
Hamiltonian Mechanics
take home exam

10/04/2017 - 20/04/2017

E.1 Period and area (10 points)

Let H : R2 → R be a smooth function of the form

H(x, y) =
1

2
y2 + V(x) .

Assume that for z ∈ R the motion in the level H−1(z) is periodic. Let A(z)

denote the area enclosed by the level H−1(z), while T(z) denotes the period of

oscillation in this level set. Show that T = dA/dz.

E.2 On light rays (40 points)

Consider a light ray in an isotropic planar optical medium as a parametrized

curve τ ∈ R 7→ q(τ) ∈ R2. By the Fermat Principle, a light ray between two

points q(τ1) and q(τ2) minimizes (optimizes) the travel time needed.

1. Argue that the ray minimizes (optimizes) the integral∫ τ2
τ1

n(q(τ))|| _q(τ)||dτ,

where n(q) is the refraction index at the point q. (Note: In an isotropic

medium the velocity of light v(q) in a point q is the same in all directions.

The refraction index then is n(q) = 1/v(q).)

2. As Lagrangean function take L(q, _q) = 1
2
n(q)|| _q||2 and explain the rela-

tionship with the motion of a free particle.

3. In Cartesian co-ordinates q = (x, y) perform the Legendre transformation

and give the corresponding Hamilton function. What is the symplectic

form?

4. The same question for polar co-ordinates.
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E.3 Canonical transformations on the cotangent
bundle (20 points)

Let V be a �nite dimensional manifold with cotangent bundle T ?(V). By α

denote the canonical 1-form on T ?(V), while ω := dα. Given a di�eomorphism

Φ : T ?(V) → T ?(V), show that the following two statements are equivalent:

- Φ is canonical, i.e. Φ?ω = ω,

- Locally there exists a function S : T ?(V) → R, such that dS = Φ?α− α.

E.4 On small oscillations (20 points)

Give small oscillations of the spherical pendulum near its lower equilibrium.

(Hint: For local co-ordinates in the con�guration space use the horizontal plane

tangent to the sphere at the lower equilibrium and determine the Lagrangean

function up to order 2.)

Your grade is computed by adding 10 points to your total score and then

dividing by 10.
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