Do Diophantine vectors form
a Cantor bouquet?

Henk Broer

We introduce the set of Diophantine vectordiii, which is a standard notion in
KAM Theory. The problem is whether this set forms a Cantor bauque

1 Definition and elementary properties

Letn > 2 and forr > 0 and~y > 0 consider the set ofr,y)-Diophantine
frequency vectors by

RY, = {w e R" | Vk € Z'\ {0} : [(w, k)| > 1]k},

Here (w, k) = >, w;k; is the usual inner product and| = > 7, |k;| is the
length of the integer vectar.

We summarize a few properties Bf_, for details see [3, 4]. First of all, the set
R7_ is aunion of closed half linesin the sense that fav € R7_, thensw € R
for aII s > 1. Moreover, ifS"~! denotes the unit sphere &r*, we consider the
intersectionR? N S"~ ! This is a closed (and hence compact) set that by the
Cantor- Bendlxson Theorem is the union of a perfect and aatisset. Due to the

fact that for anyk € Z the resonant hyperplane
{weR" | {w k) =0}

is in its complement, the perfect set is totally disconngéeted hence is a Cantor
set.

For7 > n — 1 the intersectioR? N S"~' has positive measure &'~ for
sufficiently smally > 0. Indeed, one even has that the measure of the complement
S*~t\ R?_ is of orderO(v) asy | 0. For a sketch of the planar caB&  C R?,

see Flgure 1.



%)

Figure 1: The Diophantine s&_ has closed half line geometry and the inter-
sectionS"~' NR7_ is a Cantor set of measu§¢—"' \ R} = O(v) asy | 0.

Forn = 2, by taking the ratiop = w;/w,, one finds a relationship with the
Diophantine numberg € R satisfying
p _
’Q - —’ =74
q
for all rationalsp/q € Q, which is a subset of the Bruno numbers [7]. Compare
with the horizontal line in Figure 1. Generally, far> 3, a similar relationship
is established between € R" and [w; : wy,...,w,] € P""I(R), the (n — 1)-
dimensional projective space [2].
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2 The problem

The problem is to show th&? _ is a Cantor bouquet [1, 5]. For this it is needed
to know more about the endpoints of the closed half liné/in, in particular one
has to prove that the set of endpoints accumulates on everygidR” ..

Forn = 2 the answer may be related to a similar result that concesgriph
of the Bruno numbers, which uses continued fraction exjpasdi6]. Forn > 3
the number theoretic aspects of the &ts andR?_ N S"~! may be a lot more
involved.
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