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Preface

When you look at the setting sun, sometimes you see surprising things. For instance,

occasionally it may look as if the sun is already setting while still above the horizon.

Some of you may have witnessed a blank strip in the solar disk, just before sunset. It

turns out that these phenomena are related to more familiar things, such as reflection

in warm asphalt road paving, or more more generally to mirages and fata morganas.

As an example see the photo on the next page, taken by the Vatican Observatory.

One important reason for these phenomena is the following. Normally the tempera-

ture decreases with increasing height. Occasionally however, temperature inversion

occurs in which case a warmer layer may arise above the observer. At the lower

boundary of such a layer the light may be either bent (refracted) or bounced (re-

flected). The latter is called upper reflection. A lower reflection may also occur,

in a warm layer near the surface of the earth or near sea level. The latter phe-

nomenon also occurs in smooth sheets of ice, in mirroring lakes, or in the warm

asphalt pavings mentioned before. Related to all this is the green flash that may

arise from the fact that red light rays in the atmosphere are bent more strongly than

green ones. As a consequence the “green sun” stays visible, while the “red sun” has

already set. Note that usually we observe a white sun as a superposition of the green

and the red one. Needless to say that all of this only happens in optimal atmospheric

circumstances!

The theoretical background that we are going to develop is called geometric optics,

that is the theory of light rays. The central idea is the Fermat Principle, which

asserts that light rays follows paths of shortest time.

We will also consider the brachistochrone problem as this was posed by Johann

Bernoulli; this occurred in his Groningen period, between 1695 and 1705. The

question is what is the “fastest slideway” between two points in a vertical plane,

subject to constant vertical gravitation. This minimization problem is nowadays an

exercise in courses on calculus of variations, but Bernoulli’s own solution however

views the brachistochrone as a light ray in an atmosphere of a flat earth, where

the refraction index is properly chosen. He therefore applies the optical Fermat

Principle in a mechanical context. This handsome combination will lead us to the

famous answer: the best path is a cycloid. We could not resist the temptation to

also pay some attention to Christiaan Huygens’s earlier work on the cycloid. Thus

it will appear that the cycloid, apart from brachistochrone, moreover is iso- and

tautochrone.
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A strong motivation and inspiration for the present work came from The Nature

of Light and Colour in the Open Air by Marcel G.J. Minnaert (1893-1970). This

book is the first part of his three volumes De natuurkunde van ’t vrije veld [72]. A

reprint in the 1970s induced a strong revival of interest in Minnaert’s work. In the

beginning of the 1980s Marja Bos graduated from the University of Groningen with

a thesis on De blinde strook, i.e., The blank strip [19], a theme that will recur below.
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Minnaert was well-known as an astrophysicist and as the director of the Utrecht

observatory Sonnenborgh. For a highly readable biography see Molenaar [73].

The present book is intended for all readers with an interest in the subject, where we

especially think of teachers and professors of mathematics and physics. The con-

tents offer many illustrative examples to be used in mathematics or physics classes

and may possibly inspire projects, essays, and theses. Therefore, this text may well

be of interest to students of these subjects. The book, apart from an introductory

chapter, consists of two parts. The mathematics of Part I, entitled Geometry of light

rays in the atmosphere, mainly consists of planar Euclidean geometry and elemen-

tary differential and integral calculus. This material in principle already suffices

to support the optical phenomenology of interest to us. Part II, entitled Light rays

as geodesics, goes deeper into the background mathematics in terms of the calcu-

lus of variations and differential geometry, where the Fermat Principle is turned

into Hamilton’s Principle. Here a magnificent background culture is touched on

that makes a connection with many later developments of mathematical physics.

The chapters, as well as the entire book, are concluded with a scholium where sug-

gestions for further reading are collected. An earlier version of the present book

appeared in Dutch [24].
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Chapter 1

Introduction and Overview

This book is concerned with certain near-horizon optical phenomena, such deforma-

tions of the solar disk just before sunset and fata morganas and mirages, as already

discussed in the Preface. In particular, our interest is in the development and ap-

plication of geometric optics in an atmospheric context. We will study how light

rays are refracted and reflected through layers in the atmosphere. This leads to an

explanation of the various optical phenomena that may occur around the horizon.

An important example of this is formed by blank strips in the disk of the setting

sun, as described by Wegener [93, 94] and later by Minnaert [72]. For a schematic

impression, see Figure 1.1 on page 2, which we now inspect in more detail.

Usually temperature decreases monotonically with the distance to the earth’s sur-

face, but sometimes a temperature inversion occurs, in which one or more warmer

layers come into existence. Since the refraction index depends on the temperature,

an inversion can create a discontinuity in the refraction index profile. In Figure 1.1

the situation is depicted with one warm layer bounded from below by a circle at

height H that resides above the observer W .1 In the circle at height H reflection

can occur, often indicated by the term upper reflection. As we will explain, in in-

teraction with refraction a Wegener sector can arise, within which W only receives

light rays from below the horizon. When the sun is at the appropriate height above

the horizon, W observes a blank strip in the solar disk, also see Figure 1.2 on page 3.

Furthermore, within or near such a Wegener sector W may witness fata morganas:

these are images of objects below the horizon. In Chapter 3 we will discuss this in

more detail and also discuss variations where lower reflection occurs, for instance

in a warm layer close to the earth’s surface. As an example see Figure 1.4 on page 5.

These descriptions have a largely schematic nature: they serve as a qualitative sup-

port for understanding rather than for strict quantitative purposes. This is a tradition

1The Dutch name for observer is “waarnemer”, which explains the notation W .
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Figure 1.1: Minnaert [72], Figure 60. Qualitative explanation for a blank

strip (Dutch: blinde strook) in the sun in a model with one warm layer. The

lower boundary of the layer is formed by a circle at height H . The observer

W roughly looks in the horizontal direction. Transitions between refraction

and reflection yield a so-called Wegener sector, within which W only receives

light rays from below the horizon. This may lead to a blank strip in the setting

sun. See the text for further explanation.

that goes back at least as far as Kepler [57]. Precise data of refraction index profiles

over the entire height of the atmosphere are in fact not available. For the (consider-

ably awkward) physical background see, for instance, the Feynman Lectures [38].

In fact we here are dealing with a so-called inverse problem, namely to what extent

certain phenomena in the atmosphere can be given a geometric optical explanation;

see also [65, 95, 96].

Remarks.

– Some relevant data. The diameter of the sun is approximately 32′ ≈ 0.5o,
expressed in minutes and degrees of arc. The radius of the earth is R = 6400
km, while the height of the atmosphere approximately equals 11 km. Realistic
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Figure 1.2: Theoretical sunset with blank strip. The atmosphere is dark and

the earth light gray. Also note the deformation of the solar disk. For details

see Chapter 3.

values for the height of the observer W are 10 to 15 m, if he observes from

the top of a dune or from the deck of a ship. A “warm layer” might be only a

few degrees warmer, but sometimes the difference is as much as 20o Celsius.

– In a model with one warm layer as in Figure 1.1, a value of H ≈ 80 m as

the height of the lower circular boundary of the warm layer is often appropri-

ate for “saving the appearances”.2 For somewhat more realistic models see

Chapter 3.

– The sunsets and fata morganas depicted here and in Chapter 3 are referred

to as “theoretical”. This means that the pictures are produced by simulation

based on the geometric optical theory developed in this book.

2This expression goes back on Plato and Aristoteles, compare Dijksterhuis [33]. See our discus-

sion on the inverse problem.
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Figure 1.3: Theoretical sunset with a blank zone. It now appears as if the sun

already sets above the horizon. This is a quite common phenomenon. For

details again see Chapter 3.

– For the sake of clarity the more schematic figures, such as Figure 1.1 and also

a few in Chapter 3, have deliberately been depicted far beyond their realistic

proportions.

The present chapter forms an introduction to, and simultaneously a summary of,

the background geometic optical theory, as this is spread out over the following

chapters. This is why at this moment not all details will be spelled out, but we refer

to later chapters instead.

Alfred L. Wegener (1880-1930) was a versatile scientist who became most

renowned for his theory of floating continents, which was accepted by the ge-

ological community only 30 year after his death. His qualitative approach for
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Figure 1.4: Theoretical fata morganas of a sailing ship disappearing slowly

below the horizon. In this case both upper and lower reflections occur. For

details again see Chapter 3.

atmospheric-optical phenomena has a central role in the present book. This

mainly concerns the Wegener sector, that will be detailed in Chapter 3.

1.1 Towards a mathematical description

Our mathematical description of the phenomena described above rests on the Fer-

mat Principle, which asserts that light rays by definition follow paths of shortest

time [5,70,83]. For an explanation how this principle is connected with wave optics

we refer to Feynman et al. [38] or to Arnold [7].

Below we shall regularly use the terms isotropic and homogeneous as possible prop-

erties of an optical medium. Isotropy means that in each point of a medium the

speed of light is equal in all directions, say with magnitude v. This justifies a point-

wise definition of the refraction index by n = c/v, where c is the speed of light in

vacuo. Homogeneity means that v, and therefore n, is independent of the position in

the medium. The Fermat Principle implies that in a homogeneous medium the light

rays form straight lines that are traversed with a constant velocity. If the medium
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Figure 1.5: Theoretical sunset with blank zone as can occur in the presence of

a Wegener sector together with lower reflection. Note that the latter images

of this series reproduce images of pieces of the upper solar disk by lower

reflection, that W observes upside down. For more details see Chapter 3.

consists of two homogeneous layers bounded by a flat plane, then in that plane re-

flection or refraction takes place according to certain laws that will be spelled out

in the next chapter.

1.1.1 Theoretical assumptions

Our approach is mainly restricted to one vertical plane passing through the eye of

the observer and one other point, say, the center of the solar disk, the moon disk, a

planet, a ship or mountain, etc.

In the vertical plane we consider, two natural coordinate systems are used, depend-

ing on whether we work either with a flat or a round earth. For the flat earth this

system is cartesian, where x is the horizontal and y the vertical coordinate. For the
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Figure 1.6: Minnaert [72], Figure 62: two single snapshots of moon sickles

that are optically deformed by the atmosphere. Such phenomena cannot be

explained by a refraction index profile that only depends on the vertical height.

A description in terms of one vertical plane through the eye of the observer

no longer suffices, in fact.

round earth we use polar coordinates ϕ and r with respect to the center of the earth

as horizontal and vertical coordinates, respectively. Here r is the distance to the cen-

ter and ϕ the angle with respect to a fixed direction. Of course the earth is not flat,

but it is certainly possible to consider the resulting model. For one thing, it is easier

to understand. Surprisingly, it will turn out to be relevant to the brachistochrone

problem, see Chapter 4.

Symmetry. The layers of different refraction index in the case of a flat earth will

be assumed to be horizontal, i.e., invariant under horizontal translations. In case of

a round earth, we analogously assume that these layers are invariant under rotations

about the center of the earth. In other words this means that the refraction index n
does not depend on either x or on ϕ. In the former case we represent it as a function

n = n(y) and in the latter as n = n(r).

Remarks.

– That the refraction index is independent of x or ϕ expresses a symmetry prop-

erty of the atmosphere. We like to note that for our considerations this sym-

metry only has to be valid for a relevant sector of the atmosphere, usually a

small neighborhood of the horizon.

– Evidently rotational symmetry is not always realistic, for instance see Fig-

ure 1.6 on page 7; for an explanation of such a phenomenon even the re-

striction to one vertical plane is unrealistic. In Chapter 3 we shall encounter

the Nova Zembla phenomenon. Its decription also requires a refraction index
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B

A

C

α1

α2

n1 = 1/ν1

n2 = 1/ν2

1

2

Figure 1.7: Refraction law of Snell. The broken line ACB will turn out to be

the path of shortest time to travel from A to B via the boundary between the

layers 1 and 2, when n2 sinα2 = n1 sinα1.

profile that is not rotation invariant. In Chapter 5 we present the mathematical

theory needed for the computation of general light rays in three–dimensional

space. See Chapter 8 for optical remarks that are beyond the scope of this

book.

1.1.2 Discrete versus continous atmosphere, conservation laws

Often it is convenient to work with discrete homogeneous layers of varying refrac-

tion index. At the boundaries between layers the refraction and reflection laws are

valid as mentioned before and the light ray follows a broken line in the atmosphere.

Both for refraction and for reflection a formula

n2 sinα2 = n1 sinα1

will turn out to hold, where the two bounding layers are numbered 1 and 2 and

where α is the angle between the light ray and the normal on the boundary. For

the case of refraction this formula is known as Snell’s Law, see Figure 1.7. In this

book α is always the angle with the vertical direction, to be called inclination. The

inclination α thus becomes a parameter along the light ray.

In the discrete case n = n(y) or n = n(r) is a discontinuous step function. We also

shall consider the case where these functions are continuous or smooth. Note that

step functions with an increasing number of steps can be used to approximate the

continuous case. It turns out that in all cases this will lead to a conservation law. In
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the flat case the quantity

S = n(y) sinα (1.1)

will turn out to be conserved along the entire light ray, while in the round case this

holds for

C = rn(r) sinα . (1.2)

The conservation laws corresponding to (1.1) and (1.2) directly follow from the

reflection and refraction laws mentioned before, using a straightforward application

of planar Euclidean geometry. As a consequence of these conservation laws, the

refraction index profiles n = n(y) or n = n(r) completely determine the evolution

of the inclination α = α(y) or α = α(r) and therefore the position of the light ray

in the (x, y)– or the (ϕ, r)–plane. This consequence plays a key role throughout the

book. For a detailed discussion we refer to Chapter 2.

Remarks.

– The equations of α = α(y) and α = α(r) for given profiles n = n(y) and

n = n(r) may well contain integrals that cannot be expressed in elementary

functions. Still, with numerical methods, given any profile, the light rays can

be approximated, even for more general refraction index profiles n = n(x, y)
and n = n(ϕ, r), and also when the light rays do not remain in one vertical

plane.

– The speed of propagation in this description always is given by v(y) = 1/n(y),
or v(r) = 1/n(r), where the speed of light in vacuo is reduced to c = 1 by an

appropriate choice of units.

1.2 Overview of the contents

Part I of this book is based on the direct use of differential and integral calculus

and some Euclidean geometry. Part II is meant to deepen this material in terms

of calculus of variations and differential geometry. There the Fermat Principle is

turned into that of Hamilton, where we tried to keep the mathematical formalism

minimal.

1.2.1 On Part I: Geometry of light rays in the atmosphere

Part I consists of five chapters based on elementary calculus and some planar Eu-

clidean geometry, in particular the law of sines and the fact that the inner and outer

bisectrix of any angle are perpendicular. The theory will be developed in Chapter 2

and in Chapter 3 will be applied to light rays in the atmosphere. In particular this

allows us to understand phenomena near the horizon.
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Figure 1.8: Left: Johann Bernoulli (1667-1748) painted by Johann Rudolf

Huber, Alte Aula Universität Basel. Right: Illustration of the brachistochrone

problem [14], that asks for a wire profile that minimizes the time for a bead K
to slide from A to B. The frictionless motion takes place in a constant vertical

gravitation field.

In Chapter 4 the brachistochrone problem will be discussed. The brachistochrone

is the form of a smooth wire profile between two given points A and B in a verti-

cal plane such that a bead K that slides along this profile minimizes time (Greek:

brachistos = shortest, chronos = time), as in Figure 1.8 on page 10. The bead is as-

sumed to be subject to the (constant) gravitational force and the sliding motion takes

place without friction. We will see how Johann Bernoulli’s solution rests on the

mathematics of atmospheric optics on a flat earth, by viewing the brachistochrone

curve as a light ray. The refraction index profile n = n(y) then is chosen according

to conservation of energy of the motion in the constant gravitational field. With this

problem Bernoulli was one of the founding fathers of the calculus of variations and

the Variational Principle, which have been of tremendous importance for the devel-

opment of the sciences since then, see [7,38,43,85,91]. The brachistochrone curve

turns out to be a cycloid, a curve that earlier in the 17th century was identified by

Huygens as the iso- and tautochronous curve.3 Isochrony means that for a sliding

bead that oscillates along the cycloid, the period does not depend on the amplitude.

Tautochrony says that the time for the bead to fall from any point of the cycloid to

its minimum is always the same. (Greek: isos = equal, tautos = same.) In § 4.2 we

shall see how both these properties follow from the fact that the bead, oscillating

3It seems that this form also inspired the design of skate board tracks.
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Figure 1.9: Alfred Wegener (1880-1930) and Marcel Minnaert (1893-1970).

along the cycloid, performs a harmonic oscillation. See also [24, 27].

The mathematician Johann Bernoulli (1667-1748) was born and died in Basel,

Switzerland, where he also lived most of his life. Between 1695 and 1705

he worked in Groningen, where, among other things, he proposed the brachis-

tochrone problem. This marks a starting point of the development of the calcu-

lus of variations. His son Daniel was born in Groningen in 1700. Both these

Bernoullis were members of a large family, many of whom were active in math-

ematical and physical subjects, for instance in mechanics and hydraulics. The

Bernoulli family were not a very peaceful lot: matters of priority led to big

conflicts. For more information we refer the reader to Van Maanen [70]. Jo-

hann Bernoulli was the teacher of both his son Daniel and of Leonhard Euler

(1707-1783).

1.2.2 On Part II: Light rays as geodesics

Chapter 5 will provide a mathematical exploration and deepening of the Fermat

Principle, based on methods as developed in the 18th and 19th century by, among
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others, Euler [36], Lagrange [61] and Hamilton [47]. Elementary differential ge-

ometry will also be introduced: light rays turn out to exactly move along geodesics

in an appropriate Riemannian metric [82]. In this setup, the calculus of variations

will be applied, with the help of the Euler–Lagrange equations and a translation of

these that leads to the formulation of Hamilton’s Principle [7, 47] for geometrical

optics. We will need more advanced mathematical ideas to clarify all this. One of

the main tools consists of the following: Next to the position of the light ray we will

also need to independently take its velocity into account.

In Chapter 6 we shall revisit the brachistochrone problem, now armed with the extra

mathematics of Chapter 5. As before we find ourselves in the atmosphere of a flat

earth with a refraction index profile given by the constant gravitational field. The

brachistochrone curve now is rediscovered as a geodesic in an appropriate Rieman-

nian metric, determined by a refraction index n(y) related to the conservation of

energy in the constant gravitational field. Moreover it turns out that the reduced

problem can be integrated in terms of elementary functions. Here it becomes clear

that the inclination α with the vertical direction acts as a geodesic parameter. This

solution of the brachistochrone problem runs in a manner that strongly reminds one

of the way Kepler’s laws follow from Newton’s principles, for which see [7].

Chapter 7 discusses a connection between light rays in the rotationally symmetric

atmosphere of the round earth and the geodesics on a surface of revolution in three–

dimensional space. It turns out that the conservation law regarding the quantity C
(in (1.2)) exactly coincides with Clairaut’s Theorem [7, 30]. It now becomes an

interesting problem to what extent R2 \ {0} = {ϕ, r}, endowed with the optically

relevant Riemannian metric, can be isometrically embedded as a surface of revolu-

tion in R
3. It will turn out that this embeddability holds true for a large number of

relevant refraction index profiles n = n(r).

Finally in Chapter 8 we present a few miscellaneous remarks regarding optics be-

yond the scope of the previous chapters. We briefly touch on the concept of caustic,

with the rainbow as a particular case. For further details see, e.g., [15, 16, 72, 81].

1.3 Scholium

From the 17th century on mechanics, optics and mathematics have developed simul-

taneously. This started with Kepler, Galileo, Descartes, Fermat, Huygens, Newton,

the Bernoullis, Leibniz, and many others. For handsome overviews see Dijkster-

huis [33], Koestler [59], Linton [69], Sabra [83], and Van der Werf [95]. For in-

teresting historical vistas see Arnold [10], H.J.M. Bos [18] and Van Maanen [70].

Much of the mathematics that nowadays belongs to many standard curricula of sec-

ondary and higher education had already come into existence at that point. Evi-
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dently this corpus of knowledge and insight has signifcantly expanded and deep-

ened since then.

The renewal mainly consisted of the invention and development of differential and

integral calculus and of analytic geometry. In the following two centuries this pack-

age was extended by the calculus of variations [7, 42, 44] and differential geome-

try [30, 88]. The interest in ordinary differential equations was extended to partial

differential equations. The above list thereby extended to, among others, Euler,

Lagrange, Legendre, Gauss, Hamilton and Riemann.

Large portions of natural philosophy were gradually mathematized during this pe-

riod, thereby leading to the disciplines of physics, astronomy and, later, also chem-

istry. Via partial differential equations the dynamics of continua (such as spatial

patterns) could be studied, which eventually enabled a mathematical foundation of

wave optics. A climax was the electromagnetism of Maxwell, that also contains a

wave theory of light [38, 46, 81]. Evidently there is much more. We only need to

mention the long and extremely interesting road that led to modern theoretical and

mathematical physics and chemistry. This abundance enforces a clear definition

of the contents to be discussed in the book at hand, where we restrict ourselves to

geometric opics.

In the area of geometric optics there is a lot more to read. Surely the work of

Carathéodory [29] and of Berry [15,16] have to be mentioned. Also see, e.g., Leon-

hard and Philbin [67]. Also worth reading are the classical Feynman Lectures on

Physics [38], in particular part I, § 26, and, somewhat later, Guillemin and Stern-

berg [46], Ch. III, or Poston and Stewart [81], Ch. 12. For more physical backround

on atmospherical optics see, for instance, Humphries [54]. There is a large amount

of physical-meteorological literature on the fascinating phenomenology around the

setting sun, in recent years increasingly illustrated by fantastic photo and film ma-

terial. For the latter the reader may consult the internet as well. In this respect we

would like to mention Floor [39, 40],

As indicated earlier, in the atmosphere it is virtually impossible to get actual knowl-

edge of the atmospheric refraction index profile n = n(r) or, more generally,

n = n(ϕ, r). Armed with the mathematics of geometric optics, we are able to

attempt a reconstruction of such a refraction index profile from the observed opti-

cal phenomena, and so (perhaps?) to provide a rational explanation for what we

see. Before we called this an inverse problem. Lehn [65] and Van der Werf [95]

solve similar inverse problems, thereby also giving meteorological and physical-

geographical explanations of the optical phenomena they discuss.

