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Abstract

Kolmogora-Arnol’d-Moser (or KAM) theorywasdevelopedfor consera-
tive dynamicakystemshatarenearlyintegrable.Integrablesystemsn their
phasespaceusually containlots of invarianttori and KAM theory estab-
lishespersistenceesultsfor suchtori, which carry quasi-periodianotions.
We sketch this theory which begins with Kolmogora’s pioneeringwork
[40, 41].

1 Introduction

At thelnternationaMathematicaCongres®f 1954 heldatAmsterdamA.N. Kol-
mogorw gave a closinglecturewith title “The generaltheoryof dynamicalsys-
temsand classicalmechanics41], discussinghe paper[40]. The eventtook
placein the AmsterdamConcertgebouvandit hasplayeda majorrole in the de-
velopmentf whatis now calledKolmogoro/-Arnold-Moser(or KAM) theory

In this lectureKolmogoros discusseshe occurrenceof multi- or quasi-periodic
motions,whichin the phasespaceareconfinedto invarianttori. He restrictshim-

self to conserative (or Hamiltonian)dynamicalsystemsastheseare generally
usedfor modellingin classicaimechanicsInvariant(Lagrangeanjori thatcarry
quasi-periodienotionswerewell-known to occurin Liouville integrablesystems



andKolmogoror’'slecturedealswith their persistencendersmall,non-integrable
perturbatiorof the Hamiltonian.

The generalmessagef KAM theoryis that generically in small perturbations
of integrable systemsthe union of quasi-periodicLagrangeartori has positive

(Liouville) measurdéothin the phasespaceandin the enegy hypersuréces.

On the onehandthis statemengappliesto mary concretemodelsof classicaime-
chanics.Examplesarecertainversionsof then-body problem,of which the gen-
eral non-integrability alreadyhad beenestablishedy Poincaé. Historically its
consequence®r philosophicalissuedik e the stability of the solarsystemare of
interest.Indeed perpetuaktability of the solarsystemcertainlywould begranted
if its actualmotionwerequasi-periodic.

Ontheotherhand,andfrom a moreglobal point of view, the measure-theoretical
partof KAM theoryimpliesthatfor typical Hamiltoniansystemsn finitely mary
degreesof freedom,no ergodicity holds, sincethe enegy hypersurdcescanbe
decomposeth severaldisjointinvariantsetsof positive measure This is of par
ticularinterestfor statisticalphysicswheretheergodichypothesisoughlyclaims
thatthe systemwhenconfinedto boundedenegy hypersurécesjs ergodic.

This paradoxprobablyis resohed asthe numberof particlesis increasingsince
the obstructionto ergodicity provided by the KAM tori thenseemsto decrease
rapidly in importance.

The presenpapersketchesertaindevelopmentselatedto the Kolmogoros 1954
lecture[41]. We startwith discussinghelinearizationproblemnearafixedpoint
of ananalyticmapof thecomple plane.Thisis thefirst known occasionvherea
smalldivisor problemwassolved,thekind of problemwhichis socentralin KAm
theory Next we turn to the dynamicsof circle mapswhich goesbackto Arnold,
followedby a digressiorto areapreservingwist maps wherethe nameof Moser
comesin. After this we discussconserative KAM theoryin greatergenerality
alsotouchingthe ergodic ‘paradox’. For an earlierversionof the presentpaper
see[12].

Remark A propertyis calledtypicalif it occurson anopensetof the dynamical
systemsat hand. Regardingthe topologyon ‘function space’,one may think of
a (weak) Whitney topology for differentiablesystems,or of the compact-open
topologyfor analyticsystemsThe propertywe have in mind is the occurrencen
phasespaceof quasi-periodiénvarianttori with positve measureComparewith,
e.g.,[18, 23.



2 Complex linearization

Considera local holomorphicmap(or agerm) F' : (C,0) — (C, 0) of the form
F(z) = Az + f(z) with f(0) = f'(0) = 0. Thequestionis whetherthereexistsa
local biholomorphictransformationd : (C, 0) — (C, 0) suchthat

doF =)\-0. (1)

We saythat® linearizesF' neatrits fixed point.

Formal solution

First considerthe problemat a formal level. The correspondingesultsgo back
to Poincagé, for an overview seeArnold [6]. Given a seriesexpansionf(z) =

> =2 7% welook for anotherseriesd(z) = 2+ ., ¢;27, suchthatthe conju-
gationrelation(1) holdsformally. It turnsoutthata formal solutionexistswhen-
ever A # 0 is notaroot of 1. Indeed,the coeficients ¢; canbe determined
recursvely by thefollowing equations:

)\(1 - )\)¢2 = f21
AML=X)¢s = fs+2\fatha, (2)
A1=M"N¢, = f,+ alreadyknownterms

Fromthis theclaim directly follows.

Convergence

In the hyperboliccasewhere0 < |A| # 1 the seriesfor & haspositive radiusof

convergence.This wasprovenby Poincagé, not by consideringhe seriesbut by a
directiterationmethod,compard6].

So thereremainsthe elliptic casewith A € T! (the comple unit circle). We

obsenefrom theequationg2) that,evenif \ is notarootof unity, its poversmay
accumulateon 1. This would give smalldivisorsin the formal seriesof ®, which

castsdoubtonits cornvergence.

This problemwassuccesfullysolvedby C.L. Siegel [66] in 1942.To this purpose,
writing A = e?™¢, the following Diophantineconditionswere introduced. For

somey > 0 andr > 0 it isrequiredthat

p v
e

g —q’

for all rationalsp/q (with ¢ > 0). It turnsoutthatthisis sufficientfor corvergence
of theformal solutionfor ®.



