
Hamiltonian Mechanics & Dynamical Systems

1 Homework 1

1.1 Rigid rotations on the circle,
Constant vector fields on the torus

Let P : S1 → S1 be the rigid rotation ϕ 7→ ϕ+ 2πρ, where everything is counted mod
2πZ. For ρ ∈ R \Q, show that any orbit {ϕ, P (ϕ), P 2(ϕ), · · · } is dense in S1.

Next on T2, with coordinates (ϕ1, ϕ2), both counted mod 2πZ, consider the con-
stant vector field X, given by

ϕ̇1 = ω1

ϕ̇2 = ω2.

Suppose that ω1 and ω2 are not rationally related, then show that any integral curve
{φt | t ∈ R} of X is dense in T2. (Hint: Use the Poincaré (return) map of the circle
ϕ1 = 0 and the first part of the present exercise.)

1.2 A bead on a wire, Huygens’s isochronous curve
A bead with unit mass moves along a stiff wire, without friction. The wire lies in a
vertical plane, the acceleration of gravity equals 1. Suppose the wire is given by the
equation y = U(x). Show that the system has energyE = 1

2
{1+(dU/dx)2}ẋ2+U(x).

Let q be an arclength parameter along the wire and put p := q̇. Show that the system
has the Hamiltonian form ṗ = ∂E/∂q, q̇ = −∂E/∂p. Next assume that U attains a
minimum at x = x0. Prove that the frequency of ‘small oscillations’ at x = x0 is equal
to

√
U ′′(x0).

Subsequently we consider the special case where U is a cycloid, parametrically
given by θ 7→ (x, y) = (a(2θ + sin 2θ), a(a − cos 2θ)). Here a > 0 is a constant
while θ varies over the interval [0, π]. Compute its arclength parameter and obtain its
equations of motion. Prove that this device implements the harmonic oscillator.
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1.3 Geodesics on a surface of revolution
Let r, ϕ and z be cylindrical coordinates on R3 = {x, y, z} : so where x = r cosϕ
and y = r sinϕ. In the (x, z)-plane a parametrized curve x = f(v), z = g(v) is given,
where v varies over an open interval; we assume that here always f(v) > 0. Without
limitation of generality we also assume that (f ′(v))2 + (g′(v))2 = 1, which expresses
that v is an arclength parameter. This curve is revolved around the z-axis, yielding the
surface S

x = f(v) cosϕ, y = f(v) sinϕ, z = g(v),

parametrized by v and ϕ. We now investigate when a curve t ∈ R 7→ R(t) ∈ S is a
geodesic. By definition the curve R is a geodesic if for all t

R̈(t) ⊥ S.

COMMENT. In the mechanical interpretation we look at a ‘free particle’ (a point mass
of mass 1) moving over S, i.e., without external forces like gravity. According to the
d’Alembert principle, the point mass is kept on the surface S by the perpendicular
force R̈(t).

1. Show that for a geodesic t ∈ R 7→ R(t) ∈ S one has

Ṙ = ṙer + rϕ̇eϕ + żez

R̈ = (r̈ − rϕ̇2)er + (2ṙϕ̇+ rϕ̈)eϕ + z̈ez.

2. Show that r2ϕ̇ and 1
2
〈ṘṘ〉 = 1

2
(ṙ2 + r2ϕ̇2 + ż2) are two (first) integrals of the

system and that moreover

f ′r̈ + g′z̈ − f ′rϕ̇2 = 0.

From now on we write r(t) = f(v(t)), z(t) = g(v(t)).

3. Show that the statements in item 2 are equivalent to

2ff ′v̇ϕ̇+ f 2ϕ̈ = 0

v̈ − ff ′ϕ̇2 = 0.

4. Show that from 3, in reverse, it follows that R̈(t) ⊥ S.

5. Define q1, q2, p1 and p2 by

q1 = v, q2 = ϕ, p1 = v̇, p2 = f 2(v)ϕ̇

and express H = 1
2
〈ṘṘ〉 in q1, q2, p1 and p2. Show that 3 is equivalent to the

canonical form
q̇i =

∂H

∂pi
, ṗi = −∂H

∂qi
(i = 1, 2).