This interaction between theory and phenomena, between mathematics and natu-

ral science has gone out of use, in recent decades at many secondary schools in

the western world. Mathematics and the various natural sciences are being taught
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almost in complete mutual isolation. In certain cases pious intentions have been ex-

pressed regarding modelling and feedback mechanisms between the model and the

object of modelling. What regularly fails is the realization that in important parts

of the natural sciences models are based on a theory. Such a theory then yields a

connected corpus of models. To stay with atmospheric optics, one might say that

every individual refraction index profile could be called a model, fitting within the

mathematical background of geometrical optics.

The contributions of Minnaert [72], of Van der Werf [95], but also for instance of

Levi [68], highlight the connection and harmony of mathematics and the natural

sciences. The present book attempts to contribute to this insight as well.

We would like to conclude this chapter by remarking that the mathematics of this

book deliberately has been kept anachronistic. For instance, neither Kepler nor

Huygens had differential and integral calculus at their disposal, but we however

apply them without scruples. We tried to dress everything in a 20th and 21st century

coat, for the sake of readability.



Part I

Geometry of light rays in the

atmosphere





Chapter 2

Geometric optics

As we discussed in § 1.1, geometric optics works with light rays that, according

to the Fermat Principle (Pierre de Fermat 1607/08-1665), follow paths of shortest

time by definition. One also speaks of the “principle of shortest time”. We first

consider the situation where an optical medium consists of discrete layers, separated

by smooth surfaces. As in § 1.1, we assume that the layers are homogeneous, which

means that within a layer the light rays follow straight lines with a constant velocity.

If this velocity of propagation has value v, the refraction index by definition equals

n = c/v. Therefore one has v = c/n. Here c is the velocity of light in a vacuum.

To simplify, we choose units so that c = 1.

We shall have to distinguish between a real minimum of the time, or only an ex-

tremum, where it remains to be decided whether this is a minimum, a maximum or

yet something different. If the light ray only has to follow an extremal time, we

speak of the weak Fermat Principle. As we shall see, “locally” the two versions of

the principle are equivalent.

Remarks.

– We have to modify slightly our definition of a light ray, which, in fact, has

to satisfy only the weak Fermat Principle. As we will see, in many cases

the “real” Fermat Principle does apply, but there exist physical examples for

which we need the weak version. For instance consider the case where a light

source is situated at one of the focal points of an ellipse, where the possible

light rays are reflected in the ellipse. Then all possible light rays will pass

through the other focal point, because all the travel times are identical.1 For

more details see below.

– Instead of “extremum” one sometimes says “critical point.”

1This is the so-called gardener property of the ellipse.



18 Geometric optics

On the boundary surfaces both reflection (bouncing) and refraction (bending) may

occur. For this we shall first encounter the two classical laws, named after Hero of

Alexandria (Hero(n) of Alexandria 10-70) and Snell (Willebrord Snel van Royen

1580-1626), which, in fact, both were already known in ancient times. Below we

shall derive both laws from the weak Fermat Principle, as did Leibniz [66] (Got-

tfried Wilhelm Leibniz 1646-1716).

2.1 More precise setting of the problem

Anticipating our atmospheric applications, the optical considerations will be re-

stricted mainly to a vertical plane that passes through the eye of the observer and

one other point determined by our application. That other point could be the center

of the sun, the moon or another optical object.

We distinguish between two different situations, namely that of a flat and of a round2

earth. The flat option is a nice mathematical simplification that turns out to be

useful for the discussion of Bernoulli’s brachistochone problem. As announced in

Chapter 1, in the vertical plane we use cartesian coordinates (x, y) in the flat earth

case and polar coordinates (ϕ, r) in the round earth case, see Figure 2.1 (page 19).

The coordinates x and ϕ then are horizontal, i.e., parallel to the surface of the earth.

Furthermore y and r always are the vertical coordinates, and r is measured in the

radial direction, counting from the center of the earth.

In both cases it is assumed that the refraction index n does not depend on the hor-

izontal coordinate, so in the case of the flat earth we have n = n(y) and for the

round case n = n(r). These functions will be called refraction index profiles.

We shall start with n being a step function and take limits to the case where the

refraction index n depends continuously or even smoothly on the position. Here the

number of layers tends to infinity, while the thickness of each layer tends to zero.

In this way homogeneity is abandoned, though isotropy is being maintained.

Remarks.

– In Chapter 5, the geometric optical theory is developed also for the case where

the refraction index profile depends on both variables (x, y) or (ϕ, r), or even

on the full three-dimensional position.

– The theory yields differential equations that lend themselves well to numer-

ical integration and therefore also to create images like the ones used in this

book.

2or spherical
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x

y (x, y)

ϕ

r
(ϕ, r)

Figure 2.1: The plane with cartesian coordinates (x, y) (left) and polar co-

ordinates (ϕ, r) (right). We recall the relation x = r cosϕ and y = r sinϕ.

2.2 Derivation of the reflection and refraction laws

In this section we shall see how the classical reflection and refraction laws of Hero

and Snell can be derived from the weak Fermat Principle. We shall also study the

transition between refraction and reflection.

2.2.1 A straight boundary

In the planar medium we distinguish two layers separated by a horizontal line, say,

given by the equation y = 0, see Figure 2.2 on page 20. Each layer itself is homo-

geneous, with constant velocity of propagation v1 in the upper halfplane y > 0 and

v2 in the lower halfplane y < 0.

In the plane two points A and B are given, where A lies in the upper halfplane y > 0.

The point B can lie either in the upper or in the lower halfplane. The question now

is how a light ray should go from A to B according to the weak Fermat Principle,

when passing through a point C on the boundary y = 0. The point C must be

therefore be chosen in such a way that the sum of the time intervals tAC and tCB,

needed to travel from A to B via C, is extremal.

An important ingredient here is the angle between the light ray and the vertical. In a

homogeneous layer this angle does not change and therefore we are only interested

in what happens with this angle on the boundary line. Let α and β be the (acute)

angles of the incoming and outgoing light ray in the desired point C, see Figure 2.2.

Theorem 2.1 (Laws of Hero and Snell). Assume the above circumstances, where

A lies in the upper halfplane y > 0 and C on the boundary y = 0. Then the broken
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n1 = 1/η1

s2

a− x

n2 = 1/η2 B′
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x a− xC

n1 = 1/η1

n2 = 1/η2

α

β

B

Figure 2.2: The (weak) Fermat Principle leads to reflection in accordance

with Hero (left) and refraction in accordance with Snell (right). In both cases

the broken line ACB forms the path of shortest time to travel from A to B
via the boundary y = 0. Notice that B′ (left) is the mirror image of B in this

boundary.

straight line ACB is a light ray according to the weak Fermat Principle if and only

if the following holds.

1. In case B is also in the upper halfplane y > 0 one has

β = α (reflection);

2. In case B is in lower halfplane y < 0 one has

n2 sin β = n1 sinα (refraction).

Proof. The proof of Theorem 2.1 consists of a few explicit computations.

Let x = xC indicate the position of C on the line y = 0 that separates both layers.

Let tAC be the time needed to travel from A to C and, likewise, tCB the time needed

to travel from C to B. We then have to find an extremum of tAC + tCB. The facts

that |A− C| = tAC × v1 and that v1 = 1/n1 yield

tAC = n1 |A− C|.

By the Pythagorean Theorem we know that

|A− C| =
√
x2 + b2 so tAC = n1

√
x2 + b2 .

Differentiating tAC with respect to x then leads to

d

dx
tAC(x) =

n1x√
x2 + b2

= n1 sinα .
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Analogously we find

d

dx
tCB(x) =















− n1(a− x)
√

(a− x)2 + c2
= −n1 sin β when B in upper halfplane

− n2(a− x)
√

(a− x)2 + c2
= −n2 sin β when B in lower halfplane,

again see Figure 2.2, left and right. We conclude that

d

dx
(tAC + tCB)(x) = 0 (2.1)

if and only if

α = β in case B in upper halfplane

n1 sinα = n2 sin β in case B in lower halfplane

where in the former case we need to note that n1 sinα = n1 sin β is equivalent to

α = β, since both angles are acute.

Remarks.

– In the case of reflection ACB′ is a straight line, where B′ is the mirror image

of B in the boundary line y = 0. Clearly this is the shortest path in distance,

which now also corresponds to shortest time.

– Note that both for refraction and reflection the following formula holds true:

sinα

sin β
=

n2

n1

=
v1
v2

.

– The formula (2.1) only implies that the time tAC+tCB needed is extremal, but

does not tell us the nature of the extremum. To find this out we also have to

determine the second derivative of tAC + tCB, which after some calculations

turns out be positive, meaning that the extremum is indeed a minimum. This

implies that in this case both versions of the Fermat Principle are equivalent.

2.2.2 A curved boundary

If the boundary between layers is a smooth curve, virtually the same considerations

apply, where in the analogue of Theorem 2.1 the angles α and β have to be measured

with respect to the normal to the tangent line in C. However, here minimality of

the travel time only holds locally, since further away from the curve other situations

may occur as will be explained by the following example
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n1

n2

αg

β = π/2

n1

n2

α β

Figure 2.3: Refraction (left) and reflection (right) in a circular boundary; both

cases are separated by the limit angle (middle). In this figure n1 > n2, but

now the rays come from below. The reason for this reversed representation

will be made clear in Chapter 3.

We already saw the example where the boundary has the form of an ellipse and

A and B are the focal points. In that case any point C on the ellipse leads to an

extremum, since now tAC + tCB is constant, i.e., independent of C, for instance

see [7, 38, 46]. The observer therefore should see light coming from all directions,

which also reflects the origin of the term “focal point”. This is a quite extreme

example of a caustic. In cases where the extremum is less degenerate the caustics

that appear “generically” are related to Singularity Theory, compare Chapter 8 and,

for instance, [81].

In what follows these considerations are used for a circular boundary. This is in-

spired by the atmospheric application, where the spherical symmetry of the earthly

atmosphere in a vertical plane gives rise to concentric layers with circular bound-

aries. See Figure 2.3.

2.2.3 The limit angle

We assume that n1 > n2 and consider Figure 2.2 from a somewhat different view-

point, namely where the point C on the boundary is kept fixed, while the light ray

enters from the upper halfplane y > 0, where the angle α with the y–direction varies

from 0 to 1
2
π. Our interest then is how β will depend on α. To begin with, we have

α = 0, in which case the broken light ray passes vertically through the boundary

y = 0, compare Figure 2.2 (page 20), right. Initially also the exit angle β increases

with α. However, for a certain value α = αg < 1
2
π the angle β reaches the value

β = 1
2
π. To be precise, this happens at

αg = arcsin

(

n2

n1

)

; (2.2)

this is the so-called limit angle, a concept that goes back to Wegener [93,94]. At that

moment the outgoing light ray is tangent to the x–axis. When α increases further

the light ray bounces back into the upper halfplane y > 0, as in Figure 2.2, left.
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Figure 2.4: This version of Figure 2.2 indicates the angles α and α′, as speci-

fied in formula (2.3).

One might say that at α = αg the exit angle β has a discontinuity and jumps from

β = 1
2
π to β = π−αg. From that moment on β again changes continuously with α

and decreases until β = 1
2
π, which occurs for α = 1

2
π.

A notation issue. When trying to reconcile the left and right half of Figure 2.2 a

notation issue shows up. To resolve this we now introduce next to the entrance angle

α an exit angle α′, as measured from the negative y–axis. In the case of refraction

α′ is acute while α′ is obtuse. In terms of Figure 2.2 this means

α′ =

{

β in the right picture (refraction)

π − β in the left picture (reflection),
(2.3)

see Figure 2.4. In Figure 2.5 we depict α′ as a function of α for for 0 ≤ α ≤ 1
2
π.

The discontinuity at the limit angle α = αg now is clearly visible.

Reformulation of Hero and Snell. In terms of the notation α, α′ Theorem 2.1

has the form

n1 sinα = n2 sinα
′, (2.4)

where the difference between refraction and reflection only is expressed by the fact

that α′ is acute or obtuse and whether or not n1 = n2. In fact the sine of the angle

the light ray makes with the vertical is more important than the angle itself. As we

shall see, (2.4) is a convenient reformulation of Theorem 2.1 for the case where the

light ray passes through several parallel layers. Whenever appropriate we use, of

course, that sin(π − x) = sin x.
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α′

π

π
2

0
0 αg π

2

α

Figure 2.5: Graph of α′ against α for 0 ≤ α ≤ 1
2
π, compare Figures 2.2

and 2.4. At the limit angle α = αg, see (2.2), a discontinuity shows up and

refraction jumps into reflection.

2.3 Conservation laws

In atmospheric applications, besides the case of two or more discrete layers each of

which is optically homogeneous, we will also consider the case where the refraction

index depends continuously or even smoothly on the position. This applies to both

the flat and of the round earth. For the flat earth atmosphere we again use the

cartesian coordinates x (horizontal) and y (vertical), assuming that the refraction

index only depends on y, so n = n(y). In the round case we use polar coordinates

ϕ (horizontal) and r (vertical), assuming that n = n(r).

For an optical medium consisting of a finite number of homogeneous parallel lay-

ers, the layers in the case of a flat atmosphere are separated by horizontal lines and

in the round case by concentric circles, compare Figures 2.6 (page 26) and 2.7

(page 29). In both cases we will derive a conserved quantity, based on (2.4),

n1 sinα = n2 sinα
′. This quantity will be preserved when the light ray passes

through the medium. As announced in Chapter 1 these conservation laws will en-

able us to compute the form of the light ray from the refraction index profile.
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2.3.1 Atmosphere of the flat earth

For the flat earth atmosphere the cartesian coordinates (x, y) are very natural, where

x is horizontal and y vertical. Our assumption then is that the refraction index n only

depends on the height y, so that n = n(y).

Discrete case with several horizontal layers. We consider an optical medium

as in Figure 2.6, consisting of a finite number of homogeneous, horizontal layers,

numbered j = 1, 2, . . . , N . The points A and B lie in the layers 1 and N and we

study the light ray from A to B as this has to run according to the weak Fermat

Principle. For this we use Theorem 2.1 in the reformulation (2.4). As before in

each layer the light ray forms a straight line that is traversed with constant velocity.

Let nj be the refraction index in layer j. The total light ray then is a broken straight

line, where the entrance and exit angles at the boundary between layer j and j + 1
always will be indicated by αj and α′

j respectively. On these boundaries, according

to (2.4) we have

nj sinαj = nj+1 sinα
′

j , for j = 1, 2, . . . , N − 1. (2.5)

Since the horizontal lines are parallel, a well-known theorem of Euclidean geometry

tells us that α′

j = αj+1 , for j = 1, 2, . . . , N − 1. So we obtain the following

result.

Corollary 2.2 (Conservation law in horizontal layers). Assume the above cir-

cumstances, where the points A and B lie, respectively, in the first and the N th

horizontal layer. A broken straight line from A to B is a light ray according to the

weak Fermat Principle if and only if

nj sinαj = nj+1 sinαj+1, (2.6)

for j = 1, 2, . . . , N − 1.

Remarks.

– In Figure 2.6 we only indicated the case of refraction. In case of reflection

(2.5) is still valid: in that case for α we just take a supplement π−α, as noted

earlier.

– In case for a certain j one has αj = arcsin(nj+1/nj) where nj > nj+1, a limit

angle occurs and the outgoing light ray is horizontal, tangent to the boundary

line. Also in that case (2.6) remains valid: in fact, then one has sinαj+1 = 1.

– The remark on the extremum being a minimum as stated after Theorem 2.1

also holds in this setting.
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Figure 2.6: Conservation law nj sinαj = nj+1 sinαj+1, see (2.6), in the at-

mosphere of the flat earth. Note that in this setting the light ray moves in a

downward direction.

Inclination and conservation law (2.6). In the sequence of angles

α1, α2, α3, . . . (2.7)

we may consider αj as a parameter along the light ray. This parameter has constant

values on the straight segments within a homogeneous layer and has discontinu-

ities at the boundaries. Then (2.6) is understood as a conservation law, expressing

namely that the quantity

S = n(y) sinα (2.8)

is constant along the entire light ray. In the sequel the angle α is called the incli-

nation, to be considered as a function of the point on the light ray. Note that in the

case of refractions, where the light ray goes down we can write α = α(y), but when

reflections occur this function would become multivalued.

Two remarks are now in order. Firstly, given the refraction index profile n = n(y),
the form of the light ray is completely determined as soon as the constant value S =
n(y) sinα is fixed. In this way variation of S gives all possible light rays. Secondly,

we recall that the velocity v of the light ray always is given by v(y) = 1/n(y).
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The continuous limit. Now suppose that the refraction index profile n = n(y) is

continuous, or even smooth. In the above we just take the limit where N → ∞ and

where the thickness of all layers tends to 0. The key point is that the conservation

law (2.8) remains fully valid. Similar infinitesimal arguments in the seventeenth

century were used by Newton, Leibniz, Bernoulli and others.

Thus the inclination α becomes a continuous (or smooth) parameter along the light

ray. In the calculations, we can often eliminate it.

Remarks.

– In many cases the inclination α itself also can serve to parametrize a light ray.

In Chapter 4 we shall see how this idea is explored in the brachistochrone

problem, where the light ray turns out to be a cycloid.

– When α is considered as a function of y, in the case of reflection we meet with

two-valuedness of y 7→ sinα(y). Below we let this happen when parametriz-

ing the light ray as a function of y.3

Form of the light ray. From the conservation law (2.8) we now derive the form

of the light ray as a graph x = x(y). For a given value S we have

sinα =
S

n(y)
,

while it is also easy to see that

dx

dy
= − tanα (2.9)

where the minus sign is due to the fact that the ray points downward. Combination

of these formulas allows us to eliminate α to get

dx

dy
= − S

√

n2(y)− S2
.

The conclusion now follows.

Theorem 2.3 (Form of a light ray: flat earth case). In the atmosphere of the flat

earth with cartesian coordinates x and y as before and with a translation invariant

and continuous refraction index profile n = n(y), the form of the light rays is given

by

x(y) = S

∫ y0

y

dη
√

n2(η)− S2
, (2.10)

where S is a real parameter.

3Think of the curve x2 = y, which is the graph of a two-valued function x = ±√
y.
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In the integral (2.10) the upper limt y0 is chosen such that x(y0) = 0. We recall that

in Figure 2.6 we have y < y0, which corresponds to the minus sign in the equation.

Remarks.

– The minus sign in (2.9) is due to the fact that the ray points downward in the

setting of Figure 2.6. In the sequel situations come up where the ray points

upward, for instance after the downward ray has reflected in a horizontal line.

In general we have

dx

dy
= ± tanα

whenever the ray describes a monotonic piece of the graph of x = x(y).

– Note that the integrand of (2.10) has a singularity that occurs as soon as

n2(y) = S2, in which case α = ±1
2
π: the light ray then is perpendicular

to the vertical direction which corresponds to a limit angle. In the smooth

case, this usually corresponds to reflection and therefore to two-valuedness of

the function y 7→ x(y). Later on we shall come back to this.

– The expression (2.10) also holds for all discrete cases. In general the function

n = n(y) only needs to be Lebesgue integrable.

2.3.2 Atmosphere of the round earth

In the case of the round earth, polar coordinates (ϕ, r), as discussed above, are suit-

able for describing the course of the light rays. The vertical coordinate r measures

the distance to the center of the earth, while the horizontal ϕ–coordinate is the cor-

responding polar angle. As before we now assume that the refraction index n only

depends on the vertical height r and the inclination α therefore is defined as the

angle between the light ray and the radial direction.

Discrete case with concentric layers and the continuous limit. Again we con-

sider an optical medium consisting of a number of homogeneous, concentric layers,

numbered j = 1, 2, . . . , N , where nj is the refraction index of layer j. Compare

Figure 2.7. And again the light ray is a broken straight line, where the angles with

the “vertical” at the boundary between layer j and j+1 are indicated by αj , respec-

tively α′

j .

The starting point again is (2.4) as this follows from Theorem 2.1 and (2.6):

nj sinαj = nj+1 sinα
′

j. (2.11)
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Figure 2.7: Conservation law rn(r) sinα = C in the rotationally symmetric

atmosphere of the round earth, see (2.14) .

For this occasion we apply the law of sines, another known theorem of planar ge-

ometry. As an example consider the triangle bounded by r1 and r2, in which we

have
sinα′

1

r2
=

sin(π − α2)

r1
,

and, more generally,
sinα′

j

rj+1

=
sin(π − αj+1)

rj
.

Since sin(π − αn+1) = sinαn+1 it follows that

rj sinα
′

j = rj+1 sinαj+1, (2.12)

where rj is the radius of the jth boundary circle, for j = 1, 2, . . . , N − 1. From

(2.11) and (2.12) we now conclude, in analogy to Corollary 2.2, the following result.

Corollary 2.4 (Conservation law in circular layers). Assume the above circum-

stances where the points A and B lie, respectively, in the first and the N th circular

layer. A broken straight line from A to B is a light ray according to the weak Fermat

Principle if and only if

njrj sinαj = nj+1rj+1 sinαj+1, (2.13)

for j = 1, 2, . . . , N − 1.

Also in this case (2.13) has the format of a conservation law, namely of the quantity

C = rn(r) sinα , (2.14)
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which is constant along the entire light ray.

Many of the remarks following Corollary 2.2 also apply here.

Remarks.

– In case of the round earth the following in principle may occur. Assume that

the point A is fixed and that B moves continuously away from A, starting

from the case where B = A. Initially the extremum of the time needed to

travel from A to B according to the weak Fermat Principle also is a minimum.