Let us discusscertainaspectf the setof A € T! satisfyingthe Diophantine
conditions,as thesearerelevantfor us. It canbe directly shovn that for fixed
~ > 0 andr > 2, with v sufficiently small, the Diophantineconditionsgive rise
to a Cantorsubset\ € T! which is of almostfull measure.We recall thatthe
characterizingtopological)propertiesof a Cantorsetarecompactnessjowhere
densenesandperfectnessit canbe easilyseenthatthe measureof the comple-
mentis of orderO(v) as~ | 0. Comparewith, e.g.,[18, 23]. We notethat for

smallvaluesof v (aswell asfor large valuesof 7) only a smallradiusof cornver

gencefor & canbeguaranteed66].

Geometry and number theory

That the Diophantineconditionsgive rise to a nowheredensesubsetof T*, di-

rectly follows from the fact that the roots of unity, which areeverywheredense,
arein their complementThe following example,dueto H. Cremer[25] in 1927,
alreadyindicatesthatthereis moreto this. For a nice descriptionof this example
in asomavhatdifferentcontext see[11].

ConsidetthemapF' : C — C givenby
F(2) = Az + 22,

where) € T is notarootof unity. We shallseethatthereis atopologicallylarge
subsebf A for which the maphasperiodicpointsin arny neighbourhooaf 0. For
such this providesa geometricaproof thatthe formal conjugationdiverges,as
follows. Indeed sincethelinearmapz — Az is anirrationalrotationall of whose
orbits that are everywheredensein T', the existenceof periodicorbitsin every
neighbourhooaf 0 impliesthattheformal linearizationmusthave zeroradiusof
corvergence.

To examineperiodicpointsof periodg, we considerthe equation
Fi(z) = z. 3)

Usingthat
Fi(z) = Nz 4 -+ 2%

it followsthat
Fq(Z) —Z:Z()\Q_ 1+_._+ZQQ,1)'

Abbreviating N = 27 — 1, let z; - 25, - - - , 2y bethenontrivial solutionsof (3). It
follows thattheir productsatifiesthe equation

2122 -y =AT— 1.
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Fromthis we seethatthereexists a solutionwithin radius
|)\q _ 1|1/N
of = = 0. Now considerthesetof A € T satifying
liminf, | A7 — 1[YY = 0.

This setturnsout to be residual' We recall thata residualsetcontainsa count-
ableintersectionof dense-opersets;this propertymeansthat the setis large in

the senseof topology The presentresidualsetresembleghat of the Liouville-

numbers.Notice thatour residualsethasmeasurezero,sinceit hasall Diophan-
tine numbersn its complementFor agenerabackgroundeferencedealingwith

subsetf R thatarelarge in topologyandsmallin measurepr vice versa,see
Oxtoby[57].

We concludehatfor all A containedn thisresidualset,periodicpointsof F' occur
in ary neighbourhoof z = 0, which makesthe above divergenceargument
work.

By the end of the 20th centuryJ.-C. Yoccoz[69, 70] completelysolved the el-
liptic case proving thatthe so-calledBruno-condition[21] on the corresponding
continuedfractions,is necessarandsuficientfor corvergenceof theformal lin-
earizationfor all possiblehigherorderterms.

3 CircleMaps

We slightly shift context by consideringasmooth(for definitenesssayC or real
analytic)family of circle diffeomorphisms

Py : T' 5 Th 20 2 + 210 + ca(, a, €),

wheree is asmallparametersowe arein the neighbourhooaf a family of rigid
circle rotations.For corveniencewe rewrite this asa ‘vertical’ family of cylinder
maps

P.:T'x[0,1] = T!' x [0,1]; (=, ) = (z + 27+ ca(z, a, €), ).
The problemis to find a diffeomorphism®, thatconjugates’, and P,. Notethat
the latter mapis associatedo the family of rigid rotations. To be precise,we
requirethatthefollowing diagramcommutes:
T!x [0,1] 25 T!x[0,1]
T2, E
T! x [0,1] 2 T'xo,1],

1In otherwordsa denseGs or asetof 2nd Baire category.
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meaningthat
P.od, =®,0PF,. 4)

Small divisorsagain

We proceedby formally solving equation(4). Indeed,assuminghat ®. hasthe
form
O (r,a) = (x +eU(z, o, ¢),a + eo(w, €)) (5)

it followsthat(4) canberewrittenas
Ux+2ra,a,e) —U(z, o, ¢) =2n0(a,e) +a (v + eU(z,a,¢),a + eo(a, €),€)

Expandingin powersof € andcomparinglowestorder coeficients, equation(4)
leadsto thelinearequation

Up(z + 21, ) — Up(z, ) = 2mop(a) + ap(z, ).

Thislinearequationcanbedirectly solvedby Fourierseries.Indeedwriting

ao(z, ) = Zaok(a)eikwa

kEZ
Uo(z,0) = > Upla)e™,
kEZ
wefind thatoy, = —%aoo, which amountgo a parameteshift, andthat
aok ()
Uok(a) = o2k _ 1

Similar to whatwe hadin the previous case,we obsere that thereexists a for-
mal solutionassoonasa is irrational. As before,the powersof e?i@ may still
accumulateon 1. This givessmall divisorsin the Fourier series,which putsits
cornvergencen doubt.

A KAM theorem for circle maps

To overcomethe problemof small divisors, we introducethe sameDiophantine
conditionsasbefore,requiringthatfor givennumbersr > 2 andv > 0, andfor
all rationalsp/q onehas



In correspondenc® whatwassaidearlier this givesa Cantorset|0, 1]. C [0, 1],
of almostfull measureasy > 0 is small. As our first exampleof anactualk Am
theoremwe now formulate

Theorem 1 In the abore circumstancesassumehat~y > 0 is sufficiently small.
Then,for |e| sufiiciently small, thereexists a smooth(C>) transformatiorof the
cylinder®, : T' x [0,1] — T"' x [0, 1], conjugatingtherestrictionPy|p1 o 1}, t0
a subsystenof P.. Moreover, ® dependsmoothlyone.

