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1 Introduction

In finite-dimensional systems theory the control algebraic Riccati equation (CARE)
A X+ XA-XBB*X+C'"C=0

is a successful tool for solving various problems, for example, optimal control, optimal
filtering, stability analysis et al. (see e.g. [4, 7, 20, 21], and the references therein). An
overview of important results on Riccati theory for finite-dimensional systems has been
gathered by Bittanti, Laub and Willems [2].

Since the CARE is such an effective tool in finite-dimensional control theory, more and
more effort has been made in extending these results to infinite-dimensional systems, see
e.g. [3, 5, 6, 12, 17], and the references therein. Recently, a very general theory of optimal
control problems and the CARE was developed by Mikkola in [13].

In [21], Willems gave a classification of all solutions of the CARE for finite-dimensional
systems. These results increased the range of applications of the Riccati theory signifi-
cantly. In this paper we show that the classification of all solutions of the CARE may
be extended to a class of strongly stabilizable and detectable infinite-dimensional sys-
tems. Earlier papers in this direction considered more restrictive or different assumptions.
Under the spectrum decomposition assumption (for exponentially stabilizable, infinite-
dimensional systems) Callier et al. [3] gave a classification of all nonnegative self-adjoint
solutions of the CARE. A classification of all nonnegative self-adjoint solutions of the
CARE for discrete-time systems was found by Malinen in [12]. However, we are interested
in all solutions and not just the nonnegative ones.

Another approach to characterize the solutions of the CARE is to use the Hamiltonian
operator, see e.g. Adamjam et al. [1], Kuiper and Zwart [10] and Langer et al. [11]. In
[1] the special case that the Hamiltonian operator is Riesz spectral was considered. In
other papers a standard assumption is that the Hamiltonian operator is dichotomous, i.e.
there is a strip around the imaginary axis which is contained in the resolvent set of the
Hamiltonian operator. Under our set of assumptions this need not hold.

In this paper we obtain a representation of all self-adjoint solutions to the CARE

corresponding to the state linear system (A, B, C') under the following assumptions
e A generates a Cy-group T'(t) on a separable Hilbert space Z;
e X(A, B,(C) is output stabilizable;

e Y(A, B,(C) is strongly detectable;



e The minimal self-adjoint nonnegative solution of the filter algebraic Riccati equation
(FARE) is invertible.

Under the first three assumptions, there exists a unique self-adjoint nonnegative solution
X+ := X, of the CARE and a minimal nonnegative self-adjoint solution Y, of the FARE.
Adding the assumption that A generates a Cyp-group, we obtain that Y+, the maximal self-
adjoint solution of the FARE, is equal to Y,,;. Moreover, X~ := —(Y")~! is the minimal
self-adjoint solution of the CARE. We prove that every self-adjoint solution X € £(Z) of
the CARE satisfies X~ < X < X*. Furthermore, we obtain the following generalization
to this class of infinite-dimensional systems of an important result from the well-known
paper of Willems [21].

Theorem 1.1. Under the above assumptions, every self-adjoint X € L(Z) is a solution of
the CARFE if and only if X can be decomposed as

X=X"P+X (I-P), (1)

for a certain projection P € L(Z).

The precise formulation of the above result is stated in Theorem 4.15. There we indi-
cate precisely which projections provide representations for all self-adjoint solutions of the
CARE.

Finally, we comment on the limitation that A generates a Cy-group. Sufficient condi-
tions for the Cy-semigroup T'(¢) to be embedded in a Cy-group can be found, for example,
in [16] (see Theorem 6.5 and Theorem 6.6 on page 24) and [22]. While this is clearly a
restriction, there does exist an important class of systems that satisfies our assumptions.
This is the class of dissipative systems with collocated actuators and sensors, denoted by
Y(A, B, B*), where A is skew-adjoint (D(A) = D(A*) and A+ A* = 0). Although math-
ematically very special, they have a prominent place in the engineering literature, mainly

as models for flexible structures. For an extensive overview we refer to Chapter 9 in [14].

2 Preliminaries

We consider a state linear system (A, B, C) of the form

2(t) = Az(t)+ Bu(t), z2(0)=z2€Z (2)
y(t) = Cz(t)



with z € Z,y € Y and u € U, where Z, Y and U are separable Hilbert spaces, B € L(U, Z)
and C € L(Z,Y), i.e. B and C are bounded operators. The operator A: D(A) C Z — Z
is the infinitesimal generator of the Cp-semigroup 7'(t) of bounded operators on Z. The

state and the output trajectories of the system X(A, B, C) are given by

z(t) = T(t)zo—i—/o T(t — s)Bu(s)ds (3)
y(t) = Cz(t),

where 2(0) = zp € Z. As the cost functional for this system, we take
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where u is the input trajectory and t is a positive real number or infinity.
We recall the concepts of stability and strong stability of the linear system X(A, B, C).
The definition of a strongly stable linear system was introduced by Staffans [18, 19].

Definition 2.1. The state linear system X(A, B,C') is a stable system if

e it is input stable, i.e., there exists a constant 3 > 0 such that for all u € Ly(0, 00; U)

[ rwBuwa? <p [ uo)Pa

e il is output stable, i.e., there exists a constant v > 0 such that for all z € Z
| 1er@spar <P, ana
0

e it is input-output stable, i.e., the transfer function C(sI — A)™'B is an element
of Hoo(L(U,Y)), the space of bounded holomorphic functions in the open right half

plane.
The state linear system (A, B, C) is a strongly stable system if it is stable and it satisfies
e A generates a strongly stable semigroup, i.e., for all zg € Z, T(t)zg — 0 as t — oo.

The properties input and output stability of a linear system are related to the existence
of solutions to Lyapunov equations, see [8] and [9].



Lemma 2.2. The state linear system (A, B, C) is output stable if and only if the following
observability Lyapunov equation has a self-adjoint nonnegative solution L € L(Z):

A*L+ LA = —C"C on D(A). (5)

Lemma 2.3. The state linear system %(A, B, C) is input stable if and only if the following

controllability Lyapunov equation has a self-adjoint nonnegative solution L € L(Z):
AL+ LA* = —BB* on D(A"). (6)

In addition to the definition of a strongly stable system we also need the related notions
of stabilizability and detectability. For convenience, we use [F; C] to denote the column

matrix constructed from F and C'.
Definition 2.4. The system %(A, B, C) is strongly stabilizable if
e it isoutput stabilizable, i.e., there ezists an F' € L(Z,U) such that ©(A+BF, B, [F; C])

18 output stable, and

e A+ BF generates a strongly stable semigroup.
Definition 2.5. The system (A, B, C') is strongly detectable if
e it isinput stabilizable, i.e., there exists an L € L(Y, Z) such that X(A+LC,[L, B],C)

18 1nput stable, and

o A+ LC generates a strongly stable semigroup.

We recall that the control algebraic Riccati equation (CARE) is
A*X + XA—-XBB*X +C*C =0o0n D(A), (7)
and the filter algebraic Riccati equation (FARE) is
AY +YA* —=YC"CY + BB* =0 on D(A"). (8)
If X and Y are solutions for the CARE and FARE we introduce the following notations
Ax .= A—BB*X, and Ay .= A-YC"C.