If B moves around the earth, at some moment the situation occurs that the

extremum is no longer minimal: a shorter time can be reached by letting the

path from A go around the other side of the earth.4 As we saw before, locally

both versions of the Fermat Principle concur, while we see now that at larger

range differences occur. We will come back to this later on. Compare this

with the setting of Corollary 2.2, where this difference does not occur.

– In the form (2.14) the quantity C = rn(r) sinα is conserved, also in the

continuous limit of a continuous (or smooth) profile n = n(r), where N →
∞ and the thickness of the layers tends to 0. And as before the value of C
determines the form of the light ray, which then is traversed with a velocity

v(r) = 1/n(r).

The form of the light ray. The story in § 2.3.1 can be repeated almost verbatim,

and now leads to the light ray as the graph of a function ϕ = ϕ(r), which is two-

valued in the case of reflection, compare Figure 2.2, left. Here we use that

sinα =
C

rn(r)
, while in this case tanα = ±rdϕ

dr
,

as we see from Figure 2.8. This yields the following result.

Theorem 2.5 (Form of a light ray: round earth case). In the atmosphere of the

round earth with polar coordinates ϕ and r as before, and with a rotation invariant

and continuous refraction index profile n = n(r), the form of a light ray is given by

ϕ(r) = ±C

∫ r

r0

d̺

̺
√

̺2n2(̺)− C2
, (2.15)

where C is a real parameter.

4Mathematically this is true, but in reality the light rays will be extinguished in the atmosphere

after a short distance.
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rdφ

dr α

dφ

Figure 2.8: The formula tanα = r dϕ/dr put on the screen.

Again we put ϕ(r0) = 0. And also note that a limit angle appears at a singularity

of the integrand which occurs for r2n2(r) = C2, i.e., when α = ±1
2
π, which means

that the light ray is perpendicular to the vertical direction: in this case the radial

direction.

Remarks.

– The remarks for the case of the flat earth also apply here mutatis mutandis.

See Figure 3.18 for an example; also see Chapter 3 and Chapter 7.

– The limit angle behavior of the light rays differs in the discrete and the con-

tinuous case. While a light ray in the discrete case by a tangency disappears

into space, in the continuous case it spirals around the earth, tending towards

a limiting circle. Compare Figure 2.9 and also Figure 7.3 in Chapter 7.

2.4 Scholium

The conserved quantities (2.8) and (2.14) in the above led to (2.10) and (2.15)

x(y) = ±S

∫ y

y0

dη
√

n2(η)− S2
and ϕ(r) = ±C

∫ r

r0

d̺

̺
√

̺2n2(̺)− C2

for light rays in the flat earth, respectively, the round earth atmosphere. In principle

these already suffice to describe the ray bundles for a given refraction index profile.
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W

earth

W

earth

Figure 2.9: Limit angle behavior in the discrete and the continuous case. As

in Figure 2.3 also now the ray comes from below. The reason for this will be

explained in Chapter 3.

That integration in terms of explicit “elementary” functions is not always possible

does not have to hold us back from applying numerical and graphical resources.

In Chapter 4 we shall see how such a computation runs successfully in the case of

the brachistochrone problem. This will show that Bernoulli’s own geometric-optical

solution completely fits within our theory concerning the flat earth atmosphere. The

translation symmetric refraction index profile then is given by energy conservation

for the motion under constant gravitation and has the form

n(y) =
1√−2gy

,

where g is the gravitational acceleration. Also in the next example the integration

runs successfully.

Example 2.1 (The Poincaré upper halfplane). In the upper halfplane y > 0 we

consider the refraction index profile

n(y) =
1

y
,

which again fits within the translation invariant theory of the flat earth atmosphere.
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x

y

Figure 2.10: Geodesics on the Poincaré upper halfplane.

Formula (2.10) then gives the following expression for a light ray:

x(y) =

∫ y

y0

dη
√

1
η2

− 1

η>0
=

∫ y

y0

ηdη
√

1− η2

= −1

2

∫ y

y0

d(1− η2)

(1− η2)
1

2

= −
√

1− η2
∣

∣

y

y0

=
√

1− y20 −
√

1− y2 ,

where

x0 =
√

1− y20

where we took S = 1. In this way we obtain that this light ray is a half circle

(x− x0)
2 + y2 = 1

that in both ends is perpendicular to the x–axis. In the general case where S 6= 0
we so obtain

(x− x0)
2 + y2 =

1

S2
,

while the case S = 0 leads to vertical straight line light rays.

Observant readers may recognize the geodesics of the hyperbolic metric on the

Poincaré upper halfplane, see Figure 2.10. This example suggests an explicit con-

nection between geometric optics and Riemannian geometry, For general theory see

Chapter 5. Historically the Poincaré upper halfplane was one of the first examples

of a non-Euclidean geometry.
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In Chapter 5 the present approach will be developed in more depth in terms of

variational calculus and differential geometry, where also the velocities (i.e., the

time derivatives) ẋ, ẏ, ϕ̇ and ṙ play a role. Here the conservation laws directly

follow from translation and rotation symmetry via the Noether Principle [7]. It

turns out that S and C are related to the conservation of both energy and momentum,

respectively, angular momentum. The geometric character of this approach will be

reinforced in Chapter 7, where the geometric optics of the round earth atmosphere

will be compared with the geodesic problem on a surface of revolution.

As a bonus that sheds even more insight in the possible light ray bundles, we get a

so-called reduced phase portrait at our disposal, which lives in the (y, ẏ)–, respec-

tively, the (r, ṙ)–plane. The refraction index profile there immediately leads here to

a helpful tool known as the effective potential [7, 43].



Chapter 3

Atmospheric optics

In this chapter we will give a deeper treatment of the atmospheric phenomena

around the horizon, as discussed in Chapter 1. There we encountered blank strips or

zones in the setting sun and also optical illusions like the fata morgana. Our aim is

to obtain a better understanding of these phenomena, armed with the geometric op-

tics of Chapter 2. In particular, we shall apply the mathematics around Theorem 2.5

in order to find the ray bundles associated to a given refraction index profile. Here

we restrict to the case of the round earth atmosphere.

As indicated in Chapter 1, this mainly boils down to a qualitative form of modelling,

where the search is for a refraction index profile that can explain the phenomena.

As mentioned, it is virtually impossible to gain knowledge of this profile over the

full depth of the atmosphere by observation . In this respect we spoke of an inverse

problem.

We start with an atmosphere consisting of two concentric, homogeneous layers.

Here we can already define the Wegener-sector, which is fundamental in this treat-

ment. This simple setting provides qualitative explanations of most of the near-

horizon phenomena.

After this we study an atmosphere consisting of several concentric, homogeneous

layers. In particular a number of quasi-realistic refraction index profiles come up

for discussion that go back to Takens, cf. [19]. In the latter case the atmosphere is

divided into 8 or 9 layers and these examples can be viewed as approximations of

cases with a continuous refraction index profile. Finally we consider the case of a

continuous, even smooth, refraction index profile and present a comprehensive the-

ory. In Chapters 7 and 8 we return to this from a deeper mathematical background.

Also compare [28].

We recall from Chapter 1 that all pictures have been deliberately drawn far out of

scale, in order to make the mathematical aspects clearly visible.
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Figure 3.1: Minnaert [72], Figure 60, see Figure 1.1 on page 2. Qualitative

explanation for a blank strip (Dutch: blinde strook) in the sun in a model

with one warm layer. The lower boundary of the layer is formed by a cir-

cle at height H . The observer W roughly looks in the horizontal direction.

Transitions between refraction and reflection yield a so-called Wegener sec-

tor, within which W only receives light rays from below the horizon. This

may lead to a blank strip in the setting sun. See Chapter 1.

3.1 Fundamental concepts and terminology

We continue our symmetry assumption, which amounts to the independence of the

refraction index profile of the horizontal, i.e., angular, position. As a first approxi-

mation we consider the discrete atmosphere consisting of two concentric, homoge-

neous layers, compare Figure 3.1.

Wegener sector. A key notion is formed by the Wegener sector, which consists

of light rays which the observer perceives by reflection in the layer boundary above

him, i.e., the lower boundary of the warm layer. Here we speak of upper reflection.
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Sight ray. Since the only light rays that interest us are the ones that reach the

observer’s eye, we use a mathematical device that builds in this restriction. The key

idea is that mathematically the conditions for a light ray from the eye to an object

are equivalent to the reverse, i.e., the physical light rays from the object to the eye.

We call these sight rays.

Remarks.

– Note that in the mathematics of geometric optics a sight ray also is a light

ray, although physically this makes no sense: the photons only travel in one

direction, towards the eye.

– In this terminology the Wegener sector consists of all sight rays that do not

directly leave the atmosphere, but that are reflected first in such a layer bound-

ary. For a detailed description see the next section.

Observation and ejection directions. The sight ray leaving the eye of the ob-

server W , who usually resides on a height of about 10 to 15 m1, has an inclination

βW , which usually has values close to the horizontal direction 1
2
π. For this reason it

is convenient to introduce

δ =
1

2
π − βW , (3.1)

to be called the observation direction. Besides this we also need to know the incli-

nation α of the sight ray exactly when it reaches the boundary of the warm layer, see

Figure 3.2 (page 38). In this boundary the sight ray is either refracted or reflected,

and the inclination changes to β.

In the case of refraction, the sight ray is ejected into space, almost following a

straight line. We also consider the angle β + θ, where θ is the angle between the

radius directed to W and the one directing to the point where the sight ray reaches

the warm layer. As a rule also β+θ varies around 1
2
π, for which reason we introduce

the difference

γ =
1

2
π − (β + θ) , (3.2)

called the ejection direction of the sight ray.

Transition diagram. A planar figure, in which for a given refraction index profile

n = n(r) the value of the ejection direction γ is plotted against that of the obser-

vation direction δ, is called transition diagram. This diagram expresses how the

image that enters through the warm layer reaches the observer W . Below we shall

see how this works both for sunsets and for fata morganas.

1Say, on the deck of a ship or on a dune.
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α

β

θ

β + θ

γ

Figure 3.2: Inclinations βW , α and β as well as the angle β + θ for a sight

ray from the eye of the observer W , that is refracted in the lower boundary

of the warm layer. Also the observation direction δ = 1
2
π − βW and the

ejection direction γ = 1
2
π − (β + θ) are indicated. Compare Figures 2.3

and 2.9 in Chapter 2. We note that both δ and γ vary over (usually very small)

neighborhoods of 0. For examples see below.

The geometric optical theory of Chapter 2, in particular the formula (2.15) from

Theorem 2.5, allows us to transform any given refraction index profile into a transi-

tion diagram together with the associated ray bundle. However, we note that for the

numerical computations it is very convenient to also use the more advanced theory

from Chapter 5.

3.2 Discrete description of the atmosphere

We recall that Wegener’s setup has two discrete layers [93, 94], see Figure 3.4

(page 40) and also compare Figure 3.1. If M is the center of the earth, then the



3.2 Discrete description of the atmosphere 39

earth

R

k

αg

H

Figure 3.3: Critical circle with radius R+ k as envelope of the light rays with

limit angle inclination αg. The rays are divided into two line bundles, one

pointing to the left (dashed) and the other to the right.

surface of the earth in the vertical plane of observation gives rise to a circle around

M of radius R. The circular lower boundary of the warm layer has height H and

thus forms a circle around M of radius R + H . If n1 is the refraction index of the

lower layer and n2 that of the warm upper one, then n1 > n2: a discontinuity ap-

pears. See Figure 3.4, bottom left. This means that the setting exactly is that of the

Figures 2.3 and 2.9 in Chapter 2.

Critical height. We consider all sight rays that at the lower boundary circle of the

warm layer (where r = R +H) have an incoming limit angle inclination

αg = arcsin

(

n2

n1

)

, (3.3)

according to §§ 2.2.3 and 2.2.2; compare Figure 3.3. In that case all exit sight rays

are tangent to this boundary circle. If we draw all these lines, two line bundles come

into being, that both envelop a circle; a circle that by definition is tangent to all these

rays. The corresponding height k is called critical height and the corresponding

circle has center M and radius R + k. By construction k < H . The observer

W moreover has a certain positive height with respect to the earth’s surface, to be

indicated by ε. In our main theorem below, we will need to assume that k < ε < H .
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Figure 3.4: Wegener sector for k > 0, also compare Figure 3.1 (Minnaert [72]

Figuur 60). For a qualitative description see the text.

3.2.1 The Wegener sector

Now we can give a detailed qualitative description of the Wegener sector as depicted

in Figure 3.4, top. The observer looks to the right (say, to the west) and lets his

glance wander from above downwards. The sight ray thus varies from WA to WE,

with A and E on the lower boundary of the warm layer. As he does this, the exit

inclination βW increases. When at the boundary point B the limit angle α = αg is

reached, refraction of the sight ray changes into reflection in the boundary circle.

In Figure 3.4 reflection still occurs when the observer W , along the ray WC, looks

exactly in the horizontal direction. When we come to the ray WD the limit angle

inclination α = π − αg is reached, where reflection again changes into refraction,

see for instance the ray WE.

The Wegener sector ∠BWD corresponds to the interval αg < α < π − αg, the

boundary points of which have the same sine-value. Clearly all sight rays within

the Wegener sector ∠BWD reach below W ’s horizon. The corresponding light

rays are reflected in the layer at height H (upper reflection) before they reach W .

Below we shall study the optical consequences further.

The corresponding transition diagram, given in Figure 3.5 on page 41, will play an

important role in this, since it describes what can be observed by W in the neigh-

borhood of the horizontal direction δ = 0. In Figure 3.5 (page 41), right, the gap in
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Figure 3.5: Data supporting the Wegener sector of Figure 3.4, where k > 0.

Under this condition a blank strip can occur, as described in § 3.2.2.1. Left:

Refraction index profile for k > 0. The unit of the horizontal axis is the

hectometer. Right: Corresponding transition diagram. Along both axes we

measure angles in degrees.

the graph exactly corresponds to the Wegener sector. We see that the corresponding

interval on the δ–axis is symmetric around the value δ = 0, which is in accordance

with Theorem 3.1. In fact, a closer look at the triangle MWB in Figures 3.2 and 3.4

reveals that this δ–interval is given by |δ| ≤ 1
2
(π − αg − βW − θ).

Theorem 3.1 (Discrete Wegener sector [93, 94]). Assuming the above circum-

stances, a Wegener sector occurs for k < ε < H ; in other words, when the

observer W is in between the critical circle and the lower boundary of the warm

layer. In that case we have

∠CWD = ∠CWB.

In other words, the Wegener sector stretches out equally far above as below the

horizontal observation direction.

Proof. The straight lines WB and WD are both tangent to the critical circle. Since

both pass through W we see at once that the horizontal observation direction is the

bisector of ∠BWD. Indeed, from symmetry considerations it follows that MW is

the outer bisector of ∠BWD, and since this is perpendicular to WC, the latter must

be the bisector.

3.2.2 Optical scenarios near the horizon

We now come to a number of possible consequences of the existence of a Wegener

sector for optical phenomena near the horizon. Following Minnaert [72], we start

with sunsets. After this also fata morganas will come up for discussion.
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Figure 3.6: The interval that slides down in three steps along the γ axis repre-

sents the solar disc at sunset in the situation of Figures 3.4 and 3.5. The graph

of the transition diagram in Figure 3.5, right, then gives rise to corresponding

intervals on the δ–axis: this is what W observes of the setting sun, which in

the central picture clearly has a blank strip.

3.2.2.1 The setting sun

Let us consider the consequences of a Wegener sector for the setting sun. First of all

we see that the sight rays within a Wegener sector eventually disappear in the mists

of the world, which are, of course, much darker than the sun. So if the sun passes

the corresponding ejection directions, W perceives a blank strip or zone. In other

words, the sight rays in the Wegener sector do not end up in solar light, so light rays

from the sun do not reach the eye of W .

The transition diagrams give a more detailed impression of how this goes. The disk

of the setting sun corresponds to an interval that has a maximal length of 0.5o, and

that slides down along the γ–axis. Along the δ–axis we can see how W observes

this.

Blank strip. In the above scenario for k > 0 we are dealing with a transition

diagram of Figure 3.4 and 3.5. The interval that slides down along the γ–axis,

corresponding to the setting sun, at a given moment breaks into two pieces on the

δ–axis as shown in Figure 3.6; the intermediate, dark or blank, interval exactly

corresponds to the Wegnener sector. Rotation of the vertical plane through W over

the full breadth of the solar disk hence yields a sunset with a blank strip as depicted

in Figures 1.1 and 1.2 of Chapter 1. See below for alternative scenarios based on

this same principle.
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Figure 3.7: Wegener sector for k < 0, as a variation on Figures 3.4 and 3.5,

with the same lettering and with corresponding refraction index profile and

transition diagram. In this and later figures we also use the same units as

before. This situation can lead to a sunset with a blank zone as depicted in

Figure 1.3.

Blank zone. The situation changes when k < 0, i.e., when the critical circle is

situated below the earth’s surface, compare Figure 3.7 (page 43). The refraction

index profile is the same as in Figure 3.4, but the transition diagram is different. We

note that Theorem 3.1 remains fully valid.

In this case the limit angle sight ray WD reaches the earth, as do deeper seated

rays like WE. In the transition diagram Figure 3.7 (bottom, right) this is expressed
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Figure 3.8: Wegener sectors for k > 0 and k < 0 as before, now including

cases with lower reflection. Corresponding transition diagrams have been

added; the refraction index profile always is the same as in Figures 3.5 and 3.7.

The steep branches to the left correspond with lower reflection. The negative

slope indicates that the image is upside down.

by the fact that, in comparison with that of Figure 3.4, the branch of the graph for

negative values of δ is missing.

In the setting sun thus a blank zone arises. Such a scenario was already reproduced

in Figure 1.3. Blank zones occur quite frequently.

Remarks.

– A closer look at the proof of Theorem 3.1 reveals that the part of the sun

above the blank strip is somewhat compressed in the vertical direction, while

the part below the blank strip is, on the contrary, stretched. This is reflected

in the different slopes of branches in the graphs of Figures 3.4, 3.7 and 3.8

(page 44).

– If we set up the anologue of Wegener’s two layers setup in the flat earth’s

atmosphere, we find k = −∞ for the critical height. This means that on the

flat earth only blank zones can occur and no strips.
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Figure 3.9: Sunset for the case of Figure 3.8, top. The bottom case of Fig-

ure 3.8 may give rise to the sunset of Figure 1.5.

3.2.2.2 Including lower reflection

Besides upper reflection in a warm layer at height H also a lower reflection may

occur in a warm layer immediately above the earth’s surface: one may think of

warm desert sand or a warm sea surface. Also a smooth sheet of ice or a mirroring

lake might do this. In Figure 3.8 ray bundles have been depicted for the cases k > 0
and k < 0. In each case we give a corresponding transition diagram, noting that the

refraction index profile still is the same as before.

3.2.2.3 Fata morganas

By combination of refraction and reflection the observer W can sometimes see sev-

eral images of objects below the horizon. We already noticed this in connection

with Figure 1.5, where the upper boundary of the solar disk by lower reflection is

still visible, while the sun had already set.

By a fata morgana2 we generally understand an image originating below the horizon

2The nomenclature goes back to Morgan le Fay (Fata Morgana in Italian), a fairy from the King
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Figure 3.10: Fata morganas of a sailing ship that disappears below the horizon

for k > 0. Top without and bottom with lower reflection.

Arthur cycle. It is rumoured that she would cause optical illusions in the Strait of Messina, visible

from the Sicilian coast.
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Figure 3.11: As in Figure 3.10, now with k < 0.

that by reflections and refractions comes to the observer. It may be of objects like a

mountain range, a city, an oasis, a clump of trees, a ship, etc., upright or upside down

according to whether the number of reflections is even or odd. By a combination
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of these factors the image may be considerably distorted. For examples of this see

Figures 3.10 (page 46) and 3.11 (page 47).

Wegener sectors can play a role in this. In Figure 3.12 (page 49) we summarize

four cases, presenting sight ray bundles for positive and negative k and both with

and without lower reflection. In all cases the ray bundles have been made quite

long. This shows that these bundles do not leave the atmosphere, something that is

also easily proven. It follows that in this way optical illusions can be observed only

of objects near the earth. This happens most easily in cases where k < 0, since then

some of the sight rays hit the earth’s surface.

The black sight rays of Figure 3.12 that lie just outside the Wegener sector can leave

the atmosphere and some can reach into space. In a number of cases these rays can

also reach below the horizon and so may give rise to celestial fata morganas, see

Figure 3.13 on page 50. For instance it should be possible in this way to observe

the moon while it is below the horizon. At the end of this chapter we come back to

the subject of celestial illusions when describing the so-called Nova Zembla phe-

nomenon.

3.2.3 Variations

Wegener’s schematic approach is based on a rotationally symmetric, discrete atmo-

sphere with two layers. From such a setup one can only expect qualitative explana-

tions and it is surprising to see how neatly such an explanation can fit the observed

phenomena. The theory of geometric optics as presented in Chapter 2, however,

easily allows for refinements of Wegener’s approach, particularly when the corre-

sponding mathematics is used in numerical algorithms. Below we shall present a

number of models with 8 or 9 layers that present a somewhat more realistic con-

struction of the atmosphere. These models were developed by Floris Takens [19].

3.2.3.1 Takens–profiles

We now consider four mutually related examples, numbered I, II, III and IV, of

rotationally symmetric refraction index profiles for the round earth’s atmosphere.

The atmosphere has been divided into a larger number of homogeneous layers and

this could be considered as an approximation of a continuous profile.

The profiles numbered I and II, with 8 layers, are presented in Table 1, where the

difference between the two is that a warm layer with 1 km of thickness begins at a

height of either on 74 or on 73 m. Observer W is situated at a height of 10 m and

perceives a light ray bundle of 32′ ≈ 0.5o that varies around the horizontal direction

as

δ = −0.25o,−0.24o,−0.23o, . . . , 0.24o, 0.25o.
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Figure 3.12: Sight ray bundles near Wegener sectors over a larger distance.

Left, k > 0, right, k < 0. Top, without and bottom, with lower reflection.