This resultgoesbackto V.I. Arnold [5], alsocomparewith [6]. The presenfor-

mulation closely fits with [19, 18]. Concerningthe smoothnes®sf the map ®.,

comparewith Poschel[58] andwith [67, 71, 72]. The actualproof of theorem
1 doesnot dealwith the power seriesin . Insteadit usesa Newton methodand
anapproximatiorpropertyby analyticmaps,of Whitney smoothmapsdefinedon

closedsets.

We obsene thatthe kAmM theoreml hasa stronglyperturbatve characterindeed
it only appliesto small perturbationsof therigid rotationfamily. In contrastto
this M.R. Herman[35] andJ.-C.Yoccoz[68, 69] have provena non-perturbatie
versionof thistheoremj.e., for largevaluesof €. Also see[49].

Discussion

A circle diffeomorphismsmoothlyconjugatedo arigid rotationz — z + 27«
with « irrational,is calledquasi-periodic It is not hardto show thateachorbit of
sucha quasi-periodienapfills thecircle densely{26]. Noticethatfor o € [0, 1],
the maprigid rotation P, , certainlyis quasi-periodic.

A first consequencef theoreml thenis thatthe circle mapsPF, . thatareconju-
gatedto one of the Diophantine— and hencequasi-periodic- rotationsF, o, are
still quasi-periodic.Sowe concludethat quasi-periodicitytypically occurswith

positve measuran the parametespace.Moreover, the factthata Cantorsetis

perfect? implies thatin this settingquasi-periodicitynever occursasanisolated
phenomenon.

As aconcreteexampleconsiderthe Arnold family
P,.(z) =z 4+ 2ma+csinz

of circle maps,looking at the («, ¢)-planeof parametersWe restrictto || < 1,
to ensurethat P, is adiffeomorphism.it is known [5, 6, 26] thatfrom the points
(o, e) = (p/q,0) resonancéonguesemanatento the openhalf-planes: # 0, in
suchaway thatfor small |¢| an openanddensesubseis covered. In the tongue

2Which meanghatit containsnoisolatedpoints.
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emanatingrom (o, €) = (p/q, 0) thedynamicsis periodic,with rotationnumber
p/q (for adefinitionsee.e.g.,[26]).

Theoreml implies thatin the complemenbf this union of tonguesthereexists
a union of smoothcurvesthatfill out positve measure For parameteralueson
thesecurves,thedynamicss quasi-periodic.

Theoreml hasa numberof applicationsIndeed,it applieswheneer a systemof
ordinarydifferentialequationshasa 2-torusattractor of which P, is a Poincaé
mapcloseto arigid rotationfamily. In thatcasethe quasi-periodicsubsystenof
P., for || < 1 oftenis referredto asafamily of quasi-periodiattractord62).
Also in the generalcaseresonancéonguesare (generically)presentandwe find
the sameintricateinterplay of periodicity andquasi-periodicityasin the Arnold
family.

Higherdimensionabnalogue®f the presensituationexist, wherenext to period-
icity andquasi-periodicityalsochaoticdynamicscoexists[19, 18]. This scenario
and the transitionsor bifurcationsbetweenthe variouskinds of dynamics,has
beenassociatedo the onsetof turbulencein fluid dynamicsseeRuelleand Tak-

ensetal. [63,56]. Thequasi-periodicstatethenis seenasintermediatebetween
very orderlyandchaotic.Also see[36, 44, 45].

4 Thetwist theorem

Returningto theconserative settingwe considermanannulus4A C R? with ‘polar’
coordinategy, I) € T' x K, whereK is compact.We endav A with the area
formo = dyp A dI. Considerasmooth(sayC*) mapP. : A — A of theform

Pe(p, 1) = (¢ + 2ma(I), I) + Oe), (6)

thatpreserestheareas. Notethatfor e = 0 the mapleavesthefamily of circles
I = cst invariantandagainthe problemis the persistencef this family for |¢|
small. We saythatthe map P, is a (pure)twist mapif themap/ — «(l) is a
diffeomorphism.

We assumeDiophantineconditionsas before: For given constantsr > 2 and

v > 0let
~

q_Tv
for all rationalsp/q. Viathemapa : I — «(I) this setis pulledbackto a subset
A. C A, whichis the productof acircle anda Cantorsetof largemeasure.

a—2>
q

Theorem 2 In the abore circumstancegassumehat~ > 0 is sufficiently small.
Thenfor || sufiiciently small, thereexists a smooth(C*) transformatiorof the



annulus®. : A — A, conjugatingthe restriction P,| 4, to a subsystenof P..
Moreover, ® dependsmoothlyone.

Thistheorems known asthe‘twist’ theoremandit wasfirst provenby J.K. Moser
[50]. The presenformulationis closeto theoreml and,concerninghe smooth-
nessof ®,, the samecommentsapplyagainhere.

Discussion

Regardingthesimilarity betweerthetheoremd and2 onecansaythatin theorem
2 therdle of the parametery hasbeentakenby the actionvariable!/. In thesame
spirit as before,we concludethat for the areapreservingcase,typically quasi-
periodicity occurswith positive measuren phasespace.

Remark A differencein the settingsof theoreml and?2 is thefollowing. In the
caseof KAM theoreml for circle mapsthe conjugation®, betweerthefamily of
purerotationsP, andtheperturbationP. preserestheprojectionto the parameter
spac€0, 1] = {«}, comparewith the equation(5). In the presentaseof theorem
2 the correspondingprojectionto the action spaceK = {I} generallyis not
presered.

As anapplicationconsiderthe mathematicaf{planar)pendulumwith (weak)peri-
odic forcing. As possibleequationof motiononemaytake

i+ w?siny = ecost or
i+ (w? +ecost)siny = 0,

which give rise to volume-preservin@-dimensionalectorfields. For simplicity
we only write down thefirst example

= z
2 = —w?siny+ecost
1.