By Tx(t) and Ty (t) we denote the Cy-semigroups generated by Ax and Ay, respectively.
The following result establishes a link between a self-adjoint solution of the CARE and
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the finite horizon control problem (this may be proved as in [6], see Lemma 6.2.3, or see
Lemma B.2).

Lemma 2.6. Suppose that X € L(Z) is a solution of the CARE. Then for all t > 0, for
all w € Ly(0,t;U), and for all zo € Z the following holds:

Jon(zou) = / lu(s) + B X 2(s)|ds + (0, X20) — (=(t), X=(2),

where z(-) is a trajectory of the linear system and the cost function Ji4(20,u) is defined

by (4).

We recall the notion of an invariant subspace of a Hilbert space. If T' is an operator on
a Hilbert space Z, and if V is a linear subspace which satisfies TV C V| then V is called
an tnvariant subspace of Z with respect to T'. We consider two types of invariance, namely

semigroup-invariance and invariance with respect to the infinitesimal generator.

Definition 2.7. Let V' be a subspace of the Hilbert space Z and let T(t) be a Cy-semigroup
on Z.We say that V is T(t)-invariant if for all t > 0

TtV C V.

Definition 2.8. Let V' be a subspace of the Hilbert space Z and let A be an infinitesimal

generator of a Cy-semigroup on Z. We say that V is A-invariant if

A(VND(A) CV.

3 Existence of the solutions of the AREs and stability

properties of the closed-loop system

In this section we provide sufficient conditions for the existence of solutions for CARE and
FARE. Moreover, stability properties of the closed-loop system are analyzed.

First, we prove that output stabilizability implies the existence of a minimal self-adjoint
nonnegative solution of the CARE. Moreover, the corresponding closed-loop system is
output stable and input-output stable. These results are extensions of the results presented
in [14, Theorem 3.3.2(1)].



Theorem 3.1. If the linear system X(A, B,C) is output stabilizable, then there exists
Xopt, the minimal self-adjoint nonnegative solution of the CARE. Moreover, the system
Y(Ax,,., B, [=B*Xop; C]) is output stable and input-output stable.

Proof. We prove first that output stabilizability implies optimizability, see [6, Definition
6.2.1]. Since the linear system Y (A, B,C) is output stabilizable, there exists an F €
L(Z,U) such that ¥(A + BF, B,[F;C]) is output stable. Consequently, by taking the
input u(t) = Fz(t), we have that there exists a constant ¢ > 0 such that for every zy € Z

0,00 (20, 72) =/ (ICTr()z0ll” + 1 FTF(t)20]1*)dt < cl|zol
0

So, the system Y (A, B,C) is optimizable. The conditions of Theorem 6.2.4 in [6] are
satisfied, and there exists a minimal self-adjoint nonnegative solution X, of the CARE.

From the definition of the cost functional and [6, Theorem 6.2.4], with the optimal
control given by u(t) = —B*X,,Tx,,, (t)z, we have that

(20, Xoptz0) = / (ICTx,,. (t)20l1* + |1 B* Xop T, (£) 20| ) dt.
0
In particular, for every zy € Z the following inequalities hold

/ |CTx.., (t)z]Pdt < o
0

and -
/ | B X T, (1) 20|%dt < 0.
0

This implies that ¥(Ax,,,, B, [-B*Xp; C]) is output stable.
Further, we prove that the linear system 3(Ax,,,, B,[—B*X,y; C]) is input-output
stable. We start by rewriting the CARE, for z; € D(A), as

A}Othoptzl —+ XoptAXoptzl + XoptBB*Xoptzl + C*Cz1 = 0.
Taking the inner product with zo € D(A) we obtain

(Xopt21, AxomZQ) + (Ax,,. 21, Xoptz2) + <621, 522> =0,



where C := [—B*X,pi; C]. For uy,us € C*(0,¢;U), define
t
zi(t) == Blu; = / Tx,,, (t — s)Bu;(s)ds, i = 1,2.
0

By Theorem 3.1.3 in [6], z;(s) € D(A) for all s > 0 and ¢ = 1,2, and it is the classical
solution, i.e.,
%i(s) = Ax,,.%i(s) + Bu,(s), 2(0) =0, i=1,2.

Note that B7 is the controllability map of the system Y (Ay

Substituting z;(s) in the Riccati equation gives

B, [=B*Xop; CJ, [1;0]).

opt )

d

7 Xop21(), 22(5)) = (wa(5), B Xop2a(5)) + (B* Xop21(s), a(s)) — (Ci(s), Caas)).

Integrating from 0 to ¢ gives
t t
(Xoptz1(t), 22(t)) = / (ur(s), B* Xopr2a(s))ds + / (B* Xoptz1(5), ua(s))ds
0 0
t
—/ (Cz1(s),Cza(s))ds 9)
0
The input-output map D' of the state linear system X(Ax, ,, B, C, [I;0]) is given by
(D'u)(a) := [u(a); 0] +/ é’TXom(a — s)Bu(s)ds,
0
where a € (0,t) and u € Ly(0,7;U). Now

(D'uy, D'ug) = (Juy(t); 0] + Czi (b)), [ua(t); 0] + Cza(t))
= (ui(t),uz(t)) — (ui(t), B* Xopr22(t))
—(B*X i1 (1), us(t)) + (Czi (1), Czo(t)).

Using equation (9) we see that

(Xopr21 (1), 22(8)) + / (Duy)(s). (D'uy)(s))ds = / (un(s), un(s))ds,  (10)

for all uy,us € CY(0,¢t;U). In order to show that this can be extended to all locally
Ly(0,¢; U) inputs one can approximate functions uy,us€ Lo(0,¢; U) with uf, uly € C(0,¢;U).

Then (using standard techniques) it can be proved that it is possible to take the limit as



n — oo in equality (10).

Choosing in equation (10) u; = uy and letting ¢ — oo we see that D> is a bounded lin-
ear operator and the linear system ¥(Ax, ,, B, [—B*X,p; C], [I;0]) is input-output stable.
Consequently, the linear system ¥(Ax, ,, B, [—B*Xp; C]) is input-output stable. [

Because the dual result of Theorem 3.1 is completely analogous (by duality), we state

it without a proof.

Theorem 3.2. If the state linear system %(A, B, C) is input stabilizable, then there exists
Yopt, a minimal self-adjoint nonnegative solution of the FARE. Moreover, the state linear

system X(Ay,,., (B, =YouC*|,C) is input stable and input-output stable.

If one assumes both input and output stabilizability of the linear system (A, B, C),
then the stability of the corresponding closed-loop system is obtained.

Theorem 3.3. If the linear system (A, B,C) is input and oulpul stabilizable, then
Y(Ax,,., B, [=B*Xop; C) is a stable system, where Xoy is the minimal self-adjoint non-
negative solution of the CARE.

Proof. From Theorem 3.1 we have that the linear system ¥(Ax, ,, B, [—B*X,p; C]) is out-
put stable and input-output stable. In order to prove that it is also input stable we will

use Lemma 2.3, i.e., we have to prove that the controllability Lyapunov equation
Ax, . L+ LA}OPt = —BB*, on D(A") (11)

has a self-adjoint nonnegative solution.

The input and output stabilizability guarantee the existence of a nonnegative self-
adjoint solution Y,,; to the FARE (see Theorem 3.2) and a nonnegative self-adjoint solution
Xopt to the CARE. Then (I + Y1 X,p) is boundedly invertible and (I + Yo, Xopt) ™ Yop 18
non-negative. It remains to show that it is a solution of (11).