Note that the gray sight rays within the Wegener sector do not leave the atmo-

sphere. The black rays outside the sector however do leave the atmosphere.

The refraction index profiles III and IV consist of 9 layers and are given in Table

2. Here profile III corresponds to I and profile IV to II, except that in both cases a

warm layer of 1 cm thickness has been added immediately above the earth surface.
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Figure 3.13: Sight rays outside the Wegener sector can reach both outside

the atmosphere and below the horizon, thereby giving rise to celestial fata

morganas. Left: k > 0 without lower reflection. Center: k > 0 with lower

reflection. Right: k < 0 with lower reflection.

ℓ n
case I case II

0 - 74 m 0 - 73 m 1.00027

74 m - 1 km 73 m - 1 km 1.00026

1 - 3 km 1.000235

3 - 5 km 1.000178

5 - 7 km 1.000135

7 - 9 km 1.000105

9 - 11 km 1.000078

≥ 11 km 1

Table 1: Refraction index profiles in the cases I and II, expressed in the height ℓ
above the earth.

In Figure 3.14 on page 52, for all cases I, II, III and IV the transition diagrams are

represented. Since 1 cm, or even 1 m, is so small in comparison to the kilometers in

our scale, the refraction index profiles for our four cases are indistinguishable when

we graph them – but the transition diagrams are not! It is striking that in the cases

I and III no Wegener sector appears, while in the cases II and IV this does happen,

namely in the observation directions

−0.030 ≤ δ ≤ +0.030.

We see that varying the height of the warm layer by only 1 m makes a lot of differ-

ence.
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ℓ n
case III case IV

0 - 1 cm 1.000268

1 cm - 74 m 1 cm - 73 m 1.00027

74 m - 1 km 73 m - 1 km 1.00026

1 - 3 km 1.000235

3 - 5 km 1.000178

5 - 7 km 1.000135

7 - 9 km 1.000105

9 - 11 km 1.000078

≥ 11 km 1

Table 2: The cases III and IV are like the case I and II from Table 1, only now in

both cases a warm layer of 1 cm has been added just above the earth’s surface.

The steep branches to the left of the cases III and IV again indicate lower reflection,

where the negative slope means that for W the image is upside down, also compare

Figure 3.8. The sight ray bundles associated with Figure 3.14 on page 52 are too

narrow for a good presentation, but qualitatively they are completely similar to those

of the earlier Figures 3.4, 3.7 and 3.8.

3.2.3.2 The green flash

The green flash is a phenomenon of the setting (and sometimes also the rising)

sun, where at the moment suprême a green flash appears, as briefly discussed in

Chapter 1. This phenomenon is described well by Minnaert [72], § 47. One of

the most important factors in the occurence of the green flash is that red light rays

in the atmosphere are bent more than green ones: the refraction index (and the

velocity of light) is frequency dependent. This effect gets more visible when the

light rays come from the vicinity of the horizon. Roughly this gives rise to two

suns, one red and the other green, see Figure 3.15 on page 53. Usually both suns

coincide and thereby give the impression of a white sun: after all, red and green

are complementary colors. Similar curved light rays were already discussed by

Huygens [56], see Figure 4.13 in the next chapter.

In general this explains why the lower boundary of a setting sun is red, while the up-

per boundary has a green color. At sunset there may be a fleeting moment where the

‘red’ sun is already below the horizon, while the upper boundary of the ‘green’ one

is still visible. In connection with a number of other atmospheric circumstances, one

of them being an exceptionally good visibility, this can lead to a green flash. The

existence of a Wegener sector might also play a role in this, as we shall explain be-

low. We recommend reading also Jules Verne’s Le Rayon Vert [92] and note that the
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Figure 3.14: Top: Takens refraction index profile. Center: Transition dia-

grams for the cases I and III; bottom: idem dito for II and IV.

green flash is somewhat wrapped in a veil of mysticism. Compare O’Connell [77]

for a fine collection of observations from the Vatican Observatory in Castel Gan-

dolfo, 450 m above sea level. For more information and beautiful color pictures and

movies the reader is advised to search Google under the keywords ‘green flash’or

‘green ray’.

Relationship with a Wegener sector? The question that is in order now is whether

the presence of a Wegener sector could contribute to the clearer occurrence of a
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Figure 3.15: Explanation of the green flash, compare Minnaert [72], Fig-

ure 66. By the frequency dependence of the refraction index, one roughly

observes two solar disks, above a mainly green one and below a red one, that

largely overlap thereby giving rise to the well-known white light. The last

thing we see at sunset is a small green disk. To answer the question to what

extent the occurrence of a blank strip can reinforce this phenomenon, compare

the various sunset scenarios described above.

green flash. The fact that the flash may well pitch upward seems to indicate a lower

reflection that can occur, amongst others, in case of a blank zone, compare Fig-

ure 1.5 as this corresponds with the lower case of Figure 3.8. Also compare case

IV of Figure 3.14, where the upper, green, boundary of the sun that has already set

becomes visible by lower reflection.

3.3 Continuous description of the atmosphere

The continuous (usually even smooth) description of the sight rays in the round

earth atmosphere runs similar to that of the discrete one; compare Figures 3.4

and 3.7. Under suitable conditions also here we will identify a Wegener sector,

with the same properties as before: blank strips and zones in the solar disk, as well

as earthly or celestial illusions. The present approach is fully based on the conser-

vation law of Chapter 2, and will turn out to comprise that of § 3.2. In particular

this holds for Theorem 3.1.

3.3.1 The conservation law revisited

We assume that the optical medium is isotropic and has rotational symmetry. This

gives us a refraction index profile n = n(r), where we recall that the speed of

propagation is given by v(r) = 1/n(r) (recall that the speed of light has been

rescaled to c = 1). Then we have a conserved quantity (2.14)

C = rn(r) sinα .
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Figure 3.16: Wegener sight ray in the continuous case.

Theorem 2.5 completely determines the form of the sight rays. In particular this

form in polar coordinates (ϕ, r) is given by (2.15)

ϕ(r) = C

∫ r

r0

d ̺

̺
√

̺2n2(̺)− C2
,

With the help of this3 from a given refraction index profile we can determine a

transition diagram, where we may assume that the outward sight rays will continue

in approximately straight lines.

3.3.2 Wegener sight ray

A Wegener sight ray is defined as a sight ray that cannot escape directly from the

atmosphere, but is reflected in a warm layer. After this the ray can land on the

earth’s surface or disappear into space, see Figure 3.16. In this way it may give

rise to optical illusions. The union of all Wegener sight rays in the continuous case

forms the Wegener sector.

The sight ray can be characterized as a parametrized curve

t 7→ (ϕ(t), r(t)),

where t denotes time.4 It now is convenient to introduce the notion of modified

refraction index profile, defined as

nM(r) = rn(r) . (3.4)

3We also use the somewhat more advanced methods of Chapter 5.
4In Part II we will meet other parametrizations.



3.3 Continuous description of the atmosphere 55
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Figure 3.17: Continuous Wegener sector αg ≤ α0 ≤ π − αg in terms of the

graph of the function α0 7→ sinα0.

In a later chapter we will see that nM has a geometric meaning. The function

r 7→ nM(r) is a necessary ingredient for the formulation of our results. Indeed,

if we define

C(t) = nM(r(t)) sinα(t),

then the function C(t) ≡ C(t0) is constant and therefore completely determined by

its value at t = t0, associated with r0 = r(t0) and α0 = α(t0). Here the observer W
is situated at height r0 ‘emitting’ a sight ray that at the instant t0 has the inclination

α0. As before we let W look to the right5 and thus 0 ≤ α0 ≤ π, see Figure 3.16.

Then the following result holds true.

Theorem 3.2 (Continuous Wegener sector). Assume the above circumstances

with a smooth refraction index profile n = n(r). If the modified refraction index

profile nM , see (3.4), has an absolute minimum in rm ≥ r0, then for

αg = arcsin

(

nM(rm)

nM(r0)

)

(3.5)

the interval [αg, π − αg] corresponds to a Wegener sector. This sector is symmetric

with respect to reflection in the observation direction α0 =
1
2
π.

Proof. The sight ray is non–Wegener whenever it can escape directly from the

atmosphere, which means that for all t ≥ t0 one has that α(t) 6= 1
2
π. This is

equivalent to saying

nM(r0) sinα0 ≡ nM(r(t)) sinα(t) < nM(r(t)),

or to

nM(r0) sinα0 < nM(r)

5Say, he is looking west.
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for any r > r0. In other words, the Wegener sight rays have an initial inclination

α0, such that for some r > r0

nM(r) ≤ nM(r0) sinα0.

Since rm is the absolute minimum of the function nM it follows that

0 <
nM(rm)

nM(r0)
≤ 1

and a brief inspection of the graph of α0 7→ sinα0, in particular the symmetry

property sinα0 = sin(π − α0), shows us that precisely for all α0 with

αg ≤ α0 ≤ π − αg

a Wegener sight ray occurs, see Figure 3.17 (page 55).

The interval [αg, π−αg] indeed is symmetric with respect to the midpoint α0 =
1
2
π.

We note that in the exceptional case where the function increases monotonically

from the initial value nM(r0) on, then rm = r0 and we have αg = 1
2
π which

reduces the interval [αg, π − αg] to the singleton set {1
2
π} and thus the Wegener

sector to the horizontal halfline. The inclination αg as defined by (3.5), with some

good will could be called the limit angle, which in the case of Theorem 3.1 exactly

corresponds to ∠CWB.

The entire setup of Theorem 3.2, including its proof, is also applicable to Theo-

rem 3.1, including cases with more than two discrete layers. This follows from the

fact that the formulas (2.14), (2.15), and Theorem 2.5, also hold in that case.

Remarks.

– The existence of a global minimum of the function nM surely holds in the

atmospheric situation, where we have that limr→∞ n(r) = 1.

– Since outside the atmosphere we even have n ≡ 1, it here is also possible

to define an ejection inclination and to give transition diagrams also in the

continuous case. As in the discrete case this ejection inclination equals the

value of α(t) when the ray leaves the atmosphere. Also we can easily define

obervation and ejection directions δ and γ.

Example 3.1 (Continuous Wegener sector). The simplest continuous example of

a Wegener sector will be given in a qualitative way for a modified refraction index

profile nM as in Figure 3.18 (page 57), bottom left. This function has exactly one

maximum and gives rise to a sight ray bundle as in the top and bottom right of the

same figure. This example will be discussed further in Chapter 7 of Part II.



3.4 Scholium 57

W

10

8

6

4

2

0
0 2 4 6 8 10

r

nM (r)

π

2

0

−

π

2

−π

−2π
−

π

2
−

π

4 0
π

4

π

2

δ

γ

Figure 3.18: Top: Continuous sight ray bundle with with Wegener sector.

Bottom: Corresponding modified refraction index profile r 7→ nM(r) and

transition diagram. Compare Example 3.1. Since for sufficiently large r we

have n(r) = 1, for the same large r we have nM(r) = r.

3.4 Scholium

For further reading we again refer to Minnaert [72], part 1, Wegener [93,94], and to

Floor [39–41] and Van der Werf [95, 96].

In the past two chapters we developed a virtually complete geometric optics of the

atmosphere, given the restriction to a (vertical) plane and under the extra assumption

of a rotationally symmetric refraction index profile. This approach ran by the Laws

of Hero and Snell, that both were based on the Fermat Principle.
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Figure 3.19: Van der Werf [95], p. 96: Sight ray bundle from an observer in

the origin that can explain a conjunction of Jupiter and the moon. In this pic-

ture the earth has been rectified for convenience. The rays follow the contours

of a mountain range on Nova Zembla.

Let me comment on the regularity of the refraction index profile n = n(r). In

principle this should be a continuous function, perhaps with certain sharp jumps. In

the discrete case this is expressed by n being a step function. Step functions with

many steps, like the Takens profiles, can be used to approximate the continuous

case. From now on the profiles will be assumed continuous, even smooth.

3.4.1 Deepening

In Part II, Light rays as geodesics, in particular in Chapter 5, this approach will be

studied in depth with the Principle of Hamilton and some differential geometry. The

sight rays then become geodesics of a Riemannian metric that encodes the refraction

index profile. This will enable us to drop the assumption of rotational symmetry,

even that of the restriction to a vertical plane. Compare § 2.4.

In Chapter 7 we further elaborate the rotationally symmetric, planar theory, devel-

oping an analogy between sight rays and the geodesics on a surface of revolution in

three-dimensional space. It is in this setting that the modified refraction index pro-

file nM(r) gets a nice geometric interpretation that further clarifies certain aspects

of the theory.

3.4.2 Nova Zembla phenomenon

The Dutch sailor Willem Barentsz ventured to sail around the north of Europe and

Asia to find the Indies. In this attempt, during the winter of 1596-97 he and his crew

were caught in the ice around the island of Nova Zembla and had to winter there,

building a log cabin from wood taken from the ships. During the long winter months
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they had plenty of time to study the skies and they observed a few remarkable

phenomena that were not in accordance with the astronomical tables. In particular

this concerned a conjunction of Jupiter and the moon and a premature observation

of the solar disk. Both phenomena, according to their tables, took place below

the horizon at the time they were observed. For a nice historical description and

good graphics of this and other celestial illusions see Van der Werf [95]. Also

see [96], which intrdocuced the name Nova Zembla phenomenon. Note that in

the mathematical reconstruction resulting in Figure 3.19 on page 58, the rotational

symmetry has been abandoned; in fact the refraction index profile here depends on

the landscape.
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Chapter 4

Light and the cycloid

The brachistochrone problem asks for the ‘fastest chute’ connecting two given

points in a vertical plane, see Figure 4.1 on page 62. Think of a bead K that slides

along a wire profile connecting two points A and B. The sliding is assumed fric-

tionless, so only constant vertical gravity influences the motion. The question then

is what shape of wire makes the travel time shortest. Many people’s first guess is

that the answer is simply given by the straight line connecting A and B, since this

corresponds to the shortest distance, but it turns out that the correct answer is a

cycloid.

This problem was put forward in 1696-97 by Johann Bernoulli. In the present chap-

ter we treat his own solution, which mixes classical mechanics and geometric optics

in a surprising way. The interesting history of the brachistochrone problem and its

considerable significance will be discussed at the end of this chapter.

We first briefly discuss the cycloid. Then we turn to geometric optics of the flat

earth atmosphere. We will have to chose an appropriate refraction index profile to

achieve the brachistochrone curve as a light ray. The Fermat Principle of shortest

time provides the key idea.

4.1 The cycloid

To be able to understand Bernoulli’s solution of the brachistochrone problem we

first have to share his knowledge of the cycloid. The cycloid is the curve traced by a

point on the rim of a wheel that rolls along a straight line. Thinking of a somewhat

simplified bicycle wheel, we call this point the valve. We let the wheel roll along the

bottom of a horizontal line in a vertical plane, as sketched in Figure 4.2 on page 63.

The coordinates x and y are chosen as follows: x is horizontal and y vertical, where

the origin (x, y) = (0, 0) marks the point where the valve on the rim is at its lowest
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Figure 4.1: Bernoulli’s brachistochrone problem [14]. Also compare Fig-

ure 1.8 on page 10.

position. If the wheel has radius ̺, we get the parametric representation

x(θ) = ̺(θ + sin θ), y(θ) = ̺(1− cos θ) . (4.1)

To see this we use a bit of plane geometry. When the wheel moves along the top

horizontal line to the right, the valve moves to the right as well, see the top of

Figure 4.2. The line connecting the center of the wheel to the valve translates and

rotates to the right, as indicated. If we now attach a wedge with opening angle θ
to this line, this wedge performs the same combination of motions. Let us consider

the situation when the wheel has rotated over an angle θ. First we note that the

other ‘leg’ of the wedge then has reached the vertical position. The wedge then

has translated horizontally over a distance ̺θ. Combining this with the fact that the

valve meanwhile has rotated over an angle θ easily gives the above parametrization.

We refer to ̺ and θ as the radius and the rolling angle of this cycloid.

4.2 The cycloid as isochrone and tautochrone curve

A few decades earlier Christiaan Huygens (1629-1695) had already been engaged

with the cycloid [55], both as a curve and in connection to mechanics. In this section

we now deal with these developments.

The right mechanical context is that of a bead that slides without friction along a

given wire profile in a vertical plane, subjected to a constant vertical gravitational

field. The bead then oscillates around a minimum in the wire profile and the ques-

tion is for what profile these oscillations are isochronous, meaning that the period

of oscillation is independent of its amplitude.

Again the solution is given by the cycloid. We shall prove this by showing that the

cycloidal bead behaves as a harmonic oscillator. We cannot resist the tempation to
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Figure 4.2: Construction of the cycloid where the wheel (generating circle

of radius ̺) rolls along the ceiling. Top: The rolling wheel starts with a

downward valve and moves to the right: the cycloid then is traced by the

valve. See the text for further explanation. Bottom: The cycloid as a curve in

the (x, y)–plane, parametrized by the rolling angle θ.

also show that the cycloid is its own evolute. The historical context of this has to

do with Huygens’s solution of the isochronous pendulum problem, as well as the

material realization of this with cycloidal cheeks mounted near the point of suspen-

sion. The background of this is formed by the problems around the determination

of longitude at sea [87].

4.2.1 The harmonic oscillator

In general an oscillator is described by the equation of motion

s̈ = −dV

ds
(s), (4.2)

where s is a one-dimensional position variable, think of a traversed distance (Latin:

spatium = distance). With the expressions ṡ and s̈ we indicate the first and second



64 Light and the cycloid

Figure 4.3: The harmonic oscillator as a spring, positioned horizontally in

order to rule out gravitational influence. The position is given by the point

where the wheel touches the s–axis.

derivatives of s as a function of the time t, in other words the velocity and acceler-

ation of the motion s = s(t). Moreover V is the potential energy.

Remarks.

– The model is that the restoring force of the oscillator has the form F = F (s),
where Newton’s (Isaac Newton 1642-1727) second law F = ma, with a = s̈
and where m is the point mass with position s, determines the motion of the

oscillating particle.

– Introduction of V (s) such that

m
dV

ds
(s) = −F (s)

then leads to the differential equation (4.2).

The function V = V (s) is called the potential energy of (4.2).1 For oscillation it is

important that s varies near a minimum of V .

The oscillator is called harmonic when

V (s) =
1

2
ω2s2, (4.3)

for a positive constant ω. The equation of motion (4.2) then becomes

s̈ = −ω2s, (4.4)

1For the moment leaving alone the precise physical dimensions.
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Figure 4.4: Electrical L-C network.

which is a linear equation. The general solution [34, 53] as a function of the time t
is given by

s(t) = R cos(ωt+ φ), (4.5)

where the constants of integration R and φ are related to the initial conditions s(0)
and ṡ(0) as follows:

s(0) = R cosφ and ṡ(0) = −ωR sinφ.

That the solution (4.5) indeed satisfies (4.4) is easily checked. An important obser-

vation is that these solutions are all periodic with the same period

P =
2π

ω
, (4.6)

which therefore is independent of the amplitude R; we say that the harmonic oscil-

lator is isochronous. The constant ω, the number of oscillations per unit of time, is

called the frequency of the oscillator.

Harmonic oscillations in models. In physics the equation of motion (4.2) fre-

quently occurs as a mathemematical model, often as an approximation of a non-

linear model. We here briefly mention a few examples, for more details com-

pare [7, 25, 26, 38].

– The vibrating spring. We start by considering vibrations of a spring, which

are the archetype for harmonic oscillations. See Figure 4.3 on page 64. To

eliminate the influence of gravitation the spring is mounted horizontally. The

spring itself has zero mass and at its tip we have a point mass m. Let s denote

the one-dimensional position of this tip, where the value s = 0 corresponds

to the situation without strain. By s = s(t) we understand the position as a
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function of the time t, which describes the motion of the spring. The restoring

force here is given by Hooke’s law (Robert Hooke 1635-1703) i.e., by

F (s) = −ks ,

in which k is the spring constant: k is large for stiff springs and small for soft

ones. According to Newton’s second law we now have

F (s(t)) = ms̈(t),

for all t. This yields the equation of motion

ms̈ = −ks (4.7)

for the spring. Writing

ω =

√

k

m
,

we see how (4.7) corresponds to (4.4), leading to the general solution (4.5).2

– The electrical L-C network. Now consider an electrical circuit containing a

capacitor C and an inductor L, mounted as in Figure 4.4 on page 65. Assume

that in the circuit we have a current I . Let the voltage differences over both

parts be VC and VL respectively, then by Kirchhoff’s Voltage Law (Gustav

Robert Kirchhoff 1824-1887)

VC +VL = 0 . (4.8)

Moreover we know from the definitions of capacity and inductance [38] that

C
dVC

dt
= I en VL = L

dI

dt
. (4.9)

Differentiating (4.8) gives

dVC

dt
+

dVL

dt
= 0 .

Substitution of (4.9) for C and L further gives

I

C
+ L

d2I

dt2
= 0

or

Ï = − 1

LC
I,

which is precisely the harmonic oscillator (4.4) with frequency

ω =

√

1

LC
.

2Note that in the formulas the physical dimensions may differ somewhat.
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Figure 4.5: Phase portrait of the planar mathematical pendulum, depicted in

the (s, ṡ)-plane with the equilibria and a representative number of integral

curves. The closed curves correspond to oscillatory motions of the pendulum.

The curves at the top and bottom of the picture correspond to motions where

the pendulum swings over the head.

Anharmonic oscillations. A notorious example of an anharmonic oscillator is the

planar mathematical pendulum with equation of motion

s̈ = −ω2 sin s, ω =

√

g

ℓ
, (4.10)

where ℓ is the length of the pendulum and g the gravitational acceleration. The

position variable s is the angle of deviation, measured in radians. In Figure 4.5

a phase portrait is shown in the (s, ṡ)-plane. The rest point (0, 0) corresponds to

the stable downward equilibrium, while the rest points at (±π, 0) correspond to

the unstable upside down equilibrium. The downward equilibrium is elliptic and

surrounded by oscillations. The upside down equilibrium is a saddle point. Since

the motion is at rest in this equilibrium, nearby oscillations take ever longer. In fact,

their period P tends to ∞ as the ‘amplitude’ tends to π.