As is commonin mechanicsge.g., see[7], we introduceaction-anglevariables
(I, ) fore = 0, i.e., for theautonomouplanarpendulum.In fact, denotingthe
enegy by Hy(y, z) = £2>—w? cos y, werestrictourselesto theoscillatoryregion

where Hy(y, z) < w?. Next considerary level setHy(y, z) = h, with |h| < w?

Theactionvariable! thenis definedby

1
Imz—f 2dy,
210 JHo(y,2)=h



which is proportionalto the areaenclosedy the level set. The anglevariabley
is obtainedby taking the time parametrizatiorof the periodicmotioninsidethis
level setscaledo period27. Thusoneobtainsthefollowing canonicalkequations

I=0,¢=a)
for the oscillatorymotionsof the planarpendulum.
ThisimpliesthatthePoincaé (or stroboscopicinap P, hastheaboveform (6). A
directcomputatiol shawvs that P, is a puretwist map. Thereforethe conclusion
of quasi-periodicityoccurringwith positive measuren phasespaceapplieshere.

A relatedapplicationdealswith coupledoscillators

ji = —w?sin e—( )

n 1 n 9y1 Y1, Y2

QQ (’“2 sin Y2 € (yl yZ)
2 6y2 ’ ’

leadingto a 4-dimensionaHamiltonianvectorfield
Yi = %
. 2 .
zj = —w;smy; —e—(Y1,Y2),
j i Y1 dy, (Y1, y2)

j = 1, 2, with Hamilton function H,(y1, 21, Yo, 22) = %z% -+ %z% — Wy COS Y1 —
wycosyy + eU(y1,y2). In this caseit is the iso-enegetic Poincaé map which
obtainsthe form P.. This leadsto the conclusionof quasi-periodicityoccurring
with positve measuren enegy hypersurécesof H..

5 Conservative KAM theory

The above discussiorhassetthe stagefor a generafformulationof the KkAM the-
orem,asa suitablevariationon Kolmogoror [40, 41] andArnold [1].

We begin by introducingthe notion of a quasi-periodidnvarianttorusfor anau-
tonomoussystemof ordinary differentialequations.Indeed,we understandhis
to beaninvarianttorus,the dynamicson which is smoothlyconjugatedo that of
aconstanwvectorfield

.7.31 = Wi
jfg = Wy
Tn = Wnp,

3Involving anelliptic integral . . .
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onthestandarch-torusT" = R"/(27Z") = {z1,z9, ..., 2, }, Wheretheangles
x; arecountedmodulo2r, 1 < j < n. Moreover, thefrequenciesv;, ws, ..., wy
are requiredto be independenbver the rationals,which implies that the torus
is denselyfilled by eachof its trajectories. In that casewe speakof n quasi-
periodicity, bothfor therestrictionof the systemto the n-torusasfor the n-torus
itself.

For integrableHamiltoniansystemsthe conjugationwith aconstanvectorfield is
provided by the actionanglevariablesprovided by the Liouville-Arnold theorem

[71
Thepresenformulationof theclassicak AmM theorennow reads

Theorem 3 In Hamiltoniansystemswith n degreesof freedomtypically n quasi-
periodicLagrangearori occurwith positive Liouville measureboth

1. in phasespace;

2. andin eachenegy hypersuréce.

As saidearlier‘typical’ meanghatthereareclasse®f exampleshatare‘openin
functionspace’.Theseexamplesarecloseto Liouville integrablesystemg7].
Thefirst conclusionof theorem3 is the standardk AM theoremwhile the second
is referredto astheiso-enegetick AM theorem.Thenondegenerag conditionon
theintegrableapproximationd = H (I) is somevhatdifferentfor bothcases.
Indeed for the standarck AM theoremthe Kolmogoros nondegenerag condition
is requiredwhich stateghatthefrequeng vector

_oH
oI

asafunctionof theactionvariablesl shouldhave maximalrank;thisimpliesthat
thefrequeny map! — w(7) locally is adiffeomorphism.

The condition for iso-enegetic nondegienerag similarly requiresthat the cor
respondingfrequeng ratio map I — (wi(f) : we(I) : ... : wyp(I)) to the
(n — 1)-dimensionaprojectve spaceshouldhave maximalrank. Comparewith
[7, 19, 16]. We remarkthatthe conclusiondravn in the exampleof thetwo cou-
pled oscillatorsof the previous sectionalsowould follow asanapplicationof the
iso-enegetick AM theorem.

In typical caseshowever, both nondgenerag conditionsare satisfied,jmplying
thatthe union of quasi-periodid_agrangearinvarianttori haspostve measuren
phasespace|n sucha way thatthe conditionalmeasuran the enegy hypersuf
facesalsois positive.

W
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In additionto nondgienerag oneagainneeddDiophantineconditionson the fre-
quenciesin this casedefinedasfollows. For constants > n — 1 andy > 0, it is
requiredthatfor all £ € Z™ \ {0} onehas

[{w, B)[ = k[

Here(w, k) = Y77, w;k;, while [k| = 377, [k;[. Similar to the casesmet be-
fore, the correspondingubsetof R™ is nhowheredenseof positive measure.In

factthis Diophantinesubsets a ‘bundle’ of closedhalf-lines,the intersectionof
which with the unit sphereS™*, for small, containsa Cantorsetof almostfull

measureComparewith, e.g.,[23, 18].

In thecaseof thegeneraKolmogoros nondgeneray, this setis pulledbackalong
the frequeng mapin alocally diffeomorphicway. Iso-enegetic nondgenerag
meanghatthe enegy hypersurécesaretrans\ersalto the Diophantineline bun-
dle,comparewith [19, 16].

Some applications of the KAM theorem

In theintroductionwe alreadymentionedoossibleapplicationsof theorem3. In-
deed,n mary modelsof classicamechanic®nefindsLagrangeamAM tori with
quasi-periodidynamics.