From equation (51) we have that on D(A)

([ + }/;)thOpt)il(A - K)ptC*C) — (A — BB*Xopt)<I + Y;thopt)il
Since Y, D(A*) C D(A), this implies that

(I + Y:)thf)pt)A(A - YOPtC*C)YOPt = (A~ BB*XOpt)U + YOPtXOPt)AY;)pt on D(A”).



Using the FARE, we obtain
(I + Yoth0pt>_1(_Y0ptA* — BB") = (A— BB " Xop)(I + Y;)PtXOPt)_lY;)pt on D(A").
So on D(A*) we find

(A= BB* Xop) (I + Yopt Xopt) ™ Yopt
= (I + Yo Xopt) ' (—YopA* — BBY)
= (I+ Yo/thopt)*l(—YoptA* + Yot Xopt BB* — Yo Xope BB* — BB™)
= —BB"+(I+ Yothopt)levopt(—A* + X BBY).

This shows that (I + Yo Xopt) ' Yope is the solution of (11). O
A dual version of Theorem 3.3 can be proved analogously.

Theorem 3.4. If the linear system (A, B,C) is input and oulpul stabilizable, then
Y(Ay,,,, [B —Y,C*],C) is a stable system, where Y, is the minimal self-adjoint non-
negative solution of the FARE.

Statements about the uniqueness of the solutions of the Riccati equations can be ob-

tained by adding conditions for strong stability.

Theorem 3.5. If the linear system (A, B, C) is output stabilizable and strongly detectable,
then Xop is the unique self-adjoint nonnegative solution of the CARE and the state linear
system X(Ax,,., B, [=B* Xop; C]) is strongly stable.

Proof. Strong detectability implies input stabilizability. We can apply Theorem 3.3 and
the second part of Theorem 3.3.2 from [14] to complete the proof. O

Theorem 3.6. If the state linear system (A, B,C) is input stabilizable and output sta-
bilizable, i.e., there exists an F such that (A + BF, B, [F;C]) is output stable. Then the
state linear system X(Ay,,,, [B — Y,,,C*],C) is stable.

Furthermore, if (A + BF)* generates a strongly stable semigroup, then (Ay,,, )" generates

a strongly stable semigroup and Yo is the unique self-adjoint nonnegative solution of the

FARE.

Proof. The result is a consequence of Theorem 3.4 and the proof of the second part of
Theorem 3.3.4 in [14]. O
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4 A classification of all self-adjoint solutions of the
CARE

4.1 Assumptions and their consequences

We begin by making some additional assumptions on the state linear system (A, B, C).
Assumption 4.1. The state linear system 3(A, B,C) is output stabilizable.
Assumption 4.2. The state linear system S(A, B, C') is strongly detectable.

Remark 4.1. Under the Assumptions 4.1 and 4.2, Theorem 3.5 guarantees that X, is the
unique self-adjoint nonnegative solution of the CARE. Consequently it is also the mazximal
one, and, for the sake of simplicity, we make the notation X+ := X,,;. Moreover, Xt is a
strongly stabilizable solution of the CARE, i.e., the linear system X(Ax+, B,[-B*X™*;C])
15 a strongly stable system.

Remark 4.2. Strong detectability implies input stabilizability (see Definition 2.5) of the
state linear system X(A, B,C'). Consequently, Theorem 3.2 provides the existence of a

minimal nonnegative self-adjoint solution Y,, of the FARE.
We now make two additional assumptions on Y,,; and A, respectively.

Assumption 4.3. The minimal nonnegative self-adjoint solution of the FARE associated
to the linear system (A, B,C), Yo, is invertible.

Assumption 4.4. A generates a Cy-group.
Assumptions 4.2-4.3 have the following consequences.

Lemma 4.3. If Assumptions 4.2 and 4.3 hold, then Y,, is the unique nonnegative self-
adjoint solution of the FARE, and A;Om generates a strongly stable Cy-semigroup, Ty, | (1).

Proof. Using a dual version of Lemma 2.6 and the fact that Y, is the minimal nonnegative
self-adjoint solution of the FARE, we have that (z(t),Y,,:2(t)) — 0, for ¢ — oo, where
z(t) =Ty, (t)zo. Since Yy is invertible, it follows that 2(¢) — 0 for ¢ — oo, or equivalently
T Yopt (t) is a strongly stable Cy-semigroup. Hence Y, is a strongly stabilizing solution of
the FARE, and thus it is the maximal nonnegative self-adjoint solution (this follows as in

Lemma 6.2.6 in [6]). By assumption it is also the minimal one, and thus it is unique. [
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Remark 4.4. We used the invertibility of Yo, to prove that A;Dpt generates a strongly
stable Cy-semigroup, Ty, , (t). The uniqueness of Yo, follows in exactly the same way as
in the case of an exponentially stable semigroup, the dual versions of the proofs of Lemma
6.2.6 and Theorem 6.2.7 in [6].

Remark 4.5. Since Y, is the unique nonnegative self-adjoint solution of the FARE, it is

also the mazimal one. In the sequel we use the notation Y+ := Y, and Ay+ := A=Y TC*C.

Using Assumption 4.4, we prove that —(Y™)~! is a nonpositive solution of the CARE.

In fact, we obtain the following equivalent statements.

Lemma 4.6. Suppose that the state linear system (A, B,C) satisfies the Assumptions

4.1-4.3. Then the following statements are equivalent:
1. A generates a Cy-group, i.e., Assumption 4.4 is satisfied;
2. YTD(A*) = D(A);
3. X7 :=—(Y")"! is a solution of the CARE.

Proof. 1=2: By Remark 4.5 we have that Y is a self-adjoint invertible solution of the
FARE. Furthermore, by defining QQ := —Y+*C*CY ™" + BB*, we can write the FARE as

AV 1 YHA = —Q.

By assumption we have that A generates a Cy-group. Using Theorem 3.2.1 in [6], we have
that —Ay+ — Q(Y)™! generates a Cy-group as well. Exercise 2.19.d from [6] implies that
—Ay+ — Q(Y)7! has its spectrum in a strip along the imaginary axis, and so p(—Ay+ —
QYY) ™) N p(A;.) # 0. Using Corollary A.2, we conclude that YT D(A*) = D(A).

2=-3: Suppose that Y D(A*) = D(A). Consider arbitrary =,y € D(A). Then, there exist
%o, Yo € D(A*) such that © = YTz and y = Y Ty. We have the following sequence of

equalities

(A* X"z, y) + (X Az,y) — (X BB*X x,y) + (C*Cx,y)
= (A ), y) + (V) Az y) — (V) TIBB(YF) e, y) + (C*Cayy)
= —{(Y) 'z, Ay) — (Az, (Y ") Tly) = (B* (V") "la, B*(YF) y) + (O, COy)
= —(wo, AY "yo) — (AY "o, yo) — (B w0, B"yo) + (CY T, CY ")
= —((YTA*xq,90) + (AY Tz, 40) — (YTC*CY 20, 90) + (BB*x¢,90)) = 0.
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Since z,y € D(A) are arbitrary, we conclude that X~ is a solution of the CARE.

