaseof elliptic subtori,
[6,3,7,16].
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