As a ‘philosophical’ applicationconsiderthe solarsystemfirst takenasa pertur
bationof the integrablesystemobtainedwhenngglectingtheinteractionbetween
the planets.If the theoremwould applyit would follow thatthe actualevolution
haspositive probability to be quasi-periodicwhenassuminghattheinitial con-
dition hasbeenchosenat random. In that caseone might be inclinedto call the
solarsystemstable.

Much hasbeensaid aboutthis example[2, 53, 54, 64, 27] andherewe just re-
strictto afew remarks.Firstly the solarsystemcontainsquite strongresonances,
which necessitat@ more suitableintegrableapproximationthan describedhere
[2]. Secondlytheinteractionbetweerthe planetsprobablyis fartoo strongfor an
actualapplicationof theoren3 asa perturbatiorresult. Thethird remarkrefersto
recentnumericalwork of Laskar[46], which seemdo show thatthe solarsystem
is entirely chaotic,mankindjust doesnot exist long enoughto have noticed. . ..

A large classof examplesis provided by consideringthe neighbourhoodf arny

genericelliptic equilibriumpoint of a Hamiltoniansystem.Underafew nonreso-
nanceconditionsontheeigervaluesof thelinearpartonecannormalizeanumber
of stepsaccordingo Birkhoff, therebymakingthelowerordertermsn-torussym-

metric. In factthis allowswriting thesystemlocally asa nearlyintegrablesystem,
wherethe sizeof the perturbatioris controlledby the distanceto the equilibrium,

comparg53, 54].
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As a consequencean a neighbourhoof the equilibrium thereare mary KAMm
tori. Theirunionis of positive Liouville measurewherethe equilibriumpointis
evenadensitypoint of quasi-periodicity58, 1§].

Otherapplicationsof KAM-techiquesoccurin quantummechanicsin particular
in the studyof electron— Anderson- localization. If oneconsidersSchibdinger
equationswith spatially ergodic potentials,a localized(non-conductingstateis

an eigenfunctionof the Schibdingerequationat someenegy eigervalue. Such
a function will decayexponentiallyin space. As in the localized regime the

Schibdingeroperatottypically hasadensepoint spectrumgdevelopinga perturba-
tion theoryof the correspondingesolent operatoy which divergesat this dense
setof eigervalues runsinto problemsvery similarto problemsencountereth the

traditionalk AM set-up,wherethe densesetof resonancegivesriseto divergent
perurbationexpansions.K AM-inspired proofs and analyseof localizationhave

beendevelopedfor typical realizationsof randompotentialsin arbitrary dimen-
sionsfor large interactionstrengthsor high enegiesin arbitrarydimensionssee
e.g. [30], aswell asfor quasi-periodigotentialsin one dimension,describing
electronsn quasicrystalsseee.g.[28, 20, 61].

Yet anotherfield of physicswhich is notoriousfor divergentperturbatiorntheory
problemsandwherek AM-lik e ideasare startingto play a role is QuantumField

Theory[33, 10].

Discussion

Therearea greatmary relatedissuesspreadover a vastliterature,comparewith
[7, 8,53, 54,64, 27], andwe will berestrictve here.

One subjectto mentionis the differencebetweenthe cases: = 2 andn > 3.
Indeed,for n = 2 thelevel setof the enegy functionis 3 dimensionalandthe
Lagrangeariori have dimension2. In the nearlyintegrablecasethesekAMm tori
generallyfoliate over nowheredensesets. However, for opensetsof initial con-
ditions the evolution curvesareforever trappedin betweenthem,which implies
perpetuabhdiabaticstability.

In contrastfor n > 3 the Lagrangeariori have codimensionarger than1 and
evolution curves may escape. This actually occursin caseof Arnold diffusion
[4, 8, 24].

Another subjectconcernghe generalmotion in the neighbourhoof the KAM
tori. Indeedby refinedaveragingit follows that nearbyevolution curves stay
nearbyover an exponentiallylong time, seeNekhoroshe [55]. Colloquially one
saysthatthek AM tori are'sticky’.

Fromthefirst developmentof KAM theoryon, it wasknown thatthe theoryex-
tendsoutsidethe Hamiltonianframe work of Lagrangeartori. So it turnsout
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that analogue®f theorem3 exist, e.g.,for lower dimensionakisotropic)invari-

anttori in Hamiltoniansystems.Here,apartfrom the internalfrequencief the

quasi-periodidori, alsonormalfrequenciegplay a role andthesemoreorer enter
the Diophantineconditions. For a discussioron the dynamicalrole of the corre-
spondingnormal-internatesonancesee[13].

Therehasbeenquitealot of interestin the Hamiltoniank AmM theoryof normally

elliptic tori [59, 38]. Thisalsoincludescasesn whichthenormalfrequenciehave

strongresonancef37]. Moreover, casehave beenstudiedof normally parabolic
tori. Thelattertwo casesnvolve quasi-periodi¢orusbifurcations,n certaincases
alsobranchingoff of higherdimensiontori [18, 34,14,15].

Similar resultsgo when consideringreversible systemsinsteadof Hamiltonian
oneg51,54,65, 17,22], or systemghatareequiariantwith respecto certainLie
groups. Moreover, assection3 alreadyindicates therealsoexist KAM theorems
for the generalclassof (dissipatve) dynamicalsystemsgcomparewith section3.
In facta unifying Lie algebraapproachallows to reachall theseresultsat once.
In generalone needsexternal parameterso have a good persistenceheoryfor
guasi-periodignvarianttori. Comparewith [51, 52, 19,18].

6 Ergodic hypothesis. a paradox?

As adirectcorollaryof theorem3 we have

Theorem 4 In typical Hamiltoniansystemswith n < oo degreesof freedom,
enegy hypersuracesarenot ergodic underthe Hamiltonianflow.