3=-2: Since Y and — (Y *)~! are solutions of the FARE and CARE, respectively, we have
that Y*D(A*) € D(A) and (YT)"'D(A) C D(A*). This shows that Yt D(A*) = D(A).
2=-1: We know that A generates a Cjy-semigroup. From Theorem 3.2.1 and Theorem 2.2.6

in [6] we have that A%. generates a Cp-semigroup. Since Assumption 4.1-4.3 are satisfied
and YTD(A*) = D(A), we obtain from Lemma A.8 that

—Ax- = —A+ BB (-Y") T = A (Ax)"A (12)

holds on D(A), where A := X+ + (Y *)~!. Furthermore, using Exercise 2.5 and Theorem
3.2.1 from [6] we conclude that —A generates a Cy-semigroup. Finally, from Exercise 2.19.c

in [6] we obtain that A generates a Cy-group. O

Corollary 4.7. If Assumptions 4.1—4./4 are satisfied, then X~ := —(YJr)f1 18 the mazimal
nonpositive, self-adjoint solution of the CARFE of the original system.

Using the following lemma, we are able to prove the uniqueness of the self-adjoint,

nonpositive solution of the CARE.

Lemma 4.8. Suppose that the state linear system (A, B,C) satisfies Assumptions 4.1
4.4. Then Tx-(—t) (the semigroup generated by —Ax-) and T, (t) are strongly stable

SeEMIGroups.

Proof. Using Lemma 4.3 and taking the adjoint in the equality (51), we obtain the strong
stability of T%, (). Moreover, from the equality (53) we obtain that Tx-(—t), the semi-
group generated by —Ay-, is also strongly stable. O

Lemma 4.9. Suppose that the state linear system (A, B, C) satisfies Assumptions 4.1-
4.4. Then X~ is the unique nonpositive, self-adjoint solution of the CARE.

Proof. Consider the state linear system Y (—A, B,C). From Lemma 4.8 we have that
Tx-(—t), the semigroup generated by —Ax-, is strongly stable. Applying Theorem 3.6 we
obtain that — X~ is the unique self-adjoint nonnegative solution for the CARE associated
to the newly defined system. In other words, X~ is the unique self-adjoint nonpositive
solution for the CARE associated with the initial system. ]

We end this section with our first result on the ordering of solutions of the CARE.

Theorem 4.10. Suppose that Assumptions 4.1—4.4 hold. Then any self-adjoint solution
X of the CARE satisfies
X <X <X
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Proof. Under the Assumptions 4.1-4.4, from Remark 4.1, Remark 4.2 and Lemma 4.9 we
have that X and X~ are the unique nonnegative and nonpositive self-adjoint solutions
of the CARE, respectively.

Since X is a solution of the CARE, we can use Lemma 2.6 with the control u™(t) =

—B*X T z(t) to obtain
0 < Jiou1(20,u™) = (20, X T20) — (2(t1), X T 2(t1)).

For any other self-adjoint solution of the CARE, we have by the same lemma that
t1
Jo.u) (20, u™) = (20, X20) — (2(t1), X2(t1)) +/ 1B*(X — X)z(t)|*dt.
0

Since X is a strongly stabilizing solution, see Theorem 3.5, we obtain that z(¢;) converges

to zero as t; — oo. Thus,
(20, X ) +/ | B*(X — X)2(t)||*dt = (20, X " 20)
0

for all zp € Z, and so X < XT.

To prove the other inequality we note that X is a solution of the CARE for the system
Y(A, B,C) if and only if —X is a solution of the the CARE associated to the system
¥(—A,B,C). From Lemma’s 4.6 and 4.8 we have that —X~ is a (strongly) stabilizing
solution of the CARE associated to the system ¥ (—A, B,C'). Using the first part of the
proof, we conclude that —X < —X~. Thus X~ < X O

In the rest of the paper we assume that Assumptions 4.1-4.4 hold. Consequently, we
have the existence of X' and X, the maximal and the minimal solution of the CARE,

respectively. Define
A=X"T— X" =XT4+(YH)! (13)

Note that by Remark A.7 we have that A, the gap between the maximal and the minimal

solution of the CARE, is coercive.

4.2 Invariant subspaces

In this section we present some results on semigroup-invariant spaces.
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We introduce two subspaces of the Hilbert space Z.
S*H(A) = {zo € 7| lim T(t)z = o} (14)

S™(A) = {zo € Z | lim T(t)z = 0}

The subspaces we have just defined are T'(¢)-invariant, as we can easily check. The subspace
ST(A) consists of all stable states and the subspace S~(A) of all anti-stable states.
We also define
ATX)=XT-X (15)

for any X € L£(Z). We give an equivalent condition under which X € £(Z) is also a
solution of the CARE.

Lemma 4.11. A self-adjoint X € L(Z) is a solution of the CARE if and only if
A AT(X) + AT(X)Ax+ = —AT(X)BB*A*(X) on D(A). (16)

Proof. Necessity: We know that X is a self-adjoint solution of the CARE and let X €
L(Z) be another self-adjoint solution of the CARE. This means that

A XT+ XTA— XTBB*Xt + C*C =0 on D(A), and (17)
A*X + XA~ XBB*X +C*C =0 on D(A). (18)

Subtracting the second equation from the first equation, we obtain

0 = A(XT—X)+(XT—X)A—-X"BB*XT + XBB*X
= A (XT=X)+ (X" = X)Ax+ — XTBB*X
+XT"BB*Xt - XBB*X" 4+ XBB*X
= A% AT(X) + AT(X)Ax+ + AT(X)BB*AT(X) on D(A),

where AT (X) is defined in (15). This means that the equality (16) holds.
Sufficiency: We use that X is a self-adjoint solution of the CARE to subtract (17) from
(16) to obtain that X satisfies (18). O

Now, for an arbitrary solution X € L(Z) we consider the subspace spanned by the
stable states and the subspace spanned by the anti-stable states. Recall also the notation
Ay .= A — BB*X. It appears, that for a state in the subspace ST(Ax) the closed loop
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feedback governed by u(t) = —B*Xz(t) results in the same solution as the closed-loop
feedback governed by u't(t) = —B*X*2(¢t). For a state in the subspace S™(Ayx) a similar
result holds.

Lemma 4.12. Let X € L(Z) be a solution of the CARE. Then,
a. (XT—=X)zo=0 forall zo € St(Ax) and (X~ — X)zo =0 for all zy € S~ (Ax),

b. Tx(t)zo = Tx+(t)zo, for all zg € cl(ST(Ax)) and all t € R and
Tx(t)zo = Tx-(—t)z0, for all zo € (S~ (Ax)) and all t € R, where Tx-(—t) is the
group generated by —Ax-

c. ST(Ax) and S~ (Ax) are closed subspaces of Z.

Proof. a. Consider the cost criterium Jjg,1(20,u) associated with the system (A, B, C)
as in (4). For any initial data zp € ST(Ax) and the feedback law u(t) := —B*Xz(t), we
have that lim, o 2(t1) = 0. We use now Lemma 2.6 twice (for X and for X*) to obtain
that

Jo.1(20,u) = (20, X20) — (2(t1), X2(t1)) and

t1
Jio.u) (20, w) = (20, X " 20) — (2(t1), X "2(t1)) + / |B*(XF — X)z(t)|*dt.
0
Taking the limit as £; — oo in these equalities, we obtain that
(20 Xo0) = (0. X ) [ B = X0
0

So, (z0, X z0) > (20, X T 20) for all zy € ST(Ax). From Theorem 4.10 we know that X* > X
thus (2o, (X1 — X)z9) = 0 for all zy € ST(Ay). Because XT — X > 0, we conclude that

(XT — X)zp =0 for all zy € ST(Ax).