Remarks.

– For small values of |s| and |ṡ| we may use the approximation sin s ≈ s, which

again leads to the harmonic form (4.4). We speak of ‘small oscillations’ of the

pendulum which seem to be isochronous. Folklore has it that Galileo (Galileo

Galilei 1564-1642) had already established this as an experimental fact.
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Figure 4.6: Cycloid with generating circle, with rolling angle θ and radius ̺
in the format of Figure 4.2.

– Very well-known is the approximative formula [17]

P = 2π

√

ℓ

g

for the period of swing for small deviations and velocities, compare (4.6).

This formula goes back to Huygens [55], also compare [3].

The sliding bead. From springs and pendulums we make a Gestalt Switch and

think in terms of a wire profile in a vertical plane, along which a bead slides without

friction under the influence of gravity. The pendulum, from this point of view, just

amounts to a bead constrained to move on a circular wire; as mentioned above, this

motion is not quite isochronous, only approximately so when the oscillations are

small.

The problem now is for what wire profile does the bead oscillate isochronously. As

said before, we shall see that the cycloid solves this problem. Our proof of this fact

will rest on our considerations on the harmonic oscillator.

4.2.2 Intermezzo: the arclength of a cycloid

As we saw in Chapter 4, the cycloid with radius ̺ and rolling angle θ has parametriza-

tion

x(θ) = ̺(θ + sin θ), y(θ) = ̺(1− cos θ) , (4.11)

see Figure 4.6, also compare Figure 4.2 on page 63.
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The cycloid turns out to be rectifiable, in the sense that its arclength can be ex-

pressed in terms of elementary functions. Indeed, if s = s(θ) is the arclength,

measured from the lowest point θ = 0, we know by the Pythagorean Theorem

ds =

√

(

dx

dθ

)2

+

(

dy

dθ

)2

dθ =

= ̺
√
2
√
1 + cos θ dθ = 2̺ cos (

1

2
θ) dθ .

Here note that for −π < θ < π we have that cos (1
2
θ) > 0. Quadrature next leads to

s(θ) = 4̺ sin (
1

2
θ) , (4.12)

to be interpreted as arclength ‘with sign’.

4.2.3 Dynamics along the cycloid

Here we show that the bead that slides along a cycloidal wire profile, as described

above, indeed performs harmonic oscillations. The position of the bead on the

cycloid from now on will be indicated by the arclength parameter s = s(θ), as in

(4.12).

The main idea that the potential energy is proportional to the vertical height of the

bead. When the bead is located at the point (x(θ), y(θ)) of the cycloid (4.1), then

the vertical height equals y(θ), which depends of the arclength s(θ) as follows:

y(θ) = 2̺ sin2

(

θ

2

)

=
1

8̺
(s(θ))2 .

The potential energy now is given by

V (s) =
g

8̺
s2,

where g is the gravitational acceleration. This means that the equation of motion

(4.2) of the bead in terms of the position variable s is given by

s̈ = − g

4̺
s.

We recognize this as the harmonic oscillator (4.4) with frequency

ω =

√

g

4̺
, (4.13)
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Figure 4.7: The north latitude equals the elevation of the polestar above the

horizon.

with ℓ = 4̺. This proves that the cycloid is isochronous, since for the period of

oscillation we have

P = 2π

√

4̺

g
= 4π

√

̺

g
,

independent of the amplitude.

Remarks.

– A representation of Huygens’s proof [55] concerning isochrony can be found

in Aarts [3].

– The cycloid also is the tautochrone curve: From any height y with 0 ≤ y ≤
2̺, the time to fall to the level y = 0 is equal to

T = π

√

̺

g
,

for such a falling motion is nothing but one fourth of an oscillation, com-

pare (4.2.3).

4.2.4 A historical digression

In the seventeenth and eighteenth centuries a major problem in navigation was the

determination of the geographical longitude at sea. In a time without a Global
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Figure 4.8: Cheeks mounted near the point of suspension of a pendulum

clock. This picture is taken from Huygens’s Horologium Oscillatorium [55].

Positioning System this could only be solved by studying the starry sky, armed with

a sextant and with tables. The north latitude is not a problem since the altitude of

the polestar above the horizon matches well with this, see Figure 4.7.3

The geographical longitude can be computed from the difference between the local

time and, say, the Greenwich time. Twelve noon local time can be determined by

shooting the sun at its maximum altitude while the Greenwich time must be kept by

a precise clock. Since the earth rotates 360o in 24 hours, the difference in longitude

in degrees of arc can be obtained from the time difference through multiplication

by a factor of 15 = 360/24.

However, in the times of Christiaan Huygens (1625-1695) only pendulum clocks

were available, but they were not sufficiently reliable when used on ships. One

3On the southern hemisphere a similar construction exists based on the Southern Cross.
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Figure 4.9: Christiaan Huygens (1625-1695) by Caspar Netscher (ca. 1671),

Haags Historisch Museum.

problem is the an-isochronicity.4 This means that the ordinary pendulum clock is

unfit for maintaining Greenwich time over a longer time interval, say of weeks or

months, with sufficient precision.

In this light Huygens asked himself whether there does exist an adapted pendulum

which is isochronous. His idea was that the pendulum of the clock winds off along

‘cheeks’ that effectively shorten the pendulum length and therefore also the period

of swing at greater amplitude, see Figure 4.8 on page 71. The question then becomes

what should be the form of these cheeks.

The solution to this problem forms the main subject of Huygens’s monumental

Horologium Oscillatorium [55]. This solution makes extensive use of properties

of the cycloid. One of these is its isochrony and the specified question then be-

comes whether the cheeks can be designed in such a way that the pendulum mass

will indeed trace a cycloid instead of a circle.

The answer is that the cheeks then also should be of cycloidal form: in fact they are

segments of a cycloid that is congruent to the one that has to be traced. See Figures

4Let alone the effects of the motion of the ship on the waves and in the wind.
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4.10 (page 74) and 4.11 (page 75).

Determination of the geographical longitude at sea was a societal problem of

great interest in a time without GPS. Armed with sextants and tables the sailors

studied the starry sky and shot the sun. The latter occurred at 12 noon, local time

– when the sun is at its highest altitude. Also coverings of stars by the moon

were being observed. Much has been said about this, among others in the novel

Max Havelaar [32] from the Dutch author Multatuli, by a fellow named Batavus

Droogstoppel. On account of the essay On the longitude at sea in Sjaalman’s

package he says: “I think that at sea everything probably will be equally long

as ashore.” For more serious information see [87] and [95], also for a extensive

historical survey.

Remarks.

– In museums such as the Royal Museum (Greenwich), Hofwijck (Voorburg),

Teylers (Haarlem) and Boerhaave (Leiden), clocks can be seen with cycloidal

cheeks near the point of suspension. Huygens also gave this kind of clock-

work to captains to try out during their sea voyages.

– With the emergence of the spiral spring, that vibrates far more harmonically

and therefore isochronously, the necessity to isochronize pendulum clocks

disappeared. Such springs also suffer far less from the oscillatory motions

of the ship. However, Huygens’s mathematics and its considerable legacy

remain highly interesting.

Below these thoughts will be explored further.

4.2.5 Two cycloids

We now explain the mathematics behind these cycloidal ‘cheeks’ along which the

pendulum cord should wind off. Let C be the original cycloid from § 4.2.3 and

consider also the congruent cycloid E mounted on top of C as shown in Figure 4.11.

Assume that a pendulum of length 4̺ is fixed to the upper cusp point of E and

allowed to swing in such a way that it touches the curve E, coming loose along

the tangent line. Then the pendulum mass traces the lower cycloid C and it exactly

describes the isochronous motion as described before in § 4.2.3.

To be precise let C = C(θ) be the cycloid (4.1), given by

xC(θ) = θ + sin θ, yC(θ) = 1− cos θ
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Figure 4.10: The two cycloids according to Huygens [55].

and where for simplicity units are chosen in such a way that ̺ = 1.

The curve E = E(θ) then is parametrized as

xE(θ) = π + (θ − π) + sin(θ − π)

yE(θ) = 2 + yC(θ − π),
(4.14)
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Figure 4.11: The cycloids E and C relate to each other as evolute and involute.

See the text for explanation.
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which simply rewrites to

xE(θ) = θ − sin θ, yE(θ) = 3 + cos θ.

In both cases we set the parameter domain as |θ| ≤ π. Inspection of these formulas

rapidly yields that E and C are two congruent cycloids, see Figure 4.11.

To investigate the above assertions on the relation between C and E, we consider the

chord K(θ) between C(θ) and E(θ) and let its length be denoted by k(θ) = |K(θ)|,
again see Figure 4.11. As an end point of E take the nearest tip at θ = ±π and let

b(θ) be the arclength of E, measured from E(θ) to the end point.

Proposition 4.1 (Confirmation of Huygens’s idea). For |θ| ≤ π one has that K(θ)
is tangent to E and perpendicular to C. Moreover k(θ) = b(θ).

Proof. The proof is just a matter of a careful check. On the one hand

K(θ) = C(θ)− E(θ) =

(

2 sin θ
−2− 2 cos θ

)

=

(

4 sin (1
2
θ) cos (1

2
θ)

−4 cos2 (1
2
θ)

)

= 4 cos (1
2
θ)

(

sin (1
2
θ)

− cos (1
2
θ)

)

,

and on the other hand we have for any tangent vector in E(θ) to E

E ′(θ) =

(

1− cos θ
− sin θ

)

=

(

2 sin2 (1
2
θ)

−2 sin (1
2
θ) cos (1

2
θ)

)

= 2 sin (1
2
θ)

(

sin (1
2
θ)

− cos (1
2
θ)

)

,

from which it follows that K(θ) is parallel to E ′(θ): the chord is tangent to the

curve. The check that K(θ) is perpendicular to C ′(θ) is completely analogous.

Finally we verify that k(θ) = b(θ). On the one hand we have

k(θ) = 2
√
2
√
1 + cos θ = 4 cos(1

2
θ)

and on the other hand the arclength formula (4.12) gives

b(θ) = 4 sin
1

2
(θ + π) = 4 cos(1

2
θ) .
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Remarks.

– That K(θ) is perpendicular to C has everything to do with the fact that devel-

opment of the cord at the point E(θ) amounts to an ‘instantaneous’ rotation.

– Perpendicularity further means that the swinging motion exactly coincides

with that of the bead from § 4.2.3, because the force exerted by the cord after

all does not perform any work [7].5

In summary, the point of suspension of the pendulum cord is the ‘cusp’ in E, and

the cord develops along the cycloidal cheeks E, coming off along the tangent K
as shown in Figure 4.11. The pendulum mass then follows the curve C in an

isochronous motion.

4.2.6 Scholium

In later developments of geometry Huygens’s ideas were picked up and further elab-

orated in the notions of evolute and involute, see, e.g., Do Carmo [30].

Definitions. The general construction assumes a parametrized curve C = C(θ),
but it helps to think of the cycloid (4.1) and meanwhile to inspect Figure 4.11.

The evolute E of C now is the set of centers of curvature of C. Here, the center

of curvature E(θ) of a point C(θ) is the center of the circle that at this point has

maximal contact with C.6 This is the so-called osculating circle. The radius of the

osculating circle is the radius of curvature in C(θ) and the curvature in C(θ) is

exactly the (multiplicative) inverse of the radius. From this construction it follows

that E is the envelope of the normal bundle of C and we say that C is an involute of

E. 7

Vice versa we say that E is an evolute of C, defined in the following way. Take

an end point of the curve E. At any point P on E we consider the tangent to E.

The points Q on these tangents, such that the distance |P −Q| equals the arclength

between P and the given endpoint, then form an involute C. Generally, E is an

evolute of C if C is an involute of E with respect to some endpoint. Compare [2,3].

Remarks.

– Lagrange [60] (Joseph Louis Lagrange 1736-1813) found the isochrone curve

in a more systematic way using a differential equation. He too was looking

for the harmonic oscillator.

5A similar remark applies for the circular motion of the ordinary pendulum.
6This means that in C(θ) the 0th, 1st and 2nd derivatives of the circle coincide with those of C.
7We also speak of the involute C as a developing curve, sometimes also called evolvent.



78 Light and the cycloid

– From Proposition 4.1 we see that E is tangent to all normals K(θ) on the

curve C, also see Figure 4.11, top and bottom. In other words this means

that E envelopes the normal bundle of the curve C, which has another optical

interpretation. Here C is a source of light and E a caustic formed by the

ensuing light rays. Also see Chapter 8.

A question that may well occur to the reader is how Huygens [55] found all of this

and even more without having the calculus at his disposal. For a clarification of all

this see Aarts et al. [3] and also Whitman [97] and Yoder [98]. For more general

background information we are happy to refer to Andriesse [6].

4.3 The flat earth atmosphere revisited

Returning to the brachistochrone problem, we have considered the motion of the

bead K under the influence of constant gravity, again see Figure 4.1 on page 10.

When the bead is at rest at the highest point A, its velocity increases until it reaches

the lowest point B. By conservation of energy its potential energy decreases while

its kinetic energy increases, in such a way that their sum

M =
1

2
m (v(y))2 +mgy, (4.15)

is constant during the entire falling motion. Here m is the mass of the bead K, g
is the acceleration of gravity, v is the velocity and M the total energy. Thus the

(total) energy is conserved during the motion. The fact that the velocity v of the

bead depends only on the vertical height y suggests an analogy to the atmosphere of

a flat earth as in Chapter 2. So we can model the situation of the bead by thinking

of it as a ray of light whose velocity at height y is the one given by the gravational

field. This leads to the choice

n(y) =
1

v(y)

for the refraction index profile.

4.3.1 Two conservation laws

Besides the conservation of energy (4.15), in the optical setting we have another

conserved quantity, namely (2.8)

S = n(y) sinα,

where α again is the inclination with the vertical direction, compare Figure 4.12 on

page 79. The conserved quantity S is related to the name ‘Snell’. Also compare

Corollary 2.2 and Figure 2.6 (page 26).
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Figure 4.12: Bernoulli’s optical set-up. Similar discrete approximations of a

smooth situation are characteristic for applications of differential and integral

calculus as also already visible in the work of Newton and Leibniz.

4.3.2 The cycloid as the brachistochrone curve

As we saw at the end of § 2.3.1, the conservation law (2.8) determines the form of

the light ray, in this case of the brachistochrone. It turns out to be more convenient

not to express this curve in the form x = x(y), but rather to parametrize it as

x = x(α), y = y(α). From the conservation laws (2.8) and (4.15) we now prove

the following theorem.

Theorem 4.2 (Brachistochrone as cycloid). Assuming the above circumstances,

the brachistochrone curve has the cycloidal form

x(α) =
1

4S2g
(2α− sin(2α)

y(α) =
1

4S2g
(−1 + cos(2α)) ,

(4.16)

passing through A = (0, 0) for α = 0 and where the constant S determines the

scale of the curve such that it passes through B.
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Remarks.

– In terms of the format (4.1) and Figure 4.2 (page 63), the equation (4.16)

describes a cycloid with rolling angle θ and radius ̺ given by

θ = 2α− π and ̺ =
1

4S2g
.

– The cycloid played an important role in the 17th century, in fact it was a

‘much talked-of curve’, see [50,71,80]: it is even compared to Helen of Troy.

After the fundamental work of Huygens, Bernoulli’s brachistochrone result

came as a surprise.

Proof. Since the motion is pointing down, we have dx/dy = − tanα. We derive

the theorem from the conservation laws (2.8) and (4.15)

S = n(y) sinα and M =
1

2
mv(y)2 +mgy .

As mentioned before the desired profile will be of the form

(x(α), y(α)), (4.17)

where α is the inclination with the y–direction.

Since M is constant, differentiating the second equation we get that for all y we

have

v′(y) = − g

v(y)
. (4.18)

Rewriting the conservation (2.8) as sinα = Sv(y), differentiation with respect to α
leads to

cosα = Sv′(y)
dy

dα
. (4.19)

Next we determine the derivatives dy/dα and dx/dα for the parametrized format

(4.17). The results thus obtained are suitable for integration.

First we consider dy/dα:

dy

dα

(4.19)
=

cosα

Sv′(y)

(4.18)
= −v(y)

Sg
cosα (4.20)

(2.8)
= − 1

2S2g
sin(2α)
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and next dx/dα:

dx

dα
= − tanα

dy

dα
(4.20)
=

v(y)

Sg
sinα

(2.8)
=

1

2S2g
(1− cos(2α)) .

Integration now gives

y(α) = Cy +
1

4S2g
cos(2α)

x(α) = Cx +
1

4S2g
(2α− sin(2α) ,

where we choose the constants of integration Cy and Cx in such a way that x(0) =
0 = y(0), which leads to Cy = −1/(4S2g) and Cx = 0. So we finally get

x(α) =
1

4S2g
(2α− sin(2α)

y(α) =
1

4S2g
(−1 + cos(2α)) ,

as claimed.

Remarks.

– The value of the energy M is not directly visible in the solution (4.16), but in

the constant of integration this information comes back:

M =
1

2
m (v(y0))

2 +mgy0.

Since we assume that v(y0) = 0 the bead starts at a height y = y0 at rest.

It then follows that during the entire motion we have M = mgy0 and the

corresponding falling speed therefore equals v(y) =
√

2g(y0 − y), where

y ≤ y0.

By a translation on the y–axis we may even take M = 0. In that case the

falling speed is given by

v(y) =
√

−2gy,

for y ≤ 0. The kind of consideration is rather customary in classical mechan-

ics.
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– Direct integration of x = x(y) according to Theorem 2.3, in particular of

(2.10), yields formulas as, for instance, described in [4], § 3.3 Integrals of

Irrational Algebraic Functions; also [78]. It is a what Mark Levi calls a

‘finger-breaking’ exercise [68] to reconcile the above results with the direct

approach from § 4.3.2 based on parametrization by the inclination α.

– Notice that the brachistochrone cannot be expressed as a univalent function

x = x(y), which is a consequence of the ‘reflection’ that occurs at y = −2̺
in Figure 4.12. In Chapter 7 more generic forms of reflection will be studied.

4.4 Scholium

In the seventeenth century the cycloid played a special role in the development

of differential and integral calculus. In the work of Johann Bernoulli the brachis-

tochrone curve saw the light of day in 1696 as a contest in the journal Acta Erudito-

rum [14]. One year later he published his own solution in the same journal. A num-

ber of his famous contemporaries quickly responded, Leibniz being one of them.

Newton’s solution was published under a pseudonym, but Bernoulli “recognized

the lion by his paw.”8 For historical details see Goldstine [44]. The brachistochrone

problem and its solutions mark the birth of the long and broad development of the

Variational Principle, that nowadays forms a cornerstone of many scientific disci-

plines. This boils down to the idea that nature behaves in a way that corresponds to

solving an optimization problem. For background on the ensuing variational calcu-

lus and the Bernoulli family, see [44,70,85,91] and also [62–64], as well as all their

bibliographies.

Leibniz firmly believed in a large general validity of the Variational Principle:

he says somewhere with so many words that our world is the best of all possible

ones. Voltaire has immortally ridiculed this in his famous book Candide, ou

l’optimisme [13]. Nevertheless this way of thinking, where the Bernoulli’s had

a leading role, had a tremendous influence on the development of science.

In Chapter 6 the brachistochrone will again appear on the stage; one of the themes

of this book is the development of variational calculus in optics, where the brachis-

tochrone is a nice leading example. Compare [85, 91].

8. . . ex ungue leonem
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Figure 4.13: A light ray in a cycloidal form by Huygens [56]. For a discussion

see the contribution on Johann Bernoulli in [86]. In his commentary on the

brachistochrone problem the latter says that although Huygens did have the

right figure, he had no explicit formula [14].
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Part II

Light rays as geodesics





Chapter 5

The principles of Fermat and

Hamilton

Part I of this book, particularly its mathematical heart Chapter 2, uses only some

differential and integral calculus and some Euclidean geometry. In Part II we enter

more deeply into the mathematical background of geometric optics, introducing a

few elements from the 18th and 19th century theory of variational calculus and dif-

ferential geometry. The prerequisites therefore also have been increased somewhat.

See [30, 82, 88] for general references on differential geometry. This excursion

provides us with tools for a better understanding of the optical phenomena in the

atmosphere.

We start by introducing the differential geometrical setup, in which light rays fol-

low geodesics; this turns out to be a suitable and elegant translation of the Fermat

Principle. Here minimization of the time is translated into the minimization of a

certain kind of distance, to be expressed in terms of a Riemannian metric. In such a

metric the curves of shortest distance are known as geodesics. These geodesics then

can be found using the variational calculus of Euler and Lagrange, which is based

on earlier work of, among others, the Bernoullis and Leibniz. The resulting differ-

ential equations are known as the eikonal equations of geometric optics. The ‘final’

translation of the Fermat Principle in terms of variational calculus was performed

by Hamilton. We shall therefore speak of Hamilton’s Principle.

5.1 From Fermat via Euler-Lagrange to Hamilton

For a given smooth curve τ 7→ q(τ) in the plane or in space we denote the velocity

vector q̇ by q̇ = dq/dτ . At this moment we do not specify the parameter τ , since it

turns out that the theoretical background will provide us with a very natural choice

for τ. If this curve parametrizes a light ray in an isotropic medium, the refraction
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index n(q) is well-defined. By the Chain Rule we know

d q

d t
=

d τ

d t

d q

d τ
. (5.1)

Here t denotes the time. This is vectorial notation, but if q is a plane curve and we

write q(τ) = (x(τ), y(τ)) then (5.1) just becomes the two scalar equations

d x

d t
=

d x

d τ

d τ

d t
d y

d t
=

d y

d τ

d τ

d t
,

which is the Chain Rule in a more familiar format. The velocity vector is just

dq

dτ
.