Indeed,by theorem3 thereexist openclassesof Hamiltoniansystemswith in-

varianttori, suchthatthe union of thesetori haspositive (Liouville) measuran

the enegy hypersuréces. This leadsto a decompositiorof thesehypersuréces
in severaldisjointinvariantsets which contradictsergodicity. For backgroundn

ergodictheory e.g.,se€[8].

SotheKAM tori form anobstructionagainstergodicity anda questions how bad
this obstructionis asn — oc. Thisquestions of importancen statisticalphysics,
wherelarge systemsarestudied.

A primitive formulation of the ergodic hypothesisassertdhat typically, enegy
hypersurécesof mary-particle systemsare ergodic, which clearly would not be
compatiblewith theoremd. To fix thoughtswe give anexample.

A lattice system

Considerthe 1-dimensionalattice Z C R, attheverticesof whichidenticalnon-
linear oscillatorsaresituated.For simplicity think of the lattice beingsituatedon
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a horizontalline, whereat all verticesidenticalpendulaaresuspendedsubjectto

constantvertical gravity. Also we connectnearesheighbouroscillatorsby weak
springs.Herethe springconstantsanbe eitherconstanor decayat infinity.

Let Ay C Z betheboxwith vertices(— N, N). Then,for M < N consideitwo of

theseboxesA,; C Ay. We ‘truncate’theinfinite systemby ignoringall pendula
outsidethelargerbox A y.

First considerthe integrablesystemassociatedo Ay, whereall interactionsare
neglected. Supposehat the oscillatorssituatedat verticesin A, arein motion,
while the othersare at rest. In the phasespacethis correspondso a 2M + 1-
dimensionalinvarianttorus, which is normally elliptic. Moreover, the normal
frequenciesrein1:1:...:1resonance.

Thenwe ‘turn on’ the actvity of the interactingsprings. A suitableadaptation
[37] of theorem3 andof [59] for this caseyieldsthe persistencef theseelliptic
tori for small valuesof the spring constants.The correspondingind of motion
is aquasi-periodidreatherfor a similar kind of motioncomparewith [48]. The
unionof elliptic tori haspositive 2(2M + 1)-dimensionaHausdorf measure.
The questionnow is whatis the asymptoticsf the ‘density’ of this measureas
N (andM) — oo. A partial answerto this question[37], saysthat this density
decaysxponentiallyfastin N, while thereis afurtherpolynomialdecayin M.

Remark It is worth mentioningthatthenormall : 1 : ... : 1 resonancef this
systemgivesriseto interestingguasi-periodidranchingg37].

Discussion

The conclusionfrom this exampleis that the obstructionto ergodicity given by
KAM theoryis nottoo badasthesizeof the systentendsto infinity. Thisisin the
sameline asanearlierresultby Arnold [3].

Anotherproblemis whathappendf thelimit N — oo isreallyattained.ThekKAM
theory for infinite systemss fully in development[42, 39], but infinite lattice
systemsstill have mary secrets.

7 Conclusion

The lastinginfluenceof Kolmogoror, Arnold and Moseron the presentstateof
theartin mathematicsphysicsandothersciencess enormousndthis paperonly
sketchegpart of this legag. Neverthelesave believe thatit is animportantpart,
whichis still fully in development.Therole of theergodichypothesisn statistical
mechanic$asturnedout to be muchmoresubtlethanwasexpected seee.g.,[9,
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31, 32]. RggardingkAM theory for furtherreadingwe mentionthe introductory
texts[23, 49, 47,60]. Also readingof [18], [43] and[29] is recommended.

The authorthanksthe Universitatde Barcelonaandthe Universié de Bourgogne
for hospitalityduringthepreparatiorof thispaper Also | thankAernoutvanEnter
andFloris Takensfor helpful discussion.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

V.1. Arnold, Proof of a theoremby A.N. Kolmogoros on the invarianceof
guasi-periodianotionsundersmall perturbationsf the Hamiltonian,Usp.
Math. Nauk18(5) (1963)13-40;RussMath. Surv 18(5) (1963)9-36.

V.I. Arnold, Smalldenominatorandproblemsof stability of motionin clas-
sical andcelestialmechanicsRussianMath. Surveys 18(6) (1963)85-191.
[Corrigend&(in Russian)UspekhiMat. Nauk23 (1968)216.]

V.1. Arnold, Instability of dynamicalsystemavith mary degreesof freedom,
Soviet Mathematic$H(3) (1964)581-585.

V.1. Arnold, On theinstability of dynamicalsystemswith mary degreesof
freedom,Sov. Math. Dokl. 5(3)(1964)581-585.

V.1. Arnold, Smalldivisorsl: On mappingsof the circle onto itself, Amer
Math. Soc.Transl.,Ser2 46 (1965)213-284 [Russiaroriginal: Izvest Akad.
Nauk SSSRSerMat. 25(1) (1961) 21-86; Corrigenda:ibid. 28(2) (1964)
479-480.]

V.1. Arnold, GeometricalMethodsin the Theory of Ordinary Differential
Equations SpringerVerlag1988.[Russianoriginal: Naukal978.]

V.1. Arnold, MathematicaMethodsn ClassicalMecanics.SpringeNVerlag
1978,2ndedition1989.[Russianoriginal: Naukal974.]

V.l. Arnold and A. Avez, Ergodic Problems of Classical Medanics.
Addison-Wesley 1989.[Frenchoriginal: GauthierVillars 1968.]

J. Bricmont, Scienceof Chaosor Chaosin Scienceln PR. Gross,N. Levitt
and M.W. Lewis (eds.), TheFlight from Scienceand Reason Ann. of the
New York Academyof Sciences/75 131-175,New York Academyof Sci-
encesNew York, 1996.[Also appearedn PhysicaliaMagazinel7 (1995)
159-208.

16



[10] J.Bricmont, K. GavedzkiandA. Kupiainen,KAM TheoremandQuantum
Field Theory Comm.Math.Phy01 (1999)699-727.

