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E.1 A harmonic n-body problem (20 points)

The partilesAi with massesmi (i = 1, 2, . . . , n)move in two dimensional spae.

Any two distint points Ai, Aj attrat eah other by the fore Fij = k2mimjdij,

where k > 0 and dij denotes the distane AiAj. We suppose that the motions

of Ai and Aj are not disturbed if they pass simultaneously through the same

point. Determine the general motion of the partiles.

Hint: Consider the entre of gravity and let that be the new origin.

E.2 The Spherical Pendulum (30 points)

Consider the sperial pendulum with length ℓ, weight m where the aeleration

of gravity is g. Assume that the pendulum in rest points in the negative z-

diretion. Let θ and ϕ be spherial oordinates given by

x = sin θ osϕ

y = sin θ sinϕ

z = os θ

The Lagrangian approach (15 points)

1. (5 points)Give potential energyU = U(θ) and kineti energy T = T(θ,ϕ, _θ, _ϕ).

2. (5 points) Give the Euler{Lagrange equations for the spherial pendulum.

3. (5 points) Besides the energy H = T + U one other quantity is onserved

during the motion. Whih is it? (Hint: Find a yli variable.)
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The Hamiltonian approach (15 points)

1. (3 points) Give a orresponding Hamiltonian version of the spherial pen-

dulum, writing q1 = θ and q2 = ϕ. Wat are p1 and p2?

2. (2 points) (Again) dedue that p2 is a onserved quantity.

3. (5 points) Use this fat for a redution to 1 degree of freedom, i.e., in

(p1, q1).

(a) To this end let p2 = I 6= 0 and let VI(q1) be an e�etive potential.

Compute VI(q1).

(b) Draw the graph of VM(q1) and give a orresponding phase portrait

in the (p1, q1){plane.

4. (5 points) Desribe the dynamis of the spherial pendulum in terms of this

redution. First desribe the geometry of the invariant level sets de�ned

by the onserved quantities, and seond haraterize the orresponding

dynamis. Interprete these �ndings in the on�guration spae. Argue

why this desription is inomplete.

E.3 Conditional Liouville measure in the energy

level (10 points)

Given a sympleti manifold (M,ω) and a (Hamilton) funtion H : M → R.

Let E ∈ R be a regular value of H and onsider the level set H−1(E).

From Analysis on Manifolds it follows that H−1(E) is a manifold. Of what

dimension? Also it follows that for any x ∈ H−1(E) the tangent spae at H−1(E)

is given by TxH
−1(E) = kerdHx.

We onsider the Liouville volume 2n-form Ω := ω ∧ ω ∧ · · · ∧ ω, the n-

fold wedge produt. It is known that the ow φt
of the Hamiltonian vetor

�eld XH preserves Ω. Also, the level H−1(E) is preserved by φt. The present

aim is to onstrut a `onditional' volume ΩE on H−1(E), that is preserved

by the restrition φt|H−1(E). So we onsider x ∈ H−1(E) and tangent vetors

ξ1, ξ2, · · · , ξ2n−1 ∈ TxH
−1(E), having to de�ne ΩE,x(ξ1, ξ2, · · · , ξ2n−1). To this

end we write the equation

Ωx(η, ξ1, ξ2, · · · , ξ2n−1) = dHx(η)×ΩE,x(ξ1, ξ2, · · · , ξ2n−1) .

where η ∈ TxM \ TxH
−1(E) is arbitrary.
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1. (5 points) Show that this equation determines ΩE in a unique way, inde-

pendent of η. Also show that ΩE is a nondegenerate (2n− 1) form, i.e. a

volume form on H−1(E).

2. (5 points) Finally show that the restrition φt|H−1(E) preserves ΩE.

E.4 The harmonic oscillator revisited (30 points)

Consider the harmoni osillator with Hamilton funtion H(p, q) = 1
2
p2+ 1

2
ν2q2,

for (p, q) ∈ R
2. As usual, XH denotes the orresponding Hamiltonian vetor

�eld. Let E > 0 and onsider the level urve H−1(E). By T(E) we denote the

period of osillation in this level and by A(E) the area enlosed by the level.

1. (5 points) Show that A(E) = 2πE/ν and T(E) = 2π/ν.

2. (10 points) Show that by q =
√

2I/ν osϕ, p =
√
2νI sinϕ a system (I, ϕ)

of ation-angle variables is de�ned for the osillator.

3. (10 points) Give Hamilton funtion and the assoiated vetor �eld in these

oordinates.

4. (5 points) Next ompare with the previous exerise. Give the Liouville

measure for the present problem. Also give an expliit expression for the

onditional Liouville measure on the level urves of H.

Your grade is omputed by adding 10 points to your total sore and then

dividing by 10.
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