If we now use that ||d q(t)/d t|| = 1/n(q(t)), by definition of the refraction index,

then a short calculation yields

dt = n(q)||q̇|| dτ. (5.2)

In these terms, the Fermat Principle says that for τ1 < τ2, where A = q(τ1) and

B = q(τ2) are kept fixed, the integral

∫ τ2

τ1

d t =

∫ τ2

τ1

n(q(τ))||q̇(τ)|| dτ

should be minimal (or at least extremal) under small variations of the curve q. Since

it is not convenient to deal with square roots, we rather extremize the integral

I(q) =
∫ τ2

τ1

1

2
n2(q(τ))||q̇(τ)||2 dτ (5.3)

as a function of the curve q; locally this amounts to the same problem. The integrand

of (5.3)

L(q, q̇) =
1

2
n2(q)||q̇||2 (5.4)

(where n2(q) = (n(q))2) is known as the Lagrangian of this minimization problem;

it can also be interpreted as the (kinetic) energy of the present motion. The reformu-

lation of the Fermat Principle now says that light rays extremize the integral (5.3).

This is precisely what is known as Hamilton’s Principle [47].
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Figure 5.1: Sir William R. Hamilton (1805-1865) and G. F. Bernhard Rie-

mann (1826-1866)

Remarks.

– In the case of the Lagrangian (5.4) the extremum of the functional (5.3) is

in fact a minimum, at least as long as τ2 − τ1 is sufficiently small. Compare

similar remarks following Theorems 2.1 and 2.4. For a general discussion on

large scale problems see [42, 84].

– The introduction of the parameter τ may look somewhat mysterious at first,

and one may well be tempted to simply choose τ = t, but it turns out not to

be wise to make an early choice. In fact, the underlying differential geometry

is going to provide us with a natural ‘geodesic’ parametrization.

5.1.1 Light rays as geodesics

In the formula dt = n(q)||q̇|| dτ , see (5.2), we interpret the time as a distance. In

effect, we treat distances in the optical medium as dependent on the refraction in-

dex: locally, distances become longer when the refraction index n gets larger. This

suggests the introduction of a Riemannian metric. This is an inner product on the

tangent space that depends on q, as follows:

Gq(q̇1, q̇2) = n2(q)〈q̇1, q̇2〉 , (5.5)
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where 〈q̇1, q̇2〉 denotes the standard (Euclidean) inner product of the tangent vectors

q̇1 and q̇2. That G is a scalar multiple of the standard inner product reflects the

isotropy of the medium: at any point q, the speed of light in all directions has the

same value 1/n(q). From this it follows that

L(q, q̇) =
1

2
Gq〈q̇, q̇〉 , (5.6)

compare (5.4). Since geodesics locally minimize distance, in this setting extrem-

ization of the integral I in (5.3), by definition, exactly yields the geodesics of the

Riemannian metric G. From this we may conclude that the light rays, as obtained

by the Hamilton Principle, are indeed the geodesics of this Riemannian metric. This

provides us with a more modern entrance to geometric optics [10, 46].

In Chapter 7 the geometric optics of the rotationally-symmetric atmosphere of the

round earth will be extensively discussed in terms of the differential geometry of a

surface of revolution in three-dimensional space.

Remarks.

– The extremum of I in our case locally is a minimum as long as τ2 − τ1 is

sufficiently small. That this holds in general only locally is a well-known fact

in differential geometry. A famous example thereof concerns the standard 2–

sphere S
2, on which the geodesics are great circles, whose centers coincide

with the center of the sphere. If, as after Theorem 2.4, we consider two points

A and B, where B moves away from A along a great circle, then the con-

necting arc is minimal as long as B has not yet reached the antipodal point of

A. After this the other arc along the same great circle becomes the shortest

connection. We say that A and its antipodal point are conjugated, which here

expresses as much as that (all) geodesics starting at A meet again at B.

5.1.2 Euler and Lagrange

Leonhard Euler (1707-1783) was a student of Johann Bernoulli (1667-1748) and

Joseph Louis Lagrange (1736-1813) was a student of Euler. Both made many fun-

damental contributions to mathematics and (mathematical) physics. Regarding the

calculus of variations, Euler improved on the Bernoullis and on Leibniz, while La-

grange in his turn improved on Euler. Their joint efforts resulted in the Euler-

Lagrange equations, which provide extremal solutions for the problem to extremize

the functional

I(q) =
∫ τ2

τ1

L(q(τ), q̇(τ)) dτ .

as in (5.3), for very general Lagrangians L. We here briefly summarize this theory,

referring to [7, 43] and the corresponding bibliographies for details. First we state

the following theorem without proof.
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Theorem 5.1 (Euler–Lagrange [36, 61]). Assume that n = n(q) is a smooth func-

tion. Then a curve τ ∈ R 7→ q(τ) ∈ R
2 satisfies the Euler–Lagrange equations

d

dτ

∂L

∂q̇1
=

∂L

∂q1
d

dτ

∂L

∂q̇2
=

∂L

∂q2

(5.7)

if and only if the integral I of (5.3) is extremal under small variations of the curve

q, where the end points q(τ1) and q(τ2) are kept fixed.

Remarks.

– To illustrate how this works we give a brief discussion of the Euler–Lagange

equations (5.7) in the optical setting of the (x, y)–plane with refraction index

profile n = n(y). In the above we take (q1, q2) = (x, y). For the computation

of the partial derivatives of the Lagrangian L(x, y, ẋ, ẏ) = 1
2
n2(y) ((ẋ)2 + (ẏ)2)

we have to consider x, y, ẋ and ẏ as independent variables. This leads to

∂L

∂x
= 0,

∂L

∂y
= n(y)n′(y)

(

(ẋ)2 + (ẏ)2
)

and
∂L

∂ẋ
= n2(y)ẋ,

∂L

∂ẏ
= n2(y)ẏ ,

where n′ = dn/dy.

Substitution of these expressions into (5.7) gives a system of second order

differential equations

d

dτ

(

n2(y)ẋ
)

= 0

d

dτ

(

n2(y)ẏ
)

= n(y)n′(y)
(

(ẋ)2 + (ẋ)2
)

,

(5.8)

where now ẋ = dx/dτ and ẏ = dy/dτ .

– Effectively performing the differentiations in (5.8) becomes difficult. In a

while we shall see how Hamilton’s approach is a considerable simplification,

where both second order differential equations are replaced by two first order

equations. However, one conclusion we can already draw at this moment, is

that the expression n2(y)ẋ is a conserved quantity in (5.8). We shall elaborate

on this later.
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5.1.3 Via Legendre to Hamilton

By the Legendre transformation (Adrien-Marie Legendre 1752-1833) an elegant

transfer can be made from Euler–Lagrange to the canonical formalism of Hamilton.

Theorem 5.2 (Hamilton [7,43] ). Consider the Legendre transformation L : R4 −→
R

4

L : (q1, q2, q̇1, q̇2) 7→ (q1, q2, p1, p2), where

pj =
∂L

∂q̇j
= n2(q) q̇j

(5.9)

for j = 1, 2.

The transformation L is invertible and the Hamiltonian

H : R4 −→ R, where H(p, q) = L ◦ L−1(q, p) = L

(

q,
p

n2(q)

)

(5.10)

has the form

H(p, q) =
1

2n2(q)
||p||2. (5.11)

The solutions of the Euler–Lagrange equations (5.7) correspond with those of the

canonical equations

q̇j =
∂H

∂pj

ṗj = −∂H

∂qj
,

(5.12)

for j = 1, 2.

Proof. From (5.9) it directly follows that for the inverse transformation L−1 we

have

q̇j =
1

n2(q)
pj,

j = 1, 2. The general theory [7,43] that first of all provides us with the form (5.10),

which, together with (5.4) for the Lagrangian L, directly leads to (5.11). More-

over we note that the Euler–Lagrange equations (5.7) by definition (5.9) become

equivalent to the system

ṗj =
∂L

∂qj

for j = 1, 2.
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Remarks.

– The canonical equations (5.12) are often called the Hamilton–Jacobi equa-

tions (Carl Gustav Jacobi 1804-1851).

– In a more geometric setup, L is a transformation from the tangent bundle to

the co-tangent bundle of the configuration space with coordinates qj that cor-

respond to the positions of the light rays. In the background of Theorem 5.2

it is relevant that the Lagrangian L in the tangent space attached to q is a

positive definite quadratic form in the q̇j–variables.

5.1.4 General remarks

At the conclusion of this section we present a few remarks concerning the systems

(5.7) and (5.12) and their applications in geometric optics. In the sequel we shall

pass back and forth at will between these equivalent formulations.

As said earlier L, and therefore also H , stands for the total energy of the systems

(5.7) and (5.12).

Theorem 5.3 (Conservation of Energy). Assuming the circumstances of Theo-

rem 5.2, along any integral curve τ 7→ (q(τ), q̇(τ)), and, equivalently, along τ 7→
(q(τ), p(τ)), the energy

L(q(τ), q̇(τ)) ≡ H(q(τ), p(τ)) (5.13)

is constant.

Proof. We use vectorial notation. For the directional derivative Ḣ of the function

H along the vector field given by (5.12) we have

Ḣ =
∂H

∂p
ṗ+

∂H

∂q
q̇

= −∂H

∂p

∂H

∂q
+

∂H

∂q

∂H

∂p
≡ 0,

which establishes our claim.

For a given value E conservation of energy can be expressed as

L(q(τ), q̇(τ)) ≡ E ≡ H(q(τ), p(τ)). (5.14)

Note that in terms of (5.5) this exactly means that

〈q̇, q̇〉G = 2E. (5.15)
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In the case where 2E = 1 we see that the geodesic is parametrized according to

arclength.

Remarks.

– For a given refraction index profile n = n(q) the differential equations (5.7),1

determine the ray bundles in a unique way. Compare Theorem 5.2.

– Without further effort q here can stand for a three-dimensional position vari-

able q = (q1, q2, q3). The essential formulas (5.4) and (5.11), as well as the

corresponding differential equations, would not change, certainly not in the

present vectorial form. In this way we get a general entrance to geometrical

optics, without the restriction to a vertical plane [9, 38, 46].

– Evidently, the differential equations (5.7) and (5.12) also give the possibility

of approximating the corresponding ray bundles numerically for any given

refraction index profile. As we said before in Chapter 3, the inverse problem

is of particular interest: to determine an appropriate refraction index profile

for given optical observatons, compare [65, 95].

5.2 The Noether Principle: Conservation laws by sym-

metry

A fairly general way to obtain conserved quantities runs as follows. One of the

variables in q = (q1, q2), say q1, does not explicitly show up in the expression for

the Lagrangian L, see (5.4). We say that q1 is a cyclic variable. This is a special

way for the Noether Principle to work: q1 being cyclic expresses that the system is

symmetric under translations in the q1-direction. From this it follows that

∂L

∂q1
≡ 0, (5.16)

which in (5.7) leads to
d

dτ

∂L

∂q̇1
≡ 0 ,

from which we see that

p1 =
∂L

∂q̇1
(5.17)

is a conserved quantity. Also in the Hamiltonian formulation this relation can be

clearly seen. Indeed, in (5.12) one has

ṗ1 = −∂H

∂q1
≡ 0, (5.18)

1Also known as the eikonal-equations of geometric optics.
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from which we immediately get the same result, namely that p1 is conserved. We

shall apply this idea both for the flat earth atmosphere with q1 = x, q2 = y and for

the round earth eatmosphere with q1 = ϕ, q2 = r.

Amalie Emmy Noether (1882-1935) was a mathematician, who among other

things, became famous for the discovery that in the context of the differential

equations (5.7) and (5.12) a wonderful relation exists between symmetries and

conservation laws. In it simplest formulation we first observe that a conserved

quantity F generates a vector field

XF =
∂F

∂p

∂

∂q
− ∂F

∂q

∂

∂p
.

This notation abbreviates (5.12), with H replaced by F . The solution flow

generated by XF forms a symmetry group of the differential equations (5.7)

and (5.12). The other way around, given a symmetry group one can search

for an infinitesimal generator, which then is a conserved quantity. The Noether

Principle is a theorem that guarantees that all this works well under quite general

circumstances. For a textbook version, see [7].

5.2.1 The flat earth atmosphere

We now inspect what the Noether Principle means for the geometric optics of the flat

earth atmosphere. In this case q = (x, y) and the horizontal translation symmetry

is expressed by the fact that the refraction index profile has the form n = n(y), i.e.,

independent of x. According to (5.4) we now get

L(q, q̇) =
1

2
〈q̇, q̇〉G =

1

2
n2(y)

(

ẋ2 + ẏ2
)

(5.19)

and clearly x is indeed a cyclic variable and therefore

px = n2(y) ẋ (5.20)

is a conserved quantity. Also compare the the example in § 5.1.2. Bearing in mind

the mechanical analogy [7, 43], the function px is known as the momentum.

Also introducing py = n2(y) ẏ as in (5.9), application of the above to (5.11) for this

case yields

H(p, q) =
1

2n2(y)
(p2x + p2y) . (5.21)
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The corresponding canonical equations (5.12) therefore read

ẋ =
∂H

∂px
, ṗx = −∂H

∂x

ẏ =
∂H

∂py
, ṗy = −∂H

∂y

(5.22)

and since H does not depend on x also in this format we see that px is a conserved

quantity, in a formula:

ṗx = −∂H

∂x
= 0.

Hero–Snell revisited. We observe that both the energy and the momentum are

conserved along a light ray:

H(x, y, px, py) = E and px = I

for given constants E and I . With help of E and I we easily define a third conserved

quantity

S(x, y, ẋ, ẏ) =
I

√

2E(x, y, ẋ, ẏ)

and then at once see that

S(x, y, ẋ, ẏ) = n(y)
ẋ

√

ẋ2 + ẏ2
= n(y) sinα(ẋ, ẏ),

where α indicates the inclination of the velocity vector q̇ with the vertical direction.

Compare Figure 2.2 and the proof of Theorem 2.1. This is exactly the conservation

law (2.8), found previously by more elementary means.

5.2.2 The round earth atmosphere

For the round earth atmosphere we have q = (ϕ, r) and n = n(r). According to

(5.4) we now get

L(q, q̇) =
1

2
〈q̇, q̇〉G =

1

2
n2(r)

(

r2ϕ̇2 + ṙ2
)

, (5.23)

where it is taken into account that ϕ is an angular variable (measured in radians).

The latter means that infinitesimal distances in the ϕ–direction have the form rdϕ =
rϕ̇dt, also compare Figure 2.8. From this we conclude that ϕ is indeed a cyclic

variable and thus

pϕ = r2n2(r) ϕ̇ (5.24)
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is conserved. It is customary to call pϕ the angular momentum. Further introduction

of pr = n2(r)ṙ, see (5.9), in this case gives the Hamiltonian (5.11) the form

H(p, q) =
1

2n2(r)
(p2ϕ + p2r) . (5.25)

The corresponding canonical equations (5.12) in this case are

ϕ̇ =
∂H

∂pϕ
, ṗϕ = −∂H

∂ϕ

ṙ =
∂H

∂pr
, ṗr = −∂H

∂r

(5.26)

and, since H does not depend on ϕ, also in this way it follows that pϕ is a conserved

quantity:

ṗϕ = −∂H

∂ϕ
= 0 .

Hero-Snell re-revisited. For this case both

H(ϕ, r, pϕ, pr) = E and pϕ = M

are conserved. And again we define a third conserved quantity

C(r, ϕ, ṙ, ϕ̇) =
M

√

2E(r, ϕ, ṙ, ϕ̇)
, (5.27)

and easily deduce that

C(r, ϕ, ṙ, ϕ̇) =
r2n2(r)ϕ̇

n(r)
√

r2ϕ̇2 + ṙ2
(5.28)

= rn(r)
rϕ̇

√

r2ϕ̇2 + ṙ2

= rn(r) sinα(ṙ, ϕ̇),

where α is the inclination of the velocity vector q̇ with the radial direction. The

argument here is analogous to that of § 5.2.1 and we so retrieve the conservation

law (2.14) derived earlier in § 2.3.
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Remarks.

– Compare the conservation of angular momentum as this occurs in the case of

a central force field. This conservation law corresponds to Kepler’s Second

Law, and it is from this case that the term ‘cyclic variable’ historically was

derived [7, 43].

– Conservation of Energy can also be viewed in terms of symmetry and the

Noether Principle, namely by observing that both the Lagrangian L and the

Hamiltonian H do not explicitly depend on the parametrization by τ . The

symmetry then is formed by translations in the τ–direction.

5.3 Reduction of the symmetry

The translation and rotation symmetries for the flat and the round earth allow us to

reduce the dynamics from the four-dimensional (p, q)–space to a plane. Also this

is analogous to the reduction of the dynamics in the central force field [7, 43]. Our

starting point is formed by the formulas (5.21) and (5.25).

Theorem 5.4 (Reduction). If the conservation laws (5.20) and (5.24) are written

as

px = I and pϕ = M, (5.29)

for given constants I and M , then the Hamiltonians (5.21) and (5.25) let themselves

be reduced to

HI(y, py) =
1

2n2(y)
p2y + VI(y), with VI(y) =

I2

2n2(y)

HM(r, pr) =
1

2n2(r)
p2r + VM(r), with VM(r) =

M2

2r2n2(r)
,

(5.30)

where I and M act as parameters.

Proof. Without loss of generality we only consider the case of the flat earth. The

canonical equations for this case (5.22) can be further elaborated to

ẋ =
1

n2(y)
px, ṗx = 0

ẏ =
1

n2(y)
py, ṗy =

n′(y)

n3(y)
(I2 + p2y),

(5.31)

where in the latter formula we applied the substitution px = I .
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We see that the two equations in the second line decouple from the two in the first

line, which implies that the dynamics in the (y, py)–direction, for px = I , can be

studied separately: this is what reduction of the translation symmetry comes down

to. We moreover see that the reduced equations

ẏ =
1

n2(y)
py, ṗy =

n′(y)

n3(y)
(I2 + p2y)

have the format

ẏ =
∂HI

∂py
, ṗy = −∂HI

∂y
,

with

HI(y, py) =
1

2n2(y)
p2y + VI(y), and VI(y) =

I2

2n2(y)
,

which exactly yields the first formula of (5.30).

Reduction of the canonical system (5.26) to the second formula in (5.30) runs com-

pletely analogously.

By using the symmetry, both systems are reduced to the (y, py)–, respectively the

(r, pr)–plane. We here observe that the integral curves of (5.30) are precisely the

level-curves of the functions HI or HM , i.e., curves with equation HI(y, py) = cst.
and HM(r, pr) = cst. This makes it relatively simple to provide reduced phase

portraits in the (y, py)–, respectively the (r, pr)–plane.

The functions VI and VM are known as the effective potentials of these reductions,

and are completely determined by the refraction index profiles n(y) and n(r). In

the sequel we shall see how the associated reduced phase portraits play a role in the

analysis of the optical setting.

Remarks.

– Let us perform a test first. In vacuo where n(y) ≡ 1, the phase portrait of the

first equation in (5.30) consists of horizontal lines of the form

py = ±
√
2E − I2,

where E is the value of the energy. Note that necessarily E ≥ 1
2
I2. Along

these lines the point (y, py) moves with the constant speed py either to the left

or to the right. In the reconstruction to four-dimensional space the same holds

for the point (x, px) = (x, I) that moves with velocity I to the left or to the

right. In a word, we retrieve the straight lines in vacuo. Analogously for any

constant n we always retrieve the familiar straight lines.
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y

py

0

y

VI(y)

0

Figure 5.2: Effective potential and reduced phase portrait of the geodesic

problem on the Poincaré upper halfplane. See the text for further discussion.

– In general the integral curves are of the form

py = ±
√

2n2(y)E − I2.

Example 5.1 (The Poincaré upper halfplane revisited). We again consider the

Poincaré upper halfplane y > 0 of Example 2.1. This concerns the flat earth atmo-

sphere with refraction index profile n(y) = 1/y. From (5.19) and (5.21) we directly

see that

L(x, y, ẋ, ẏ) =
1

2y2
(ẋ2 + ẏ2) and H(x, y, px, py) =

1

2
y2(p2x + p2y),

where the momentum (5.20)

px =
1

y2
ẋ

is a conserved quantity. Setting px = I as before, then according to the first formula

of (5.30) we have

HI(y, py) =
1

2
y2p2y + VI(y), with VI(y) =

1

2
I2y2.



5.4 Scholium 101

See Figure 5.2 for a reduced phase portrait. Together with Figure 2.10 on page 33,

this gives a geometric, qualitative impression of the dynamics in the four-dimensional

(x, y, px, py)–phase space. At the end of Chapter 6 we shall return to this subject.

5.4 Scholium

As announced in the Scholium of Chapter 3, the technical tools for visualizing the

information on the refraction index profiles n = n(y) and n = n(r), are given by

the effective potentials

VI(y) =
I2

2n2(y)
en VM(r) =

M2

2r2n2(r)
.

These expressions lead us from the reduced phase portraits to the sight ray geodesics.

In both case the configuration space is exactly the (x, y)– or the (r, ϕ)–plane.

Applications. In Chapter 6 these methods will be applied to Bernoulli’s brachis-

tochrone problem, as an addition to Chapter 4. Again the refraction index profile

n(y) = 1/
√−2gy, y < 0 will play a role, originating from conservation of energy

under constant gravitation with acceleration g.

In Chapter 7 we carry out the present program for the symmetric round earth at-

mosphere, in which case the corresponding geodesic problem can be isometrically

embedded on a surface of revolution in R
3.

Integrable systems. The geometric optics in the atmospheres of the flat and round

earth leads to canonical equations that are completely integrable by their symmetries

and the corresponding conservation laws. The central force field – as well as the

associated two-body problem – and the geodesic problem on a surface of revolution

are also examples of such integrable systems. It has turned out that also the geodesic

problem on an arbitrary ellipsoid is integrable and in higher dimensions we find

examples in the Lagrange– and Euler–top, compare [7, 43]. In all these cases (if

necessary in several steps) it is possible to obtain a reduced system like (5.30),

defined on a plane. This summarizes the classical strategy: look for conservation

laws and reduce the dimension. It took until the end of the 19th century for Poincaré

to come to the insight that a system like the three-body problem in general is non-

integrable.