Now reinterprete the conservation laws found under 2.
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6. Let θ = θ(t) be the angle that the geodesic makes with the ‘meridian’. Show
that |fϕ̇| = |Ṙ| sin θ. Next show that

C = f sin θ

is another (first) integral; this is the celebrated theorem of Clairaut.

7. Show that all meridians of S are geodesics and that a parallel circle v = v0 of S
is a geodesic precisely when f ′(v0) = 0.

8. Fix p2 = M, taking M 6= 0. Reduce to 1 degree of freedom by the effective
potential VM(q1) = M2/(2f 2(q1)) (compare with the case of the central force
field).

(a) Show that if v0 is a critical point, then the reduced system has an equilib-
rium (q1, p1) = (v0, 0). Compare with 7.

(b) Describe the dynamics of the reduced system near such equilibria in the
cases where v0 is a maximum or a minimum.

(c) Reinterprete the above findings for the original, unreduced system. Here
describe the phase space and its decomposition in invariant level sets p2 =
M,H = E. What is the geometry of these sets and what is the correspond-
ing dynamics? Also interprete the findings in the configuration space. Why
is this description incomplete?

9. Explain the relationship of the items 1 - 5 with the calculus of variations.

2 Homework 2

2.1 The orthogonal group
Let gl(n,R) be the set of all real n× n-matrices. Further define

Gl(n,R) = {S ∈ gl(n,R) | detS 6= 0},
O(n,R) = {S ∈ gl(n,R) | StS = id},
o(n,R) = {A ∈ gl(n,R) | At = −A},

Sym(n,R) = {A ∈ gl(n,R) | At = A}.

1. Show that o(n,R) and Sym(n,R) are real vector spaces. Give their dimensions.

2. Show that Gl(n,R) is an n2-dimensional manifold. Show how gl(n,R) can be
regarded as the tangent space TidGl(n,R).

3. Let F : gl(n,R) → gl(n,R) be defined by F (S) = StS. Show that F is a
smooth map and that the image of F is a subset of Sym(n,R).
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4. Show that the derivative DidF : gl(n,R) → gl(n,R)1 is given by DidF (B) =
Bt +B. What is the rank of this derivative?

5. Show that the rank of the derivative DSF : gl(n,R) → gl(n,R) is independent
of S ∈ O(n,R). (Hint: Use the fact that O(n,R) is a group.)

6. Show that O(n,R) is a manifold, also determining its dimension. In what sense
can o(m,R) be regarded as the tangent space TidO(n,R)?

2.2 Hamiltonian polar coordinates
Introduce polar coordinates on the plane, by the usual formulae x = r cosϕ, y =
r sinϕ. Also define I := 1

2
r2. First show that dx ∧ dy = dI ∧ dϕ. Now suppose, that

H = H(x, y) is a smooth Hamilton function on the plane, such that (I, ϕ) is a set of
action-angle variables for it. Describe the general form of H. Also give the frequency
of the oscillation in the level H−1(z).

2.3 Area preserving Poincaré maps
Consider a time dependent Hamilton functionH = H(p, q, t),with corresponding 3-D
vector field XH given by

q̇ =
∂H

∂p
,

ṗ = −∂H
∂q

,

ṫ = 1.

For t1, t2 ∈ R, consider sections Σj := {(p, q, tj) | (p, q) ∈ R2}. Assume the Poincaré
map P : Σ1 → Σ2, associated to XH , to be (locally) well defined. Then show, that P
preserves the standard area dp ∧ dq. (Hint: Use Stokes’ theorem.)

Next consider R2 × T2, with coordinates (I, ϕ) = (I1, I2, ϕ1, ϕ2), where the ϕj

are counted mod 2π. Suppose that these coordinates are action angle variables for
a Hamiltonian system, with Hamilton function H. Consider a level set H−1(E) and
assume that the section Σ := {(I, ϕ) | H(I) = E and ϕ1 = 0} is smooth with a well
defined Poincaré return map P : Σ → Σ. Then, define an area two-form on Σ, which
is preserved by P. Give conditions on H ensuring that P is a twist-map.

1In another notation, DidF = F∗,id.
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