Using similar arguments for it can be proved that (X~ — X)zy = 0 for all zp € S (Ax).

b. Since X and X' both satisfy the CARE, we find that —Ax+ + Ax = BB*(X™ — X).
Thus the difference is in £(Z). From a. we have that BB*(XT — X) is zero on the
T'x (t)-invariant subspace ST(Ax). Using Lemma B.1, we conclude that the groups Tx ()
and T'y+(t) are equal on cl(ST(Ax)). The equality of the groups Tx(¢) and Tx-(—t) on
cl(87(Ax)) can be proved similarly.
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c. Let zg be an element of cl(ST(Ay)). According to b., for all t € R we have that Tx (¢)zg

and T'x+(t)zo are equal. Since T'x+(t) is strongly stable, we obtain that

lim TX (t)ZO = thm Tx+ (t)ZQ =0.

t—o00

Consequently zy € ST(Ax) and hence ST(Ay) is closed. Similarly, we can prove that
S~ (Ax) is closed. O

Interesting geometrical relations between a T'x+(t)-invariant and a T'x-(—t)-invariant
subspace is stated in the following two results. Recall that Tx-(—t) is the semigroup

generated by —Ax-.

Lemma 4.13. Let S; be a closed linear subspace of a Hilbert space Z, and define Sy :=

A7ISE. Then the following two statements are equivalent.
1. Sy is Tx+(t)-invariant,
2. Sy is Tx-(—t)-invariant.

Proof. From Lemma A.8 we have that
—Ax- = ATTALLA

which implies that
Tx—(—t) = A" T%, (DA, (19)

1

We have that Sy is T'x+ (t)-invariant is equivalent to Si- is T, (t)-invariant (see [6], Exercise

2.30.a, page 97) which is equivalent to Sy is A™'T%., (t)A-invariant. Using equality (19),

the last statement is the same with saying that Sy is T'x- (—t)-invariant. [

Theorem 4.14.  a. Let Sy be a closed Tx+(t)-invariant linear subspace of Z, and Sy =
A~YSE. Then there exists a projection P € L(Z) such that for each z € Z

z=Pz+ (I — P)z, with Pz € S;,(I — P)z € Ss. (20)

For this projection we have:

Tx+(t)P = PTx+(t)P, forallt >0, (21)
PTx—(—t) = PTx—(=t)P, for allt >0, (22)
P = A'P*AP. (23)
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b. Conversely, if for a projection P € L(Z) the relations (21) and (23) hold (or (22)
and (23)), then we have:

Sy :=ran(P) is Tx+(t)-invariant (24)
Sy :=ran(l — P) is Tx-(—t)-invariant (25)
Sy = AT'ST (26)

Proof. a. From Lemma B.3 we have that Z = S; & S5. So we can define a projection
P € L(Z) such that

z=Pz+ (I - P)z
with Pz € Sy and (I — P)z € S;. We prove that P satisfies the equalities (21)-(23).
The subspace S; is Tx+(t)-invariant and S; = ran(P). Then T'x+(t)Pz € S; implies that
PTx+(t)Pz = Tx+(t)Pz for all t > 0, which is the equality (21). Similarly, we prove the
equality (22). Since S is T'x+(t)-invariant and Sy := A71S], Lemma 4.13 implies that S,
is T'x- (—t)-invariant. Moreover, Sy = ran(I — P). Then Tx-(—t)(I — P)z € Sy implies that
(I — P)I'x-(—t)(I — P)z = Tx-(—t)({ — P)z or, equivalently, PTx-(—t) = PTx-(—t)P,
which is the equality (22).
Further we prove the equality (23). We rewrite the equality S, = A~1S} as

0= (A(I - P)z, Py) = (z,(I — P)*APy) = (P*A(I — P)z,y)

for all z,y € Z. This means that the equality (23) holds.

b. Assume that P € £(Z) is a projection such that (21) and (23) hold. Define S; := ran(P)
and Sy := ran(/—P). We prove first that S, = A71Si. Let us consider s; € S; and s, € Ss.
Then, using (23), we obtain

(Asa,s1) = (A(I — P)sy, Psy) = (s2,({ — P)"APsy)
= (s2,A(P—AT'P*AP)s;) =0,

and so As, € Si, for all s, € Sy. Thus
Sy C ATISE (27)

Now let us consider z € A™1S{. Then z = A~!s{ for some s; € Si. For arbitrary 2z € Z
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we have that

(Pz,z) = (PA'sy,z) = (s, A7"P*z) = (s, AT (P*A)A™'2)
= (st, ATH(P*AP)A™'2) = (s{, PA7'2) = 0.

Consequently, we must have that Pz = 0, that is (I — P)z = x. This means that z € Sy,
and so
ATISE C S, (28)

Combining (27) and (28), we conclude that (26) holds.
From the assumption that (21) holds, it follows that for all s; € S; we have

Tx+(t)51 = TXJr(t)PSl = PTX+(t)P81,

0 (24) holds. From this and Lemma 4.13 we obtain (25).
In a completely similar way we can prove that if (22) and (23) hold, then (24), (25)
and (26) also must hold. O

4.3 The main result

Now we have all necessary ingredients to state and prove the main theorem of this paper,

which is a generalization to infinite-dimensional systems of a well-known result of Willems
[21].

Theorem 4.15. Let Sy be a closed Tx+(t)-invariant subspace, and let P € L(Z) be the
projection on Sy along the Tx-(—t)-invariant subspace Sy = A~LS{, then X defined as

X =X"P+X (I-P) (29)
is a solution of the CARE. Furthermore, ST(Ax) = S1, S (Ax) = Ss, and
Z =8"(Ax) ® S (Ax). (30)

Conversely, let X be a self-adjoint solution of the CARE. Then (30) holds and X can
be decomposed as
X=X"P+X (I-P), (31)

where P € L(Z) is the projection on the Tx+(t)-invariant subspace ST(Ax) along the
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Tx-(—t)-invariant subspace S~ (Ax). Moreover,
S (Ax) = ATIST(Ax)*

Proof. Step 1: Let Sy be a closed Tx+(t)-invariant subspace. In Lemma 4.13 we showed
that Sy = A71S{ is a Tx- (—t)-invariant subspace. Furthermore, Lemma 4.14 gives the
existence of a projection P satisfying (20)—(23). We now prove that X defined by (29) and
P is a solution of the CARE.

Step 2: From Lemma 4.11, we know that X is a solution of the CARE if and only if (16)
holds. For X defined by (29) we can write A*(X) as

ATX)=Xt—X=Xt-XTP-X (I-P)=A(-P). (32)

Substituting this expression for A*(X) in (16), we obtain that X is a solution of the CARE
if and only if

A AT —P)+ Al — P)Ax+ + A(I — P)BB*A(I — P) =0 on D(A). (33)
Further we use the equality (53) to rewrite (33) as
0=—-Ax-(I—-P)+ (I —P)Ax++ (I — P)BB*A(I — P) on D(A). (34)
We use the obvious equality
BB*A = Ax- — Ax+ on D(A)
to rewrite (34) as
0=—-Ax-(I—P)+ (I —P)Ax+ + (I — P)(Ax- — Ax+)(I — P) on D(A). (35)
So it suffices to prove the two equalities

Ax-(I—P) = (I-P)Ax-(I— P)on D(A), (36)
(I - P)Ax+ = (I — P)Ax+(I — P) on D(A). (37)

~—
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Using relation (22), i.e., PTx-(—t) = PTx-(—t)P for all t > 0, we obtain that

(I —P)Ix-(—t){ —P) = Tx-(—t)—Tx-(=t)P — PTx-(—t)+ PTx-(—t)P

This means that

d d
ST (—)(I = P) = (I = P)Tx-(~t)(I - P),

—Ax-Tx-(=t)(I = P) = (I = P)(=Ax-)Tx-(=t)({ = P).