A system that is a small perturbation of an integrable system is often called

nearly integrable. It is now known that ‘most’ canonical systems are non-integrable.

A question arises what is the optical implication of this. We shall briefly return to

this question in Chapter 8.
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Remarks.

– We should note at once that the Hamilton Principle does not only apply to

optics, but extends over almost all of classical mechanics [48,49]. See [7,20,

43, 62].

– The Variational Principle of Principle of Least Action extends even much

further than theoretical physics, for instance see [63]. Also in extremization

problems in econometrics and in the engineering sciences one resorts to such

principles. A further extension of this theory is Optimal Control Theory, as

developed by Pontryagin and Bellman, see Kirk [58]. For a historic perspec-

tive see Sussmann and Willems [91]. In general the context is expanded to

partial differential equations.



Chapter 6

The brachistochrone revisited

We again consider Bernoulli’s brachistochrone, this time armed with the technol-

ogy of Chapter 5. This provides a nice illustration of the theory and on its own

it also sheds new light on the brachistochrone problem. As in Chapter 4, we use

the geometric optics of the flat earth atmosphere and reduce the dynamics accord-

ing to Theorem 5.4, making use of the horizontal translation symmetry and the

associated cyclic variable x. From the reduced problem we then reconstruct the

full 4–dimensional system, which allows us to the retrieve the cycloid in a more

transparant way.

This method is very similar to the one used for the motion in a central force field,

where the rotationsl symmety of Kepler’s Second Law leads to a 2–dimensional

reduction, which then is reconstructed to the original 4–dimensional phase space.

Compare [7].

6.1 Reduction of the translation symmetry

In § 4.3 we saw in detail how geometric optics is used in Bernoulli’s solution of the

brachistochrone problem. In fact it was the setting of the flat earth atmosphere with

coordinates (x, y), where the refraction index profile n = n(y) is chosen according

to conservation of energy for motion under constant vertical gravitation (4.15)

1

2
v2(y) + gy = 0,

where g is the gravitational acceleration. For details see the discussion in Chapter 4.

As before, this leads to the refraction index profile

n(y) =
1√−2gy

, (6.1)
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where y < 0. This in turn leads to a reduced Hamiltonian as in (5.30), with the

effective potential

VI(y) =
I2

2n2(y)
= −I2gy .

Here I is a real number that parametrizes the reduced problem. The question then is

what we can learn from the reduced phase portrait and the corresponding dynamics.

To start with we conclude that

HI(y, py) =
1

2n2(y)
p2y + VI(y)

= −gy(p2y + I2)

(6.2)

where py = −ẏ/(2gy). The reduced canonical equations (5.3) then become

ẏ = −2gypy

ṗy = g(p2y + I2) .
(6.3)

The integral curves of (6.3) are known to coincide with the level curves of HI .

Notice that for I 6= 0 no equilibria occur. In fact we can directly solve the equation

HI(y, py) = E as

y = −1

g

(

E

p2y + I2

)

, (6.4)

see Figure 6.1. We immediately see that y as a function of py is minimal for

py = 0 with value y = − E

gI2
. (6.5)

The limiting vertical line y = 0 in this problem has a special meaning. Although

this line forms the level curve of HI for the level E = 0, none of the expressions

(6.1), (6.2) and (6.3) is defined here. Yet all integral curves have the line y = 0 as

an asymptote, both for py → +∞ and py → −∞.

A rough description of the phase portrait in Figure 6.1, on page 105, now runs as fol-

lows. Starting at y = 0 and py = −∞ the y–coordinate decreases to y = −E/(gI2),
after this y increases back to 0, where py = +∞. For (y, py) = (−E/(gI2), 0) we

have ẏ = 0, the vertical velocity vanishes.
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y

VI(y)

y

py

0

0

Figure 6.1: Reduced phase portrait (6.3) for Bernoulli’s brachistochrone.

6.2 The cycloid recovered

We explicitly compute the time parametrization of the integral curves in the reduced

system (6.3). It follows from the equation ṗy = g(p2y + I2) in (6.3) that

dτ =
dpy

g(p2y + I2)
=

1

gI

du

u2 + 1
,

using the substitution py = Iu. This form can be integrated to

τ =
1

gI
arctan u =

1

gI
arctan

(py
I

)

.

Everything now can be expressed in elementary functions. Indeed, we can write py
in terms of τ as follows:

py = I tan(gIτ), which implies y(τ) = − E

gI2
cos2(gIτ) (6.6)

using (6.4). Here for τ = 0 we took the value py = 0 that corresponds to the

minimum (6.5) of the function (6.4). The entire motion covers the interval |τ | <
π/(2gI).
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Figure 6.2: Once more we show the cycloid from Figure 4.2, now with rolling

angle θ = 2gIτ and radius ̺ = E/(2gI2). If in (6.7) we take x0 = −π̺ =
−E/(2πgI2), the resulting cycloid is a downward translation of the above

picture over 2̺ = E/(gI2).

From here we can also directly retrieve the parametrization of x in terms of τ .

Indeed, from (5.29) it is known that I = px = n2(y)ẋ which implies

ẋ =
1

n2(y)
px =

1

n2(y)
I .

From this and (6.1) it follows that

ẋ =
1

n2(y)
I = −2Igy

=
2E

I
cos2(gIτ) =

E

I
(1 + cos(2gIτ))

and so

x = x0 +
E

I

(

τ +
1

2gI
sin(2gIτ)

)

.

If in (6.6) we also express y in terms of the double angle, we get

x = x0 +
E

2gI2
(2gIτ + sin(2gIτ))

y = − E

2gI2
(1 + cos(2gIτ))

(6.7)

and again meet the cycloid, see Figure 6.2.
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Remarks.

- Comparing (6.7) with the earlier formulas (4.16) and (4.1) reveals that

E

2gI2
=

1

4S2g
,

which is in agreement with (5.2.1). Interesting moreover is the affine propor-

tion

gIτ =
1

2
θ = α− 1

2
π (6.8)

between the parameters τ , θ and the inclination α with the y–direction.

- The latter is remarkable in the light of § 5.1.1, where it is asserted that light

rays are geodesics of the Riemannian metric G, which by (5.5) and (6.1) has

the form

Gq(q̇, q̇) = − 1

2gy

(

(ẋ)2 + (ẏ)2
)

,

with q = (x, y) and q̇ = (ẋ, ẏ).

The affine relation (6.8) therefore concerns the geodesic parameter τ and the

inclination α, which means that α also forms a geodesic parameter [88].

- The reader is invited to adapt the present section to the geodesic problem on

the Poincaré upper halfplane, as described in the Examples 2.1 and 5.1 from

the Chapters 2 and 5.

6.3 Scholium

We conclude this chapter with two remarks.

Computations in terms of elementary functions. The above derivation of the

cycloid as the brachistochrone curve is reminiscent of the way in which Newton’s

mathematical principles yield the Keplerian conic section orbits for the motion in

a Newtonian central force field, compare [7, 43]. It seems remarkable that many

of the computations of Huygens, Newton and the Bernoullis fell completely within

the framework of elementary functions. Here is should be noted that already for

the motion of a planar mathematical pendulum the time parametrization leads to an

elliptic integral.
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A ‘modern’ solution of the brachistochrone problem. The brachistochrone

problem was one of the first in the development of variational calculus. For an

overview of this extremely interesting history we refer to Goldstine [44]. In this

development the Euler–Lagrange equations play a major role. Therefore we here

show a simple version of the brachistochrone problem in this format. This is the

way in which nowadays mathematics and physics students meet this, most often as

a classroom exercise.

We briefly recall the problem from Chapter 4. The brachistochrone curve connects

the point A and B in a vertical plane, in which we have a constant vertical gravi-

tation with acceleration g. The brachistochrone curve then is a wire profile along

which a bead slides without friction and such that the passage from A to B takes

the shortest time.

Let the desired curve be described as a function y = y(x) (curves with vertical

segments can be directly excluded). As we saw in Chapter 4.2, for a piece of arc

the arclength by the Pythagorean Theorem amounts to

ds =
√

(dx)2 + (dy)2 =
√

1 + (y′)2 dx, (6.9)

where y′ = dy/dx. From the energy conservation we again get the velocity

v =
ds

dt
=

√

−2gy , (6.10)

see (4.3.2) or the beginning of § 6.1. From (6.9) and (6.10) it further follows that

dt =

√

−1 + (y′)2

2gy
dx.

An argument as in § 5.1 of Chapter 5 now provides us with a Lagrangian

L(y, y′) =

√

−1 + (y′)2

2gy
. (6.11)

The corresponding Euler–Lagrange equation (5.7) for this case reads

∂L

∂y
− d

dx

∂L

∂y′
= 0,

which after after a brief calculation can be rewritten as a first order differential

equation
(

1 + (y′)2
)

y = constant. (6.12)

Substitution of a parametrized solution (x, y) = (x(θ), y(θ)) then leads, as before,

to the cycloidal answer, compare (4.1) and (6.7). Compare, among others, Bot-

tema [20].



Chapter 7

Light rays as geodesics on a surface

of revolution

In Chapter 5 we interpreted the light ray in an isotropic medium as a geodesic in

an appropriate Riemannian metric, the dynamics of which can be described both by

the Euler–Lagrange and the canonical equations (5.7) and (5.12). Just as in Chap-

ter 3 we restrict ourselves to the round earth atmosphere with a rotation symmetric

refraction index profile.

This approach makes us land in the world of rotationally symmetric differential

geometry of surfaces. A very well–known type of these is formed by surfaces of

revolution in 3-dimensional space, and the question addressed in this chapter is to

what extent surfaces of revolution can be of interest to optics.

7.1 Summary of the chapter

Below we shall first treat the geodesic problem on a surface of revolution as such [7,

30] thereby applying the complete armament of Chapter 5. The rotational symme-

try introduces a conservation law according the Noether Principle, in this case the

conservation of angular momentum, compare § 5.2.2. In the same way as in (5.27),

from this and the conservation of energy we obtain another conservation law, known

as the Clairaut’s Theorem (Alexis Claude Clairaut 1713-1765) [7, 30]. Here we ap-

ply the reduction method from § 5.3, in particular Theorem 5.4, thereby reducing

the number of dimensions from 4 to 2.

After this we make the connection to optics, where necessary and sufficient con-

ditions will be derived for isometrically embedding the corresponding Riemannian

metric as the metric on an appropriate surface of revolution. If we have polar coordi-

nates (r, ϕ) in the optical setting, where the refraction index profile is n = n(r), then

it will turn out that the modified refraction index profile nM(r) = rn(r), see (3.4),
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has to be identified as the distance to the rotation axis. This will enable an inter-

pretation of the Wegener sector as described in § 3.3.2, in the set-up of surfaces of

revolution.

In a scholium we digress on the differential geometry of a surface of revolution by

understanding its geodesics as the orbits of a free particle on the surface. This forms

an illustration of d’Alembert’s Principle [7], which expresses that an appropriate

normal force is being applied to keep the particle on the surface.

In Chapter 5 we saw that geodesics minimize length. In fact geodesics are

curves that (locally) form the shortest connections, like straight lines in Eu-

clidean space. Determination of the geodesics is a minization problem that by

the Variational Principle leads to Euler–Lagrange equations and to the equiv-

alent canonical equations of Hamilton. This is a general story that also ap-

plies outside the context of optics. The present chapter follows the lines of

this story for a surface of revolution that inherits its metric from the ambient

3–dimensional space and studies the ensuing geodesics. After this we consider

which geometric optical models fit with this theory of surfaces of revolution.

7.2 Geodesics on a surface of revolution

We consider a surface of revolution S ⊂ R
3, that comes into existence by revolving

a planar curve around a disjoint line in the same plane. We take cartesian coordi-

nates (x, y, z), in which the given line is the z–axis and assume the curve to lie in

the (x, z)–plane, parametrized as

x = f(u), z = g(u), (7.1)

where u runs over an open interval. Here always f(u) > 0 and for simplicity we

also assume that

(f ′(u))2 + (g′(u))2 ≡ 1, (7.2)

which means that u is an arclength parameter. If we first introduce cylindrical coor-

dinates (ϕ, r, z) by x = r cosϕ and y = r sinϕ, then the surface S is parametrized

by ϕ and u as follows:

x = f(u) cosϕ, y = f(u) sinϕ, z = g(u) . (7.3)

Note that at any point of S with coordinates (ϕ, u), the distance to the z–axis is

given by f(u). See Figure 7.1 on page 111.
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Figure 7.1: The curve x = f(u), z = g(u), according to (7.1), by revolution

about the z–axis gives rise to the surface S of revolution.

As in Chapter 5 we give a description of the corresponding Riemannian metric,

as inherited from the ambient Euclidean space R
3. In the present case the metric

G = Gq(q̇, q̇) has the form

Gq(q̇, q̇) = 〈q̇, q̇〉Gq
= f 2(u)ϕ̇2 + u̇2 (7.4)

with corresponding Lagrangian (5.23)

L(q, q̇) =
1

2
Gq(q̇, q̇) .

Here q = (ϕ, u) and as in § 5.2 the factor f 2(u) accounts for the fact that ϕ is

angular. Indeed, an infinitesimal rectangle in the coordinate directions (ϕ, u) has

edges f(u)dϕ and du. Also as before, L can be interpreted as the kinetic energy.

7.3 Dynamics of the geodesics

As in Chapter 5 we now describe the dynamics of the geodesics in terms of Euler–

Lagrange and of Hamilton.

7.3.1 According to Euler–Lagrange

We first give a description of the geodesics in terms of the Euler–Lagrange equa-

tions (5.7).

Proposition 7.1 (Surface of revolution in Lagrangian style). The motion along

the geodesic of the surface of revolution S is given by the Lagrangian

L(ϕ, u, ϕ̇, u̇) =
1

2

(

f 2(u)ϕ̇2 + u̇2
)

. (7.5)
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The corresponding Euler-Lagrange equations read

f 2(u)ϕ̈+ 2f(u)f ′(u) u̇ ϕ̇ = 0

ü = f(u)f ′(u) ϕ̇2 .
(7.6)

The angular momentum

pϕ = f 2(u) ϕ̇ (7.7)

is a conserved quantity.

Indeed, for the surface of revolution the angle ϕ is a cyclic variable. This is visible

from the first equation of (7.6), which after all says nothing more than

ṗϕ = 0 .

As before we shall fix a constant M and put

pϕ = M .

Our proof of Proposition 7.1 consists of a few computations in the spirit of Chap-

ters 5 and 6, the details are entrusted to the reader.

7.3.2 According to Hamilton

As in § 5.1.3 we next turn to the Hamiltonian description and so get as the equivalent

counterpart of Proposition 7.1:

Proposition 7.2 (Surface of revolution in Hamiltonian style). If q = (ϕ, u) then

p = (pϕ, pu) with

pϕ = f 2(u) ϕ̇, pu = u̇ (7.8)

then the Hamiltonian is given by

H(p, q) =
1

2

(

p2ϕ
f 2(u)

+ p2u

)

. (7.9)

The corresponding canonical equations read

ϕ̇ =
pϕ

f 2(u)
, ṗϕ = 0

u̇ = pu, ṗu =
p2ϕ f

′(u)

f 3(u)
.

(7.10)

Compare (5.25). As before H(p, q) = L(q, q̇) is the (kinetic) energy, where (q, q̇)
and (p, q) are related according to (7.8), which is the Legendre transformation (5.9)

in our situation. Also compare Theorem (5.3).
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7.4 Conservation laws

As in § 5.2, the conservation laws can be written as

H = E and pϕ = M

for constants E and M . And again from these expressions we can easily derive a

third one, namely that for any geodesic R = R(τ) = (ϕ(t), u(t)) we have

f(u(τ)) sinα(τ) = C . (7.11)

Here α = α(τ) is the angle between the geodesic and the meridian; that is the

‘vertical’ curve ϕ = constant through the point R(τ). The angle α again is called

inclination. The assertion is known as Clairaut’s Theorem [7, 30].

7.4.1 Reducing the symmetry

The reduction of the symmetry now runs as in § 5.3. This means that we write

HM(u, pu) =
1

2
p2u +

M2

2f 2(u)
,

with the effective potential

VM(u) =
M2

2f 2(u)
, (7.12)

also compare (5.30). Here M serves as a parameter. The associated canonical

equations again consist of the latter two equations of (7.10):

u̇ = pu

ṗu = −V ′

M(u) ,
(7.13)

of which the integral curves are known to be the level curves of HM . The reduced

system (7.13) exactly corresponds to the equation of motion of an oscillator

ü = −V ′

M(u)

with potential VM . In Figure 7.2, on page 114, we present the graph of VM near a

minimum and a maximum. The corresponding reduced phase portrait then, respec-

tively, is a center, or a saddle point.

Remarks.

- The oscillator equation of motion also is already visible as the second equa-

tion in the system (7.6). Further note that the first equation of (7.6) exactly

gives the conservation law pϕ = M .
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VM(u)

pu
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u

VM(u)
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u

u

Figure 7.2: Reduced phase portraits near a minimum (left) and a maximum

(right) of the effective potential VM = M2/(2f 2(u)), see (7.12).

- Consider the entire system (7.10) in the 4–dimensional (ϕ, u, pϕ, pu)–space:

the phase space of this system. Each integral curve of this projects on the

2–dimensional surface S = {ϕ, u} as a geodesic. A different projection is

that on the reduced phase plane {u, pu}, as an integral curve of the reduced

system (7.13). By both 2–dimensional projections we get an insight in the

4–dimensional dynamics.

7.4.2 Description of the geodesics

Analogous to Theorem 2.5 of Chapter 2, the Clairaut Theorem (7.11) completely

determines the form of the geodesic on S by specifying the values of M or of C.

Here it is understood that always f(u) indicates the distance of a point (ϕ, u) ∈ S
to the z–axis. From this we can infer the following.

Lemma 7.3 (Meridians and parallels). All meridians ϕ = constant are geodesics

on S . A parallel u = u0 is a geodesic if and only if f ′(u0) = 0.

Proof. From Clairaut’s conservation law (7.11), which here means that

f(u(τ)) sin(α(τ)) = C ,



7.4 Conservation laws 115

Figure 7.3: The Bottle: a surface of revolution, the geodesics of which corre-

spond to a sight ray bundle as in Figure 3.18. Left: refraction. Center: limit

angle. Right: reflection.

it immediately follows that all meridians are geodesics, indeed this corresponds to

the case where

sinα(τ) ≡ 0

and we just take M = C = 0.

For the statement on parallels we consider the second equation of (7.6). Here u ≡ u0

which also means that ü = 0, which in turn implies that

f(u0)f
′(u0)ϕ̇

2(τ) = 0.

Our assertion follows since we always have that f(u0) > 0.

7.4.2.1 Near a geodesic parallel

With the help of the Clairaut formula (7.11) we can already get a direct insight into

the qualitative organization of the geodesics, as we shall illustrate with the help

of Figure 7.3 on page 115. We can clarify this description further by the reduced

system (7.13) and Figure 7.2. Indeed, taking a point on S with coordinates (ϕ, u)
we consider the geodesic γ on S that starts at this point with an inclination α. For

simplicity we assume that γ is parametrized according to arclength.

In the 4–dimensional phase space, where the entire canonical system (7.10) lives,

we also have to deal with the coordinates (pϕ, pu) and consider the projection of γ
on the reduced (u, pu)–phase plane, as sketched in Figure 7.2.

We first note that a minimum of VM corresponds to a maximum of f at the same

point. Similarly a maximum in VM corresponds to a minimum in f . Non-degeneracy

of the extremes in VM also corresponds to non-degeneracy of the corresponding ex-

tremes in f , where we use that always f(u) > 0.
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Geodesics near a maximum f(u0). As we already saw, a maximum f(u0) corre-

sponds to a geodesic parallel and any nearby geodesic oscillates around this parallel.

This can be seen by the Clairaut formula (7.11): assuming that C > 0, the expres-

sion

f(u(τ)) sinα(τ) = C

can only hold along the geodesic if for decreasing f(u(τ)), the function sinα(τ)
increases. The latter has a maximum value 1, where we have that α(τ) = 1

2
π: the

geodesic then is perpendicular to the meridian and is tangent to a parallel.1

After this α(τ) decreases again and f(u(τ)) increases while the geodesic returns to

the widest parallel u = u0, intersects this (transversally), on the other side more or

less repeating this process. Compare Figure 7.3, right.

For C < 0 the same story occurs, with a few evident adaptations. In Figure 7.2,

left, the motions correspond to oscillations around the elliptic equilibrium (u, pu) =
(u0, 0).

Geodesics near a minimum f(u0). A minimum f(u0) also corresponds to a

geodesic parallel, which is the tightest in its neighborhood. Now there are sev-

eral possibilities that are most easily characterized with the help of Figure 7.2, left.

Generally speaking the reduced integral curve remains in one of the four quadrants

in the neighborhood of a saddle point (u, pu) = (u0, 0) and roughly speaking it

enters along one of the two asymptotes and leaves along the other one. One might

say that the integral curve changes its asymptote. We note that the motion is slower

when closer to the saddle point.

- Refraction. In the case of refraction the geodesic traverses the geodesic par-

allel u = u0, see Figure 7.2, right and Figure 7.3, left. This simply means

that the corresponding integral curve of the reduced system stays in one of

the quadrants, passing above or beneath the saddle point (u, pu) = (u0, 0),
meanwhile intersecting the level u = u0.

A corresponding geodesic in the (ϕ, u)–plane intersects the tight geodesic

with a non-zero angle, meanwhile moving somewhat in the ϕ–direction. In

fact, the decrease of the distance f(u(τ)) to the z–axis toward the minimum

has to be compensated by an increase of the inclination α(τ). There will be

enough space left to have an inclination |α| < 1
2
π at the level u = u0. See

again Figure 7.3, left.