[11] P. Blanchard,Complex analytic dynamicson the Riemannsphere,Bull.
Amer Math, Soc.(N.S.)11(1) (1984)85-141.

[12] H.W. Broer, Kolmogoro: la‘K’ de KAM, Butlleti dela SocietatCatalana
deMatenmatiques# (2004)# - #.

[13] H.W. Broer, H. HanRmannA. Jorba,J. Villanueva and F.0.0. Wagener
Normal-internalresonances quasiperiodicallyforced oscillators: a con-
senative approachNonlinearity16 (2003)1751-1791.

[14] H.W. Broer, H. HanBmanrand J. You, Bifurcationsof normally parabolic
tori in Hamiltoniansystems Preprint University of Groningen.Submitted
for publication.

[15] H.W. Broer, H. HanBmannand J. You, Umbilical torus bifurcationsin
HamiltoniansystemsPreprint Universityof Groningen Submittedfor pub-
lication.

[16] H.W. BroerandG.B. Huitema,A proof of theiso-enegetic KAM-theorem
from the‘ordinary’ one,Journ. Diff. EQns.90(1) (1991)52-60.

[17] H.W. Broer and G.B. Huitema, Unfoldings of quasi-periodictori in re-
versiblesystems Journ. Dynamicsand Differential Equations7(1) (1995)
191-212.

[18] H.W.Broer, G.B.HuitemaandM.B. Sevryuk, Quasi-perioditori in families
of dynamicakystemsporderamidstchaos].NM 1645 SpringeVerlag1996.

[19] H.W. Broer, G.B. Huitema,F. TakensandB.L.J. Braaksmalnfoldingsand
bifurcationsof quasi-periodidori, Mem.AMS 83(421)(1990)1-170.

[20] H.W. Broer, J.PuigandC. Simb, Resonanc&énguesandinstability pockets
in the quasi-periodidill-SchrodingerequationCommunMath. Phys.641
(2003)467-503.

[21] A.D. Bruno,Corvergenceof transformation®f differentialequationdo the
normalforms, Dokl. Akad.Nauk.SSSR165 (1965)987-989.

[22] M.C. Ciocci, Bifurcationof periodicorbitsandpersistencef quasiperiodic
solutionsin familiesof reversiblesystemsPhD ThesisGent2003.

17



[23] M.C. Cioccli, A. Litvak-Hinenzonand H.W. Broer, Surwey on dissipatve
KAM theory including quasi-periodicbifurcations, basedon lecturesby
Henk Broer. To appeatin J. Montaldi andT. Ratiu (eds.): PeyresgLectues
on GeometricMedanicsand SymmetryLMS Lecture Notes Series,306.
CambridgeUniversity Press.

[24] L. ChierchiaandG. Gallavotti, Drift anddiffusionin phasespaceAnn.Inst.
Henri Poincaré, Physiquerhéorique60(1) (1994)1-144.

[25] H. CremerZum ZentrumproblemMath. Ann.98 (1927)151-163.

[26] R.L. Devang, An Introductionto Chaotic Dynamical SystemsAddison
Wesley 1989.

[27] F. DiacuandP. Holmes,CelestialEncountes, the origins of chaosand sta-
bility. PrincetonUniversity Press1996.

[28] E.l. Dinalurg and Y.G. Sinai, The one-dimensionaSchibdingerequation
with a quasiperiodigotential.Func.An.and Appl.9 (1975)179-189.

[29] L.H. EliassonS.B.Kuksin,S.Marmi andJ.-C.Yoccoz,DynamicalSystems
and SmallDivisors, Cetraro 1998LNM 1784 SpringerVerlag2002.

[30] J.FrohlichandT. SpencerAbsenceof diffusionin the Andersonmodelfor
largedisorderor low enegy, Comm.Math. Phys.88 (1983)151-189.

[31] G. Gallavotti, StatisticalMedanics,A ShortTreatise SpringerVerlag1999.

[32] G. Gallavotti, F. Bonettoand G. Gentile, Aspectsof the ergodic, qualita-
tive andstatisticaltheoryof motion. To appeaiSpringeVerlag.Preliminary
versionat http://ipparco.romal.infn.it/libri.htin

[33] G. Gallavotti, G. GentileandV. Mastropietro,Field theoryand KAM tori,
MPEJ1 (1995)papers.

[34] H. HanfBmann,The quasi-periodiccentre-saddleifurcation, Journ. Diff.
Eqns.142(2) (1998)305-370.

[35] M.R. Herman,Sur la conjugaisondifferentiabledesdifféomorphismesiu
cercleadesrotations,Publ. Math. IHES 49 (1979)5-234.

[36] E. Hopf, A mathematicabxampledisplayingfeaturesof turbulence.Com-
mun.Appl. Math. 1 (1948)303-322.

18



[37] H.H. de Jong,Quasiperiodidoreathersn systemsof weakly coupledpen-
dulums:Applicationsof KAM theoryto classicalandstatisticalmechanics.
PhD ThesisGroningen1999.

[38] A. JorbaandJ. Villanueva, On the normal behaiour of partially elliptic
lower-dimensionatori of HamiltoniansystemsNonlinearity10 (1997)783-
822.

[39] T. KappelerandJ. Pdschel, KdV & KAM, Ergebnisseder Mathematikund
ihrer Grenzgbiete 3. Folge 45 SpringerVerlag2003.

[40] A.N. Kolmogoro, Ontheconserationof conditionallyperiodicmotionsfor
asmallchangdan Hamilton'sfunction[in Russian]Dokl. Akad.NaukSSSR
98 (1954)525-530;Englishtranslationin LNP 93 (1979)51-56.