For t = 0 this becomes the equality (36). Starting with relation (21), we can prove (37) in
a similar manner. Thus, the equality (16) holds, and using Lemma 4.11, we know that X
is a solution of the CARE.

Step 3: Next we prove that ST(Ay) = S;. Assume first that z € ST(Ax). Since X
is a solution of the CARE, from Lemma 4.12.a we have that Xz = Xtz Using the

decomposition Z = S7 @ S, we can write z = z; + 29, where z; € S7 and 25 € S5. Then
Xe=XT2=X 21+ X" 2. (38)
From the representation (29) we can write
Xz=X"2 + X 2.

Using (38) we obtain
(Xt — X ")z =0,

and the coercivity of A = X — X~ implies that z; = 0. This means that z = 2z; € Sy,
and so we have proved that ST(Ay) C S;. To prove the other inclusion we start with the

following observation

(Ax — Ax+) = —BB*(X — X™),

and so the difference of the two generators is bounded. Furthermore, for s; € S; we have
that
BB*(X — XT)s; = BB*(X — X1)Ps; =0,

where we have used (29). Finally, since S; a closed T'x+(t)-invariant subspace of Z, we

21



have by Lemma B.1 that Tx(t)s; = Tx+(t)s; for all s; € S;. Since Tx+(t) is strongly
stable, it follows that s; € ST(Ax). Concluding, we have that S; C ST(Ax), and thus
ST(Ax) = S;. Similarly, it can be proved that S~(Ayx) = S, and so the equality (30)
holds.

Step 4: Let X be a self-adjoint solution of the CARE. From Lemma 4.12.c we have that
ST(Ax) is a closed subspace of Z. It is easy to see that ST(Ax) is Tx(¢)-invariant, and
using Lemma 4.12.b we obtain that ST(Ax) is Tx+(t)-invariant. Take S; := ST(Ax) in
the first part of this theorem. Let P € £(Z) be the projection on S; along the Tx-(—t)-
invariant subspace Sy := A7!S{. Thus, from the first part of this theorem, X defined

as

X:=X"P+X (I-P)

is a solution of the CARE and
Z=85,®5 = S*(Ag) B S (Ag).

From Lemma 4.12.a we know that X = XT on S; = ST(Ax) and by definition X = X+
on 51 = St(Ag). Thus X = X = Xt on S = S8T(Ag) = ST(Ax). Recall that, by
the definition of X, we have that X = X~ on Sy = A1} = S7(Ag), and from Lemma
412.a, X = X~ on S~ (Ax).

Step 5: It remains to show that X = )?(: X7)on Sy For Ay- := A— BB*X~ and
A~ (X):= X — X~ we can obtain the following analogue to Lemma 4.11; X is a solution
to the CARE if and only if the following equation is satisfied

AV AT (X)+ AT (X)Ax- — A (X)BB*A™(X) =0. (39)
X is also a solution to the CARE, and so
A A (X)) + A (X)Ax- — A~ (X)BB*A~(X) = 0. (40)
Subtracting (40) from (39) leads to
AL (X = X)+ (X —X)Ax- = A~ (X)BB*A~(X) — A~ (X)BB*A~(X). (41)

It is easy to see that the connection between A~ (X) and A~ (X) is

A~ (X) = A (X) - Q, (42)
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where Q := (X —X)(I—P) = (X —X~)(I—P). Using (42) in (41), we obtain the equality
A% (X = X)+ (X — X)Ax- = —QBB*Q + QBB*A~(X) + A~ (X)BB*Q.  (43)

Recall that Tx-(—t) is the semigroup generated by —Ax-, and so

d

Z(Tx (<) (X = X)L (<))

= (Tx-(=)z, —[A%- (X = X) + (X = X)Ax-]Tx-(—1)y).
Integrating the above equality from —t to 0, t > 0, we find

(2 (X = R)y) — (T ()2, (X = X)Tx (1))
= [ (T (95 A (X = )+ (X = D) T (s

—t

= [T [0BBQ - QBB A(X) - A(X)BBQITy-(s))ds, (4

—t

where we have used (43). Theorem 4.14.a says also that the above defined projection P
satisfies PTx-(s) = PTx-(s)P for all negative s, which is equivalent to T'x-(s)(I — P) =
(I — P)Tx-(s)(I — P) for all negative s. This allows us to write

QTx-(s)(I = P)z = (X = X)(I = P)Tx(s)(I = P)x
= (X =X")Tx-(s)({ = P)x
= A~ (X)Tx-(s)(I — P)z (45)

for any x € Z. Taking in (44) z =y = (I — P)z and using (45) we obtain that
(I = P)z,(X = X7)(I = P)a)=(Tx-(=t)(I = P)z, (X = X7)Tx-(=t)(I = P)x)
/ B8 ()T ()1 = Palfds.

Now T'x-(—t)({ — P)x — 0 as t — o0, and so

(I =Pz, (X —X")I - P)x) +/ |B*A~(X)Tx-(s)(I — P)z||*ds = 0.

—0o0

Since X~ is the minimal solution of the CARE, we conclude that (X —X~)(/—P)z = 0. In
other words X = X~ on S;. However, we also know that X=X on Sy and X = X=X
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on S;. Consequently, X = X and for any X self-adjoint solution of the CARE we have
that Z = ST(Ax) ® S~ (Ax). We also conclude that S, = A71S} = S~ (Ax). O

Corollary 4.16. For any X self-adjoint solution of the CARE we have that

7 = SH(Ax) @& 8 (Ax).

5 Conclusions

Infinite-dimensional systems is a well-established and popular area of research for both en-
gineering and mathematics communities. One of the most important achievements in this
field is that some optimal control problems may be solved analytically via the algebraic
Riccati equation. Whereas the existence solutions of the AREs and the connection with
stability properties of the closed-loop system seems to be reasonably well known, the be-
havior of numerical algorithms for solving an ARE corresponding to an infinite-dimensional
system is not completely understood. The theoretical result derived in Theorem 4.15 might
be of help in this direction (see also [21, Remark 20, page 630]). Moreover, there are certain
area of applications, e.g. network synthesis realizations and inverse control problems where
the knowledge of all solutions of the associated ARE(s) is of interest.

Our result of Theorem 4.15 extends the classification of all symmetric solutions of the
CARE found, for a finite-dimensional systems, by Willems [21, Theorem 6, page 629] to the
class of infinite dimensional systems which satisfies Assumptions 4.1-4.4. Similar results
for different classes of infinite-dimensional systems can be found in the literature: in [1, 11]
a separating spectra condition was assumed; in [10] the relation between the ARE and the
eigenvectors of the Hamiltonian was studied for Riesz-spectral systems and extended in [17]
for some classes of infinite-dimensional systems in connection with exponential stability of
the closed-loop system. Under our assumptions the generator of the semigroup need not
satisfy a separating spectra condition, or be Riesz-spectral, and the closed-loop might not
be exponentially stable.

