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1. Toroidal symmetry |

Action-angle variables given H : R?! R
q = @M
@q
o = @f
- @p
Dene A := A(H);then T = d—ﬁ;
| = ZLA;' = th;
_ =0
_ = (),
—_ dH
L= Fr

General format of perturbation in  n dof:

— = B+ )
L= "g(i")

where H = Hg+ "H

(= Gt = Gho= G

Perturbation problems as usual



Scholium |

Integrability for " =0
Examples: 1 dof systems, central force
eld, the Lagrange top,
geodesics on ellipsoid,

Near integrability occurs generic': think of
Solar system as a perturbation of a
number of uncoupled central force
systems (Kepler, Newton)

Also in small neighbourhood of an elliptic
equilibrium point (see below )

Slow-fast dynamics: | {slow, ' {fast



1. Toroidal symmetry Il

Local theory at0 2 R2"

Birkno normal form at equilibrium

H(p;a) = h; (p°+ g*)i+ F(p*+ q°)+ G(p;d)
with = dp” dq;

F=04)and G= O(N +1)

(N depends on !)

Dene (= IO2 P
p2+ q2:2|’ :d/\

= 2l cos" then
d and
H(l;" )= h;l i+ F(I)+ G(I;")

,  system
' = I + @:+ @_G
- @ @I
_ - @G
B @

where G is small whenever | is

Locally same perturbation problem



Scholium 11

Proofs by action of adjoint operator

on homogeneous parts of Taylor series

Simpli cation leaves only terms in kernel

Resonant examples later

Similar theory near periodic solutions,
action by, e.g.,

_@+I p@ q@
@t @q @p

and analogoursly near quasi-periodic tori



A simple Averaging Theorem

Given a (general) 2  {periodic system

o= b+ )
L= "g(5l )
with (51 )2 T1 RN

A suitable near-identity transformation
() 7 (53)
. (truncating at order  O("?))
1 = "g(J) where

1 42
0= o 9(:3)d

Theorem: If 1(J) > 0 is bounded away
from O: then, for a constant c>0

1
jr(t)y  J(t)j<c" for 0 t



Scholium 111

Extensions to many classes of systems, for
Instance to Hamiltonian systems

Generalization to the immediate vicinity of
a quasi-periodic torus

Further normalization give estimates that
are polynomial or exponential in " (in real
analytic case)

Passage through resonance: then condition
on ! not valid.

-J.A. Sanders, F. Verhulst and J. Murdock, Averaging Methods
in Nonlinear Dynamical Systems . Springer 2008

- N.N. Nekhoroshev, An exponential estimate of the time of
stability of nearly integrable Hamiltonian systems, Russ. Math.

Surv. Usp. Mat. Nauk 32 (6) (1977) 1-65



Adiabatic invariants
Application of Averaging Theorem

Hamiltonian time dependent, slowly varying
system

o= by )+ )
_ = "g(h )
where (51; )2T! R R

Compare with averaged system

1= "g(J); =
Hamiltonian character gives g O; hence

1
jl(t)y 1©0)j<c" foro t —

) | is an adiabatic invariant
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Scholium IV

Planck's: In the above take

2 2
) P N I
H(p;g; )= —&+ g— with _="
(p:q; ) 52 g9 5
Energy Ieveﬁ H(p;q;) = qE Is ellipse:
axes a= = 2E and b= 2E=g
Then action variable
1 1 E E
| = —A = —ab = ¢g== —
2 2 g

Laplace (more degrees of freedom) semi-major
axes of Keplerian ellipses of the planets
have no secular variations

KAM theory and adiabatic invariants: 2 dof
versus more; Arnold di usion
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Parametric resonance |

Consider time periodic Hamiltonian (swing)
H. (pa;)= p>+( *+ cost)(l cosq)
where (p;a) (0;0)and ( ; ) (30)
(near 1:2 resonance; ( p;q;t) 2R T1 T1)

Two reversibilities: R(p;q;t)=( p;q; t)and
S(pia;t) =( p; a; t)

Complex notation z= p+ 1iq;

|N

= liz ( + cost)sing i(sing 0
t =1

where = 2 1 detunes the 1:2 resonance

Normalization/averaging (resonant) as described
before

H.W.B. and G. Vegter, Bifurcational aspects of parametric r es-

onance, Dynamics Reported, New Series 1 (1992) 1-51.
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Parametric resonance ||