- Reflection. In the case of reflection we are situated left or right of the re-

duced saddle point: the integral curve stays in one of the areas u < u0 or

1This parallel itself cannot be a geodesic! Indeed, geodesics that are tangent at one point have to

coincide because of the uniqueness of solutions of ordinary differential equations [34, 53].
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u > u0. Compare Figures 7.2, left and Figure 7.3, right. A corresponding

geodesic resides at a certain distance from the z–axis, in such a way that a

further decrease of this to the value f(u0) is not allowed; this because the

compensating increase of sinα(τ) has already reached the maximum value

1. In other words, the geodesic is tangent to a parallel and is reflected in the

same u–direction it came from.

- Limit angle behavior. In the transition between refraction and reflection we

have the limit angle behavior: the integral curve in the (u, pu)–plane pre-

cisely follows a stable manifold of the saddle point (u0, 0). We note that this

curve will not attain this saddle point in a finite time. The corresponding

geodesic spirals towards the tight geodesic parallel. Compare Figures 7.3,

center, and 2.9.

We now will study the consequence of the analysis for the complete motion of the

geodesic in the (ϕ, u, pϕ, pu)–phase space.

7.4.2.2 Reconstruction to four dimensions

From the above we can reconstruct the dynamics of the original, entire system (7.10)

in the 4–dimensional (ϕ, u, pϕ, pu)–phase space, at least in a qualitative sense. Here

we take a fixed value of the angular momentum M . The invariant hypersurface pϕ =
M is 3–dimensional and allows for a parametrization by (ϕ, u, pu) and therefore is

the product of the reduced (u, pu)–phase plane and a circle parametrized by ϕ. If

we then vary the parameter M , the 4–dimensional space is locally foliated by the

pϕ–levels [30, 88].

To start with the equilibrium (u0, 0) of the reduced system for any value of M for

the entire system yields a closed integral curve, i.e., a periodic solution.

Periodic solution of saddle type. In the case where the reduced system (7.13) at

(u0, 0) has a saddle point, the 3–dimensional restriction of system (7.10) to

the invariant hypersurface pϕ = M has a closed integral curve of saddle type,

see Figure 7.4, right.

Periodic solution of elliptic type. In the case where the reduced equilibrium (u0, 0)
is a center, a neighborhood of the closed integral curve in the 3–dimensional

hypersurface is foliated by invariant 2–dimensional tori. The dynamics on

each of these tori is multi-periodic. This means that on such a torus either all

integral curves are closed of the same period, or each integral curve is dense

in this torus. Compare Figure 7.4, above and left. For background see [7,26].
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Figure 7.4: Sketch of the invariant surfaces in the dynamics of the entire sys-

tem (7.10) in an invariant 3–dimensional hypersurface pϕ = M . The closed

integral curve can be of saddle type (top, right) or is of elliptic type and then

is surrounded by a foliation of invariant 2–dimensional tori (top, left). The

bottom figure gives a similar reconstruction for the Bottle of Figure 7.3.

7.4.3 More global behavior of geodesics

We now consider more global behavior of geodesics as they wind themselves along

a surface of revolution.

Example 7.1 (The 2–dimensional sphere). In this example we consider the 2–

sphere S = S
2 ⊂ R

3 as a surface of revolution. To be precise, we take the circle x2+
(z − 2)2 = 1, parametrised as

f(u) = cos(2πu) and g(u) = 2 + sin(2πu),

−1
4
< u < 1

4
. In that case for a given constant M we have for the effective potential

VM(u) =
M2

2 cos2(2πu)
.

The reader is encouraged to sketch the surface, effective potential and the corre-

sponding reduced phase portrait. What does the Clairaut Theorem (7.11) imply

here?
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All integral curves now are closed and we find ourselves in the left half of the

Figures 7.2 and 7.4 (top). In this case all multi-periodic integral curves are really

periodic, as can be shown by a computation. This fits with the generally known

fact that the geodesics on S = S
2 precisely are the great circles, so with center

(x, y, z) = (0, 0, 2).

Example 7.2 (The Bottle). We present an example that is extremely relevant for

our geometric-optical application, and that fits well with the theory of Chapters 2

and 3. In the following sections we shall further clarify this connection. We return to

Example 3.1 of Chapter 3, also see the corresponding Figure 3.18. This concerns the

simplest case of a Wegener sector with a smooth refraction index profile n = n(r).
In terms of a surface of revolution this nicely corresponds with the geodesics on the

Bottle, as sketched in Figure 7.3.

In Figure 7.5 (page 120) we present a corresponding effective potential with a re-

duced phase portrait, that contains both a center and a saddle point. If the observer

W is at a height r = rW , then he observes a Wegener sector, namely in all obser-

vation directions that lead to integral curves contained within the loop of the saddle

point.2 In the reconstruction to the 3–dimensional (ϕ, u, pu)–space, the entire figure

has to be revolved around the axis r = 0, compare Figure 7.4 (bottom).

7.5 Geodesics and light rays

We now shall clarify the connection between the geodesics on a surface of rev-

olution S and the light rays in the round earth atmosphere as described in § 5.1.

From (5.23) we recall the Riemannian metric Gopt
ϕ,r of the associated geometric op-

tics as

Gopt
ϕ,r((ϕ̇, ṙ), (ϕ̇, ṙ)) = n2(r)(r2ϕ̇2 + ṙ2) .

Comparison with the metric (7.4) shows us that if we want to identify the two, the

curve (7.1) needs to have the general format

x = f(r), z = g(r) , (7.14)

i.e., parametrized by the variable r, where we will have to specify the functions f
and g, which will be done in the next section. This is why, instead of (ϕ, u), from

now on we have to use (ϕ, r). In this setting the Riemannian metric (7.4) of the

surface of revolution gets the form

Gomw
ϕ,r ((ϕ̇, ṙ), (ϕ̇, ṙ)) = f 2(r)ϕ̇2 +

(

(f ′)2(r) + (g′)2(r)
)

ṙ2 (7.15)

2Often indicated as a homoclinic loop.
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Figure 7.5: Effective potential and corresponding reduced phase portrait con-

cerning the Bottle of Example 7.2 and Figure 7.3. As mentioned earlier, this

setup fits with the light ray bundle from Figure 3.18, where we also show a

modified refraction index profile.

and thus the Lagrangian Lomw(q, q̇) = 1
2
Gomw(q̇, q̇) from (7.5) now is given by

Lomw(ϕ, r, ϕ̇, ṙ) =
1

2
f 2(r) ϕ̇2 +

1

2

(

(f ′)2(r) + (g′)2(r)
)

ṙ2 .

The corresponding Euler–Lagrange equations therefore read

ϕ̈ +
2f ′(r)

f(r)
ṙ ϕ̇ = 0

r̈ − 1

(f ′)2(r) + (g′)2(r)

(

f(r)f ′(r) ϕ̇2 − (f ′(r)f ′′(r) + g′(r)g′′(r)) ṙ2
)

= 0,

compare (7.6). The former of these equation again expresses the conservation of

angular momentum; in the (ϕ, r, pϕ, pr)–coordinates after all we have

ṗϕ = 0 where pϕ = f 2(r)ϕ̇ ,



7.6 Isometric embeddability 121

and we can write as before

pϕ = M

for a constant M , compare (7.7).

Remarks.

- This formulation in terms of (ϕ, r, ϕ̇, ṙ) is equivalent to the previous one in

terms of (ϕ, u, ϕ̇, u̇), we just use other coordinates. We here note the impor-

tant fact that the Variational Principle, as formulated in Chapter 5, is coordi-

nate free.

- The relationship between the arclength parameter u and the coordinate r is

determined by the equation

du2 =
(

(f ′)2(r) + (g′)2(r)
)

dr2,

in which the Pythagorean Theorem is manifest.

7.6 Isometric embeddability

The question that we have to address is under what conditions the geometric optics

of the round earth atmosphere can be considered as the geodesic problem on a

surface of revolution. On the one hand we have the (ϕ, r)–configuration plane with

Riemannian metric Gopt determined by the refraction index profile n = n(r), and

on the other side the surface of revolution, parametrized by (ϕ, r), with Riemannian

metric Gomw determined by the functions f = f(r) and g = g(r).

So, given n = n(r) we have to find f = f(r) and g = g(r), compare (7.14), such

that the following equations are satisfied:

f 2(r) = r2n2(r)

(f ′)2(r) + (g′)2(r) = n2(r) .
(7.16)

The former of these equations exactly determines f as the modified refraction index

profile f(r) = rn(r) = nM(r), compare § 3.4, and the remaining question then is

whether a function g can be found that satisfies the latter equation.

Theorem 7.4 (Isometric embeddability as a surface of revolution). The Rieman-

nian manifold R
2 \ {0} = {ϕ, r} with metric Gopt determined by the refraction

index profile n = n(r), see (5.23), can be embedded isometrically as a surface of

revolution in R
3

x = f(r) cosϕ, y = f(r) sinϕ, z = g(r),
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if and only if for each r one has

−2n(r)

r
≤ n′(r) ≤ 0 . (7.17)

Proof. According to (7.16), given the choice f(r) = rn(r), also

(f ′)2(r) + (g′)2(r) = n2(r) (7.18)

has to be solved for g. From the Leibniz formula it follows that f ′(r) = n(r) +
rn′(r). Hence (7.18) becomes

n2(r) + 2rn(r)n′(r) + r2(n′)2(r) + (g′)2(r) = n2(r) ,

or

(g′)2(r) = −
(

2rn(r)n′(r) + r2(n′)2(r)
)

.

The last equation can be solved if and only if

2n(r)n′(r) + r(n′)2(r) ≤ 0,

or, equivalently, if

n′(r) (2n(r) + rn′(r)) ≤ 0 .

In principle we have either

n′(r) ≤ 0 and 2n(r) + rn′(r) ≥ 0

or

n′(r) ≥ 0 and 2n(r) + rn′(r) ≤ 0 .

A priori we know that n(r) = f(r)/r > 0, which cancels the latter possibility. So

we conclude that only

n′(r) ≤ 0 and 2n(r) + rn′(r) ≥ 0

remains, or equivalently,
−2n(r)

r
≤ n′(r) ≤ 0 .

Remarks.

- The second formula of (7.17) is a differential inequality, expressing that for a

certain constant c > 0 for all r > 0 necessarily

n(r) ≥ c

r2
.

This is a strong condition when r ↓ 0, but since r denotes the distance to the

center of the earth, this does not have to bother us.

- A physical condition further says that n(r) ≥ 1, which implies that for the

relevant cases also f(r) = nM(r) ≥ r.
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7.7 Scholium

As we saw in Theorem 7.4, a rotationally symmetric geometric optics, as described

in Chapters 3 and 5, might or might not fit with the geodesic dynamics of a surface

of revolution. We note only a few consequences, leaving a broader discussion to

Chapter 8. After this we present a characterisation of the geodesics on a surface of

revolution in terms of the motion of a free particle.

7.7.1 Rotation symmetry with or without surface of revolution

If we consider the conditions of Theorem 7.4, the following catches the eye. The

condition for a refraction index profile n = n(r)

−2n(r)

r
< n′(r) < 0 (7.19)

that is necessary and sufficient for embeddability, is open in the C1–topology [26,

52]. This means that small perturbations of n whose first derivative is also small

still give rise to isometric embeddability. In this sense the condition (7.19) yields

robust models with regards to embeddability.

Although the robust condition (7.19) covers a number of important cases of Chap-

ter 3 and Chapter 5, we know from §§ 3.2 and 3.2.3.1 that cases exist where the

conditions of Theorem 7.4 are not satisfied. In particular this holds for the Tak-

ens refraction index profiles III and IV in Table 2 of §3.2.3.1; also compare the

associated profiles in Figure 3.14. In these cases the refraction index profile is not

monotonically decreasing, since lower reflection occurs at or near the surface of

the earth. It should be noted that a refraction index profile n = n(r) with a non-

degenerate local maximum gives rise to a model in which non-embeddability is a

robust property.

7.7.2 Free particle on a surface of revolution

We briefly indicate how the geodesic problem on a surface of revolution can be re-

garded in terms of the orbits of a free particle moving on that surface. The adjective

‘free’ indicates that no gravitation or other external forces are at work, but only the

force that keeps the particle on the surface. This forms a nice application of the

d’Alembert Principle (Jean le Rond d’Alembert 1717-1783), which asserts that the

particle is kept on the surface by a force that is perpendicular to the surface (see [7]).

Remarks.

- In terms of the pendulum, one may think of a point mass that is kept on a

circle by a stiff massless rod attached to the center. Also here the force is

perpendicular to the circle.
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- Such a force F does not perform any work, since 〈F, q̇〉 ≡ 0 for any path

τ 7→ q(τ), compare [7, 43].

Let r, ϕ and z be cylindrical coordinates on

R
3 \ z − axis = {(x, y, z) ∈ R

3,with (x, y) 6= (0, 0)} .

We have x = r cosϕ and y = r sinϕ. In the (x, z)–plane a parametrized curve (7.1)

x = f(u), z = g(u)

is given, where u varies over an open interval and where we assume that always

f(u) > 0.

Without loss of generality we again assume that

(f ′(u))2 + (g′(u))2 ≡ 1,

compare (7.2), which again expresses that u is an arclength parameter. This curve

is revolved around the z–axis, leading to a surface S

x = f(u) cosϕ, y = f(u) sinϕ, z = g(u) ,

parametrized by ϕ and u, compare (7.3). We now elaborate on the dynamics of

the free particle in terms of ϕ and u. This description is intrinsic on the surface S ,

which allows us to make a connection with earlier parts of this chapter.

Let τ ∈ R 7→ R(τ) ∈ S be the orbit of a free particle, then the d’Alembert Principle

says that for all τ we need R̈(τ) to be perpendicular to the surface S .

This means that both R̈ ⊥ eϕ and R̈ ⊥ f ′(u) er + g′(u) ez and therefore, in terms of

inner products,

〈R̈, f ′(u) er + g′(u) ez〉 = 0 and 〈R̈, eϕ〉 = 0 . (7.20)

Here f ′ and g′ are the derivatives of f and g with respect to u. Moreover, ϕ̇ =
dϕ/dτ , r̈ = d2r/dτ 2, etc.

From now on writing r(τ) = f(u(τ)) and z = g(u(τ)), after a few calculations it

turns out that (7.20) is equivalent to

f 2(u) ϕ̈+ 2f(u)f ′(u)u̇ ϕ̇ = 0

ü− f(u)f ′(u) ϕ̇2 = 0 ,

which exactly amounts to the system of Euler-Lagrange equations (7.6). This leads

to familiar ground: we have proved that both approaches are equivalent. We note

that the equation 〈R̈, eϕ〉 = 0 is equivalent to f 2(u) ϕ̈+ 2f(u)f ′(u)u̇ ϕ̇ = 0, which

again expresses the conservation of angular momentum.
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Remarks.

- In the above calculations it is useful to know that the following formulas hold

true for velocity and acceleration of R:

Ṙ = ṙ er + rϕ̇ eϕ + ż ez

R̈ = (r̈ − rϕ̇2) er + (2ṙϕ̇+ rϕ̈) eϕ + z̈ ez,
(7.21)

where er, eϕ and ez are the unit vectors in the r–, the ϕ– and the z–direction.

- The d’Alembert Principle embodies, next to the length-minimizing Euler–

Lagrange equations, an equivalent characterization of geodesics, which amounts

to the requirement that the covariant derivative of R̈ equals 0, which in turn

means that γ is a geodesic if γ̇ is a parallel vector field along γ. Com-

pare [30, 88].

- Concerning the general problem of isometric embeddability we would like to

mention the famous Theorem of Nash–Moser that asserts that any Rieman-

nian manifold can be embedded isometrically in R
N for sufficiently large N .

In Theorem 7.4 evidently we are dealing with N = 3. Again see [30, 88].
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Chapter 8

Scholium generale

Beyond the Chapters 2, 3, 5 and 7, and in particular § 7.7, there is a lot more to

say about optics, even geometric optics. There is ample intriguing photographic

material, compare the Plates IIIa and IIIb and Figure 62 in Minnaert [72], the latter

reproduced here as Figure 1.6 on page 7. Also compare Van der Werf et al. [95, 96]

and Floor [39–41], but the internet easily provides the curious reader with a wealth

of further examples. We shall not try to compete with all this here, but restrict

ourselves to giving a few more theoretical impressions.

A first comment concerns acoustics: indeed the entire theory of this book also ap-

plies when ‘light’ is replaced by ‘sound’ [79]. One interesting complication in that

case is that the medium, the air, may change considerably with time.

8.1 Approximate rotational symmetry

In Chapter 5, particularly in § 5.1, we discussed the eikonal equations for light

rays in the 3–dimensional atmosphere. Here we we would like to consider the

optics on a vertical plane under the assumption that the refraction index is nearly

symmetric, i.e., we consider a small perturbation of the rotationally symmetric case.

In particular, consider Examples 3.1 and 7.2 concerning the Bottle, and assume that

the perturbation is periodic in the angle variable ϕ as follows:

n(ϕ, r) = n0(r) + εnpert(ϕ, r). (8.1)

Here think of |ε| as a small real number. For ε = 0 we encounter the unperturbed,

rotationally symmetric refraction index profile, The unperturbed, rotationally sym-

metric refraction index profile as this occurs for ε = 0, gives rise to a reduction to

the (r, pr)–plane, where pr = n2
0(r)ṙ, compare (5.9) and § 5.2.2. In Figure 7.5 on

page 120, we presented a reduced phase portrait.
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Figure 8.1: Iso-energetic Poincaré map of the periodically perturbed Bottle,

compare Figure 7.5. The orbits of this map have come into existence by

iterations that follow the integral curves of the canonical equations (5.26)

while they go around the earth. As in many nonlinear systems, we see the

co-existence of order and chaos.

For ε 6= 0 the rotational symmetry disappears and therefore the conservation of the

angular momentum pϕ, see (5.24), is no longer true. On the other hand, the energy

H(ϕ, r, pϕ, pr) =
1

2n2(ϕ, r)

(

p2ϕ + p2r
)

,

see (5.11), remains a conserved quantity. In such circumstances, within a fixed

energy level H(ϕ, r, pϕ, pr) = E an iso-energetic Poincaré map can be defined that

maps a given (r, pr)–plane to itself, compare [26]. Here it is important to note that in

the 3–dimensional energy level, the integral curves of the canonical equations (5.26)

intersect such a plane transversally. The Poincaré map follows an integral curve of

the canonical system (5.26) while this goes around the earth and the orbit then is

formed by the succesive intersections with this plane, see Figure 8.1.

A global interpretation of this is that the dynamics partly is determined by the orbits

that constitute invariant circles and partly by the chaotic clouds [26]. The invariant

circles in the 4–dimensional phase space correspond to invariant 2–dimensional tori

as these also show up in Figure 7.4.
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Figure 8.2: Snell’s law with the wave optics of Huygens [56].

Remarks.

- The reader may well ask what is the physical significance of Figure 8.1, par-

ticularly since in the lower atmosphere the light rays are extinguished soon.
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Figure 8.3: Left: Cuspidal caustic in geometric optics. Center and right: Wave

optical refinements [81] p. 266.

What we hope to illustrate is that the problem in this form already has the

full complexity of generic dynamics, that is, within the world of planar area

preserving maps. .

- In more realistic circumstances the refraction index profile will moreover be

time dependent, and even more so in the case of acoustics. To make things

even worse we generally will not be allowed to restrict ourselves to one ver-

tical plane, as an example again see Figure 1.6 on page 7.

- The difference between n0(r) and n(ϕ, r) in (8.1) is that between an inte-

grable and a nearly integrable system, compare Scholium 5.4. This difference

historically has been of great importance for the development of the theory of

nonlinear dynamical systems,1 for more information see [7, 12, 26].

8.2 A connection with wave optics

The Fermat Principle follows mathematically from the Huygens Principle, which

asserts that light progresses in wave fronts, where every point of a wave front is the

center of a new wave front. For an illustration of Snell’s Law within this theory

see Figure 8.2 on page 129. The light rays here act as the normals on the wave

fronts. For more details see Arnold [7], § 46 or Feynman et al. [38] part I, § 26. For

later optical wave theories, in particular the electromagnetic theory of Maxwell, we

refer to [46, 81]. A nice description of quantum electrodynamics is given by Feyn-

man [37]. In Chapter 5 in Part II, the Fermat Principle was turned into Hamilton’s

Principle and the Variational Principle, thereby considerably deepening our mathe-

matical insights in geometric optics. Also the theories of wave theoretic optics can

be founded on the Variational Principle, as in the above references.

1. . . nowadays often known as ‘chaos theory’.
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8.3 Caustics

A caustic arises when light rays accumulate on each other. In Figure 8.3 (on

page 130), left, we depict a cusp as this occurs as the envelope of a ray bundle

generated by a circular light source. For another example compare Figure 4.11. A

cuspidal caustic, under suitable incidence of light, can already be observed on the

bottom of an almost empty coffee cup.

In Catastrophe Theory [8,81], and more generally in Singularity Theory [9,11,46],

geometric shapes of caustics are analyzed, as these can occur in many different

appearances and that moreover have a certain robustness. Of the cusp we already

saw a few examples. Also the fold is a famous catastrophe, that among others occurs

in the rainbow, where it can be observed in a frequency dependent form [72, 81].

It is interesting to study refined versions of caustics within the theories of wave

optics. For the cusp see Figure 8.3, center and right; compare Poston and Stew-

art [81] p. 266. For beautiful descriptions and background also see Sir Michael

Berry [15,16]. Interestingly, Berry points out that the caustics form the only visible

elements of geometric optics, since light rays as such are not visible.
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[55] Chr. Huygens, Œvres Complètes de Christiaan Huygens publiées par la
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[94] A.L. Wegener, Optik der Atmosphäre. In: Müller–Pouillet, Lehrbuch der

Physik, 2nd edn., Viewig & Son, Braunschweig (1928) 266-289

[95] S.Y. van der Werf, Het Nova Zembla Verschijnsel; geschiedenis van een lucht-

spiegeling. Historische Uitgeverij 2011
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