Future research needs to be done to relax the assumption that A generates a group to
A generates a semigroup and to remove the invertibility assumption made on the minimal
nonnegative self-adjoint solution of the Filter Riccati equation. Of course the case of
unbounded B and C' can be also investigated, and some results in this direction can be
found in [15].
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A Appendix I: Invertible solutions of a Lyapunov equa-
tion

Using similar techniques as in the proof of Lemma 8.3.2.a in [6], we first prove a technical

result which will be useful in the rest of this appendix.

Lemma A.1. Let Ay and As be two closed, linear operators on the Hilbert space Z. If
L € L(Z) is an invertible solution of the Lyapunov equation

<A121, LZQ> + <L*Zl, A222> = 0, (46)

for z1 € D(Ay), z2 € D(Ay) and p(—A}) N p(Az) # 0, then LD(Ay) = D(AF).

Proof. By the definition of D(A7) it is easy to see that the equation (46) implies that
LD(As) C D(AY). Furthermore, the Lyapunov equation can be written as

LAy = —AL, on D(A,).
Choose s € p(—A7) N p(Az). Then we may write the above equality as
L(sl — Ay) = (s] + A})L, on D(A,).
Since (sI — As) and (sI + A}) are invertible, we obtain
(sI + A}) 'L = L(sI — Ay)™*, on Z.
Consider the following list of equalities on D(A}):

L™t = L7NsI+ A} 'LL Y (sI + AY)
= L7'L(sI — Ay) 'L7Y (sl + A)
= (sI — Ay)'L7Y(sI 4+ AY).

Thus we conclude that L' maps the domain of A} into the domain of Ay. Since we
already know that L maps the domain of A, into the domain of Aj, we have proved the

assertion. H

Corollary A.2. Let A be an infinitesimal generator of a Cy-semigroup on a Hilbert space

Z, and let ) be a bounded self-adjoint operator. Assume further that L is a self-adjoint
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wnwvertible solution of the controllability Lyapunov equation
AL+ LA* = —-@Q on D(A"), (47)

and p(—A — QL Y)Y N p(A*) # 0. Then LD(A*) = D(A).

Proof. Tf we choose A; = A* + L7'Q and A, = A*, then equation (47) is the same as the

equation (46). Hence we conclude from Lemma A.1 that
LD(A*) = LD(A;) = D(A}) = D(A).

]

One might wonder whether the result of Lemma A.1 still holds when we remove the
condition that p(—A%) N p(As) # (0. The following example shows that this is not true.

Example A.3. Let A be the differentiation operator on Z = L?*(0,00), i.e., Ah = dh/dz,
on its domain D(A) = {h € L*(0,00) | h is absolutely continuous, and % € L*(0,00)}. It
is well known and easy to see that the dual operator is given by A*f = —df /dx on its domain
D(A*) = {f € L*(0,00) | f is absolutely continuous, f(0)=0 and L € L?(0,00)}.
Choose Ay = Ay = A* and L = 1. Then equation (46) holds. However,

LD(A;) = D(A") C D(A) = D(A}).

Thus we see that the conclusion of the Lemma A.1 does not hold. Looking at the spectrum
of A, we see that this equals to the whole closed right-half plane. Thus p(—A7) N p(As) =
p(—A) 0 p(4) = 0.

Using Lemma A.1 we can derive several results, which will be used to prove Lemma

4.6.

Lemma A.4. Suppose that X and Y™ are nonnegative solutions of the CARE and FARE
associated to the state linear system (A, B,C). Then I + YT X" is invertible on D(A),

i.e.,

(I+Y*X*) 7" D(A) = D(A). (48)

Furthermore, I + XY™ is invertible on D(A*), i.e.,

(I+X*7Y*)™ D(A*) = D(A"). (49)
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Proof. Since Xt and Y are nonnegative, we know that (I +Y+X*)™" is boundedly in-
vertible. Since X*TD(A) C D(A*) and Y*TD(A*) C D(A), it is easy to see that (I +
Y*X*)D(A) C D(A). In order to apply Lemma A.1 we introduce the following perturba-

tion of the infinitesimal generator A
Ay =A+MYTC*CM™ — BB*X™,

where M := (I +Y*X*)™" and so D(Ay) = D(A). On D(A) we have the sequence of

equalities

M™t'Ay = MY A+MY*TC*CM™' -~ BB*X™)

= M1'A+Y*tC*CM™* - M 'BB*X*

= [+Y"XNA4+YTCCI+Y " X")—(I+Y*X")BB*X™
I+Y T XDA+YTC*C+YTC*CYTXT - BB*XT - Y X BB*X™"
= (I+Y"XDA+YT(C*C - XTBB* X))+ (YTC*CY* — BB X™"
T+Y XA+ YT (A XT — XTA) + (AYT +YTAHXT
= Al +Y*TXT)
= AM™Y,

where we have used CARE, FARE, X* : D(A) — D(A*) and Y : D(A*) — D(A). Thus
M 'Ayz = AM ™'z, for z € D(A). (50)

This is equivalent to
<—A*Zl, M_1Z2> + <M_*21, AgZQ) =0

for 21 € D(A*), 22 € D(As). If we define A; as —A*, then the above equality is the same
as (46). Since —A7 = A, and since A, is a bounded perturbation of A their resolvent

sets have a non-empty intersection. So from Lemma A.1 we conclude that M~1D(A) =
M™'D(Ay) = D(A;) = D(A). Thus (I + YTXT)"'D(A) = D(A). O

As a direct corollary of the above result we can now relate the closed loop generators
of the CARE and FARE.

Lemma A.5. Suppose that X and Y are nonnegative solutions of the CARE and FARE
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associated with the state linear system (A, B,C). The following equality holds:
Ays = (T +Y XN Ax+ (I +YTXT) ™! on D(A). (51)
Proof. Note that we use the notations
Ayr =A-YTC*C and Ax+ = A— BB*X™.
Using equation (50), we have that on D(A)
(I+Y X)) (A+MYTC*CM ™' —BB*XT) = Al +YTXT)
where M = (I +Y+*XT)~!. This is is equivalent to
(A=Y C* OYIT+Y"XT) =T +Y X")(A—-BB*X") on D(A).

Using Lemma A.4 and multiplying by (I + Y TXT)™! to the right, we obtain the equality
(51). O

Remark A.6. Lemma A.5 and hold under Assumptions 4.1-4.2, see Remark 4.1 and
Remark 4.2.

The next lemma concerns the "gap” A. Suppose that the state linear system (A, B, C')
satisfies the Assumptions 4.1-4.3. Let A be defined as

A = Xt (YhH)L (52)

Remark A.7. The operator A defined in (52) is coercive. Indeed, since Y and Xt are
nonnegative, (Y V)2 XT(Y )2 + I) is invertible. From (52) we have that

A=XT4+(YH) = (YD) 2 (YHeXH (Y )z + I)(YH) e,

Consequently, A is invertible. Furthermore, it is clear that it is positive, hence we have

that it is coercive.