Double cover  given by map

C R=(4 2) ! C R=2 2)
(:t) 70 ( e2t(mod)2 )

Deck transformation ( t) 7 (e bt 2 )

Symmetry induced by reversions R and S;
Lo Zo-symmetry (all compatible)

Takens normal form Poincae map

P. ()= ( 1d) N2 ()+hot( ;; )

Singularity  theory describes planar Hamilton
functions of N . in "generic’ setting

Similarly  for the other k : 2 resonances
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Parametric resonance |l
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Bifurcation diagram of N . : showing the
slow or secular dynamics near 1: 2

resonance
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Parametric resonance |V

Poincae map P. for : and
(‘Santiago de Compostela’

"Chaotic sea' not yet understood

1Y)

4
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Quasi-periodic forcing

Quasi-periodic swing with xed !4 and ! »:

H.. 2(p;q;t) = %pz
+ 2 4 (cos( ! qt) +cos( ! ot)))(1 COS Q)

1 = !
‘2 = I
Q= 0p
(2+ (cos' 1 +cos 'p))sinq

P

ives on T2 R?2

Resonances given by
kit1+ kolto+ = =0

for kl;kz;\ 2 Z
If 1 4;! - are rationally independent, then
dense set of -values
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A dense set of resonances

3 L T T T T T T T T T

25F
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05F

0 1/101/9 1/8 17 1/6 15 29 1/4 2/7 3/10 1/3 3/8 2/5 3/7 419

Arnold resonance tongues as these occur in
many contexts

17
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Normalization as before

Diophantine conditions: For given > 1
and > 0

Jkgt 1+ kol o+ ] (Jkaj + Jkoj)
for all ( kq;k2) 2 Znf(0;0)qg
and for all > 2 Z with j5j N

Nowhere dense, positive measure
(for | J small)

Normalized  system (need Diophantine con-
ditions) has same planar vector eld trun-

cation N. as before; same secular mo-
tion as before

- HW.B., G.B. Huitema, F. Takens and B.L.J. Braaksma, Un-
foldings and bifurcations of quasi-periodic tori , Mem. AMS 83 (421),
1990

- H. Han mann, Local and Semi-Local Bifurcations in Hamil-

tonian Dynamical Systems Results and Examples, LNM 1893

Springer 2007
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Cantorized fold catastrophe

Model for quasi-periodic center-saddle

bifurcation
H (55psg )= hsli+ 1p%+( g @)+h o:t:(p;q; )
where h.o.t. depend on ( I;' )

q

o=l

"Cantorized' fold: for g < 0 hyperbolic 2-tori
occur and for g > 0 elliptic 2-tori
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Scholium V

Universal model, in particular robust
Many further models in

H. Han mann, The Quasi-Periodic Centre-Saddle Bifurca-

tion, J. Dierential Equations 142 (1998) 305-370

Co-existing  dynamics with periodicity and
chaos Iin gaps; often innite regress in-
side gaps

Principle:  mix of Singularity Theory and KAM
Theory

H.W.B., H. Han mann and F.O.0. Wagener. Quasi-periodic

bifurcation theory. in preparation
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Dissipative analogies

Same idea of oscillatory versus secular dy-
namics, normalizing/averaging the former away

Periodic  attractors and Cantorized families
of quasi-periodic attractors of positive mea-
sure in parameter space

Hopf-Nemark-Sacker bifurcation between them
Quasi-periodic Hopf bifurcation

Onset of turbulence: Hopf-Landau-Lifschitz-
Ruelle-Takens in generic families co-existence
of periodicity, quasi-periodicity (of pos-
itive measure in parameter space) and
chaos (often idem dito)

Cantorized fold diagram also for bifurca-
tions of di eomorphisms from invariant
circles to 2-tori

H.W.B. and F. Takens, Dynamical Systems and Chaos , Epsilon-
Uitgaven 2009
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Scholium VI

Analogies of Averaging Theorem valid in some
cases (e.g., in cases with an attractor)

Singular  perturbation theory is challenging

H.W.B., T.J. Kaper and M. Krupa, Geometric desingu-
larization of a cusp singularity in slow fast systems with

applications to Zeeman's examples. Submitted.
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