
Hamiltonian Mechanics & Dynamical Sytems
EXAM

E.1 Steiner ellipse (1 point)

A particle P of unit mass moves in the plane of a given fixed triangle A1A2A3. The
force Fi on P is directed towards Ai and is equal to kPAi for i = 1, 2, 3, where k is a
positive constant, and PAi denotes the distance between P and Ai. Prove that there is
a motion of P the path of which coincides with the Steiner ellipse S of A1A2A3 (the
ellipse S passes through the vertices and the tangent at each vertex is parallel to the
opposite side). Show moreover that P covers the three arcs A1A2, A2A3 and A3A1 of
S in equal time.

E.2 Similitude (1 point)

Consider the motion of a particle in a central force field with the potential being a
homogeneous function of degree ν, i.e.

U(αr) = ανU(r).

Show that if the curve γ is a trajectory of the system, so is the homothetic curve αγ.
Determine the ratio of the circulation times along these orbits. Deduce from this the
isochronicity of the oscillation of a pendulum (ν = 2) and Kepler’s third law (ν = −1).

E.3 Transformations in one degree of freedom (1 point)

Let H : R2 → R be a given smooth function, with corresponding Hamiltonian vector
fieldXH .Here we use the standard symplectic structure on R2.Moreover, let g : R2 →
R2 be a diffeomorphism. Consider both the function K := H ◦ g−1, together with
the associated Hamiltonian vector field XK , and the transformed vector field g?(XH),
defined by g?(XH)(g(p)) := DpgXH(p). Show that

g?(XH) = det(Dg)XK .

(Hint: exploit a coordinate free formulation of the fact thatXH is the Hamiltonian vec-
tor field corresponding toH.) Discuss the implication for the integral curves of g?(XH)
and XK . Also consider the time-parametrization of these curves. What happens in the
special case that g is canonical?
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E.4 A small divisor problem by Sternberg (3 points)

On T2,with coordinates (ϕ1, ϕ2), a vector fieldX is given, with the following property.
If C1 denotes the circle C1 := {ϕ1 = 0}, then the Poincaré return map P : C1 → C1

with respect toX is a rigid rotation ϕ2 7→ P (ϕ2) = ϕ2+2πρ, everything counted mod
2π. From now on we abbreviate ϕ := ϕ2. Let f(ϕ) be the return time of the integral
curve connecting the points ϕ and P (ϕ) in C1.A priori, f does not have to be constant.
The problem now is to construct a(nother) circle C2, that does have a constant return
time. To this purpose let φt denote the flow of X and express P in terms of φt and f.
Let us look for a circle C2 of the form

C2 = {φα(ϕ) | ϕ ∈ C1}.
So the search is for a (periodic) function α and a constant c, such that

φc(C2) = C2.

1. Rewrite this equation explicitly in terms of α and c. Solve this equation formally
in terms of Fourier series. What condition on ρ in general will be needed?

2. Give conditions on ρ, such that for a real analytic function f a real analytic
solution α exists. (Hint: Use the fact that a function is real analytic iff the decay
of coefficients of its Fourier series is exponentially fast, i.e. there exist constants
M and κ such that |fk| ≤Me−κ|k|, otherwise known as Paley-Wiener theorem.)

E.5 Light ray (3 points)

Consider a light ray in an isotropic planar optical medium as a parametrized curve
τ ∈ R 7→ q(τ) ∈ R2.

1. Argue that this ray minimizes the integral
τ2∫
τ1

n(q(τ))||q̇(τ)||dτ,

where n(q) is the pointwise refraction index.

2. Give a Riemannian metric such that this curve is a geodesic in the metric. Give
the corresponding Lagrangian.

3. Explain the connection with the motion of a free particle.

4. In Cartesian coordinates q = (x, y) perform the Legendre transformation and
give the corresponding Hamiltonian function. What is the symplectic form?

5. Assume that n(x, y) = 1/y is defined on the upper half plane. What can you say
about conservation laws. Recover the corresponding light rays. Does this ring a
bell?
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