Lemma A.8. Suppose that the state linear system (A, B, C) satisfies Assumptions 4.1-
4.8, and YYD(A*) = D(A). Then the following equality holds:

Axy- = A—BB* (=Y ") ™' = —A7(Ax+)*A on D(A). (53)
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Proof. From (52), Lemma A.4, and the assumption D(A*) = (Y7)"'D(A) we have that
YTAD(A) = (I+YTX1")D(A) = D(A),
AT'D(A*) = (I+YTXT)'YTD(A*) = D(A).
Using these domain properties in relation (51) gives
Ay YT = AYT —YTC*CYT = YTA(A - BB*X)A™! on D(AY).
Using that Y is a solution for the FARE, we obtain that
YTA*+ BB* = -YTA(A - BB*X1)A™! on D(AY).

Now, consider arbitrary x € D(A) and y € D(A*). Since YTD(A*) = D(A), there exists
Yo € D(A) such that y = (Y7)"1yy. We have the following sequence of equivalences

(YTA* + BBz, y) = —(YTAAx+ Az, y)

= (z,(AY" + BB")(Y ") 'yo) = — (2, AT A AY (Y ) Tyo)
= (x,Ax-yo) = —(x, AT A% Ayo)

for arbitrary x € D(A) and yo € D(A). This means that the equality (53) holds. O

B Appendix II

In this appendix we state several auxiliary results used throughout the paper.
The following lemma gives a sufficient condition for two generators that are equal on a

subspace to generate equal groups on this subspace.

Lemma B.1. Let Ay and Ay be the infinitesimal generators of the Cy-groups Ti(t) and
T5(t), respectively. Assume that D(A;) = D(Ay), S := A — Ay € L(Z) and that there

exists a Ty (t)-invariant subspace V. If S is zero on V', then the groups are equal on cl(V).

Proof. Since S € L(Z) it follows that Sz = 0 for all z € cl(V'). Next, we prove that cl(V)
is T} (t)-invariant. For each ¢ > 0, we have that Ti(t) € L(Z). Let z € cl(V). Then there

exists a sequence z, € V with lim,_. z, = z. Now, for each ¢ > 0, we have that

Ti(t)z = T1(t) lim z, = lim Ty(¢)z, € cl(V).

n—oo n—o0
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Consequently, cl(V') is T} (t)-invariant.
Since Ay = A; — S, we have by Theorem 3.2.1 of [6] that for positive ¢

Tr(t)z =Ti(t)z — /Ot To(t — 5)ST1(s)zds.

For z € cl(V), this immediately implies that T5(t)z = T1(t)z. Now we can repeat the
same argument for the semigroups (71(—t)):>0) and (71(—t))>0), and so we have that the
groups T7(t) and Ty(t) are equal on cl(V). O

We consider the system (2) with the cost criterium on a finite time-interval

J[a,b1(ZO>U)=/ (ly ()1 + llu(s)]1*)ds (54)

for 0 < a < b. We can rewrite the cost functional in a useful way. One can see that
the following result is an extension of Lemma 2.6, and we will use it only in the proof of
Theorem 4.12.d.

Lemma B.2. Let X € L(Z) be a self-adjoint solution of the CARE. Consider the cost
criterium on a finite time-interval (54), with z and u related via (2). The cost criterium

can be written as
b
Jla ) (205 u) = / lu(s) + B*X z(s)|*ds + (z(a), X z(a)) — (z(b), X z(b)) . (55)

Proof. For u € C'(a,b;U) and z(a) € D(A), we have

(2(a), Xola)) — (a(0), X2(0)) = — [ 5 (200, Xa(0)

IS
(=

_ —/((z(t), (A*X + X A)2(1))

+ (Bu(t), X 2(t)) + (2(t), X Bu(t)))dt.
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Using the CARE and the assumption that X is self-adjoint we rewrite the integrand,

(2, (A" X + XA)z) + (Bu, Xz) + (2, X Bu)
= —(2,C"Cz) +(B*Xz,B*Xz) + (Bu, Xz) + (z, X Bu)

We see that Jjp)(20; v) is indeed as claimed for smooth inputs and initial conditions in the
domain of A. Since these sets are dense in L?(a,b; U) and Z, respectively, and since (55) is

well-defined on these sets, we conclude that the cost criterium can be written as (55). O
The following result is needed in the proof of Theorem 4.14.

Lemma B.3. Let S| be a closed linear subspace of a Hilbert space Z, and define Sy :=

ALSE, where A is a coercive, self-adjoint, bounded linear operator on Z. Then
Z =5 ®5s.

Proof. Since S is a linear subspace of Z, Si- is a linear subspace as well and since A™! €
L(7Z), Sy is also a linear subspace of Z. Let the sequence {2, },en be such that z, € A~1ST
and lim,, ., 2z, = z € Z. Then (Az,,s;) =0, for all s; € S;. The operator A is continuous,

SO
(Az, s1) = <A lim zn,51> = lim (Az,,s1) =0

n—oo n—oo

holds. Consequently, 2 € A~1S{. This means that S, is closed.

Clearly S7 4+ S5 is a linear subspace of Z. Now we prove that S; + S5 is closed. We
use the norm defined by ||z]|, = \/{z,Az). This norm is equivalent to the usual norm
2]l = \/{z,2), so we can use this norm in the definitions of a closed operator and a
Cauchy sequence. Consider a Cauchy sequence {z,}nen, such that z, € S; + S and
lim, .o 2, = 2 € Z. Then z, = 2,1 + 2,0, With 2,1 € S and z,5 € S5, for each n. For each
€ > 0 there must exist a Ny € N such that for all m,n > Ny

g > <(Zn — Zm), A(Zn - Zm)>

holds. Now we have:

£ Z <(Zn - Zm)v A(Z" - Zm»

= <(zn1 - Zml)a A(an - Zm1)> + <(Zn2 - Zm2)v A(ZnQ - Zm2)> )
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in which the cross-terms have disappeared, because A is self-adjoint and S; and ASs are

orthogonal. Both remaining terms are nonnegative, so we have

> ((zn1 — 2m1), A(2n1 — 2m1)) -

Now {z,1}nieny must be a Cauchy sequence in S;. Because S is closed, we have that

lim,, o 2p1 = 21 € S1. In the same way we derive lim,, .o 2,0 = 25 € S3. Now

lim Zn = lim (an + Zn2> =2z1+ 2 € Sl + 52,

n—o0o n—oo

and so S7 + 93 is closed.

Now we prove that S; NSy = {0}. Assume that z € S; N S,. Then Az € S{, so
(Az,z) = 0. Because A is coercive, self-adjoint we must have z = 0.

Next we show that S; + S5 is dense in Z. By definition, S; + S5 is dense in Z if the
closure of S; + S5 is equal to Z. Assume that z € Z is such that z1(S; + S3). Then
<z,81 —|—A’131L> = 0 for every s; € S;,s7 € Si. In particular, for s{ = 0, we have
(2,81) = 0 for all s; € S, so z € S{. Thus it also holds for s; = 0, so we can choose
s = z and retrieve (z, A='z) = 0. This means that z = 0 and thus S; + S, is dense in Z.

We have proved that S; 4+ .55 is dense in Z and that S; 4+ .55 is a closed linear subspace
of Z. From this we conclude that S; + Sy = Z. Together with S; NSy = {0} this implies

that Sl@SQZZ O
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