[41] A.N. Kolmogoray, The generaltheory of dynamicalsystemsandclassical
mechanics Proceedingf the International Congessof Mathematicians
(Amsterdam,1954), Vol. 1, pages315-333, North Holland, Amsterdam,
1957[in Russian].[Reprintedin: InternationalMathematicalCongessin
Amstedam, 1954 (Plenary Lectues) pagesl87-208.Fizmatgiz,Moscaow,
1961 English translationas Appendix D in R.H. Abraham Foundations
of Medhanics pages263-279.Benjamin,1967. Reprintedas Appendixin
R.H. Abrahamand J.E. Marsden,Foundationsof Medanics, Secondedi-
tion, pages/41-757 Benjamin/ Cummingsl978.]

[42] S.B. Kuksin, Nearly integrableinfinite-dimensionaHamiltonian systems,
LNM 1556 SpringerVerlag1993.

[43] S.B. Kuksin, V.F. Lazutkin and J. Pdschel(eds.), Seminaron Dynamical
SystemgSt. Petershrg, 1991)Birkhauserl994.

[44] L.D. Landau,0Ontheproblemof turbulence Akad.Nauk.44 (1944)339.
[45] L.D. LandauandE.M. Lifschitz, Fluid Medanics.Pegamon,Oxford 1959.

[46] J.Laskar Large scalechaosandmaiginal stability in the solarsystem Pro-
ceedingsXlith Int. Congessof Math. Phys.(Paris 1994), Int. PressCam-
bridge1995.

[47] R.delaLlave,A tutorialonKamTheory In A. Katoketal. (eds.),Proceed-
ingsof Symposian Pure Mathematic$9 (2001)175-292AMS.

[48] R.S.MacKay and S. Aubry, Proof of existencefor breatherdor time re-
versibleor Hamiltoniannetworks of weakly coupledoscillators,Nonlinear
ity 7(6) (1994)1623-1643.

19



[49] S. Marmi, An introductionto small divisor problems Dipartimento di
Matematicadell’Universitidi Pisa2000.

[50] J.K.Moser Oninvariantcurvesof area-preservingnappingsof anannulus,
Nadr. Akad.Wiss. Gottingen,Math.-PhysKI. 1l. 1 (1962)1-20.

[51] J.K. Moser On the theory of quasiperiodicmotions, SIAM Review 8(2)
(1966)145-172.

[52] J.K.Moser Cornvergentseriesexpansiondor quasi—periodienotions,Math.
Ann.169 (1967)136-176.

[53] J.K.Moser, Lectureson HamiltoniansystemsMem.AMS81 (1968)1-60.

[54] J.K. Moser Stableandrandommotionsin dynamicalsystemswith special
emphasigo celestiaimechanicsAnn.Math. Studies’7 PrincetonUniversity
Pressl973.

[55] N.N. Nekhoroshe, Exponentialestimateon the stability time of nearinte-
grableHamiltoniansystemsRussMath. Surveys 32(6) (1977)1-65.

[56] S.E.Newhouse,D. RuelleandF. Takens,Occurrenceof strangeAxiom A
attractorsnearquasi-periodidlows on T™, m < 3, CommunMath. Phys.
64 (1978)35-40.

[57] J.Oxtoby, Measue and Category. SpringerVerlag1971.

[58] J.Poschellntegrability of Hamiltoniansystemsn CantorsetsCommPure
Appl. Math. 35(5) (1982)653-696.

[59] J.PoschelOnelliptic lowerdimensionatori in HamiltoniansystemsMath.
Z.202 (1989)559-608.

[60] J.Poschel A lectureontheclassicak AmM theoremIn A. Katok etal. (eds.),
Proceeding®f Symposian Pure Mathematic$9 (2001)707-732AMS.

[61] J. Puig, CantorSpectrumfor the Almost Mathieu Operator Corollariesof
localization,reducibility andduality. Preprintarchive mp_arc03-396(2003).

[62] D. Ruelle, Elementsof Differentiable Dynamicsand Bifurcation Theory
AcademicPress1989.

[63] D. RuelleandF. Takens,Onthenatureof turbulence, CommunMath. Phys.
20 (1971)167-192;23 (1971)343-4.

20



[64] H.RussmannkKornvergenteReihenentwicklungem derStorungstheorieler
Himmelsmechanikn K. Jacobged.),Selectaviathematicav, Heidelbeger
Taschenbicher201 (1979)93-260SpringerVerlag.

[65] M.B. Sevryuk, New resultsin the reversiblekAm theory In: S.B. Kuksin,
V.F. LazutkinandJ. Poschel(eds.),Seminaron DynamicalSystemg$St. Pe-
tershurg, 1991)184-199 Birkhauserl994.

[66] C.L. Siegel, Iterationof analyticfunctions,Ann.of Math. (2) 43 (1942)607-
612.

[67] H. Whitney, Differentiablefunctionsdefinedin closedsets.Trans. Amer
Math. Soc.36(2) (1934)369-387.

[68] J.-C.Yoccoz,C!-conjugaisonsiesdiffeomorphismeslu cercle.In: J. Palis
(ed), GeometricDynamics,ProceedingsRio de Janeiro1981,LNM 1007
(1983)814-827.

[69] J.-C.Yoccoz, Théoremede Siegel,nombresde Brunoet polyndbmesquadra
tiqgues,Asirisque231 (1995)3-88.

[70] J.-C.Yoccoz Analyticlinearizationof circlediffeomorphismsin: S.Marmi,
L.H. EliassonS.B.KuksinandJ.-C.Yoccoz(eds.),DynamicalSystemsand
SmallDivisors,LNM 1784 (2002)125-174 SpringerVerlag.

[71] E. Zehnder An implicit functiontheoremfor smalldivisor problems,Bull.
Amer Math, Soc.80(1) (1974)174-179.

[72] E. Zehndey Generalizedimplicit function theoremswith applicationsto
some small divisor problems,| and [, Comm.Pure Appl. Math., 28(1)
(1975)91-140;29(1) (1976)49-111.

21



