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Research theme

Control of systems described by partial differential
equations



Feedback
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Prototype model: flexible beam



Flexible beam: mathematical
model
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u(t) =input=force; y(t) =measurement =velocity



Abstract formulation

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t).

Systems described by ordinary differential
equations: A, B, C are matrices .

Systems described by partial differential
equations: A, B, C are
operators on a Hilbert space .
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Semigroup approach

The free system ẋ(t) = Ax(t); x(0) = x0

has the solution x(t) = eAtx0.

Semigroup on Hilbert space H:
eAt : H → H for all t > 0.

eA.0 = I
eAteAs = eA(t+s)

d
dt

eAtx0 = AeAtx0 = eAtAx0,

but only for x0 ∈ D(A), a subset of H.
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Power of Feedback

ẋ(t) = Ax(t) + Bu(t); y(t) = Cx(t).

Uncontrolled (free) system: ẋ(t) = Ax(t). Applying

output feedback u(t) = K(t)y(t) produces the

new closed-loop system

ẋ(t) = (A + BK(t)C)x(t) := Anew(t)x(t).
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Power of Feedback



Strong evolution operators

ẋ(t) = A(t)x(t); x(s) = x0,

has the solution x(t) = U(t, s)x0 provided that A(t)
has a closed, densely defined domain D(A(t)) in H,
and for all (t, s)|0 ≤ s ≤ t ≤ T there exists a family
of bounded operators U(t, s) : H → H such that

U(t, t) = I, 0 ≤ t ≤ T
U(t, r)U(r, s) = U(t, s), 0 ≤ s ≤ r ≤ t ≤ T

U(t, s) : D(A(s)) → D(A(t)), 0 ≤ s ≤ t ≤ T and
∂

∂t
U(t, s)x0 = A(t)U(t, s)x0 for x ∈ D(A(s)).



Strong evolution operators not
closed under feedback

Problem: U(t, s) := eA(t−s) is a strong evolution
operator,

but A + BK(t)C will only generate a strong
evolution operator under very strong
differentiable assumptions on P(t) = BK(t)C.
But this limits the choice of control action K(t).
Solution: Modify our definition of solution to a
continuous map from the initial condition
x(s) = x0 to the final state x(t) of the form
x(t) = U(t, s)x0.
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Mild evolution operator on
Hilbert space

U(t, s) : H → H for all (t, s) ∈ ∆(T) = {(t, s)|0 ≤
s ≤ t ≤ T} such that

U(t, t) = I, 0 ≤ t ≤ T
U(t, r)U(r, s) = U(t, s), 0 ≤ s ≤ r ≤ t ≤ T

U(t, s) is (weakly) continuous in (t, s) ∈ ∆(T).
‖U(t, s)‖ is bounded for (t, s) ∈ ∆(T)

We say that ”ẋ(t) = A(t)x(t)”, x(s) = x0 has the
mild solution x(t) = U(t, s)x0.
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Perturbation of mild evolution
operators

Suppose that A(t) ∼ U(t, s), and after feedback we
have the perturbed system

”ẋ(t) = (A(t) + P(t))x(t)”; x(s) = x0.

Under mild conditions on P(t) this has the
solution x(t) = UP(t, s)x0, where UP is an evolution
operator on ∆(T).

So mild evolution operators are closed under very
general feedback.
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Perturbation of mild evolution
operators; the mathematics

Suppose that P(t) is strongly measurable and
esssup0≤t≤T ‖P(t)‖ < ∞. Then UP(t, s) is the
unique solution of the integral equation

UP(t, s)x = U(t, s)x +

∫ t

0
UP(t, r)P(r)U(r, s)xdr

So the perturbed system

”ẋ(t) = (A(t) + P(t))x(t)”; x(s) = x0

has the mild solution x(t) = UP(t, s)x0.



Quasi-evolution operators

The mild evolution operator U(t, s) is a
quasi-evolution operator on ∆(t) if there exists
an operator A(t) with closed, densely defined
domain DA in H such that

∂

∂s
U(t, s)x0 = −U(t, s)A(s)x0 for x ∈ DA

for almost all (t, s) ∈ ∆(T).

A + P(t) generates a quasi-evolution operator
under mild assumptions on P(t).
U(t, s)x0 corresponds to a weak solution of the
p.d.e.
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Perturbation of quasi-evolution
operators

Suppose that A(t) ∼ U(t, s), a mild evolution
operator, and the feedback P(t) satisfies the
previous assumptions (P(t) is strongly measurable
and esssup0≤t≤T ‖P(t)‖ < ∞).

Denote the
perturbed mild evolution operator by UP(t, s).

If U(t, s) is a quasi-evolution operator, so is
UP(t, s).

Quasi-evolution operators are closed under feedback.
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Socializing together

Top row: Yvonne and Steve Banks, Gene Ryan. Tony
Pritchard Bottom row: Eve Wirth, Frances Ryan, Andrew
Wirth
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Control Theory Centre Visitors
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University of Groningen 1977+

Joint collaboration between Warwick , Bremen &
Groningen

EEC Joint studies programme scheme, 1979–1983

Community Stimulation Action, 1986–1989.

We organized study exchanges, informal
workshop with ph.d. students and set up lecture
courses and organized conferences.
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EEC collaboration in Lhee, The
Netherlands, 1987
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Recent research with Birgit
Jacob

Feedback perturbation of operators

ẋ(t) = Ax(t) + Bu(t); y(t) = Cx(t).

Uncontrolled (free) system: ẋ(t) = Ax(t). Applying
output feedback u(t) = Ky(t) produces the new
closed-loop system

ẋ(t) = (A + BKC)x(t) := Anewx(t)

What can we say about A + BKC?
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ẋ(t) = Ax(t) + Bu(t); y(t) = Cx(t).

Uncontrolled (free) system: ẋ(t) = Ax(t). Applying
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Tony and Didi: Robust stability radius
If A is stable and B, C are fixed, how large can we
choose K without destroying stability?

Matrix case: if ‖K‖ < 1/‖C(λI − A)−1B‖.

Birgit and I: Perturbation of the spectrum
If λ is in the spectrum of A, when will it be in the
spectrum of A + BKC?
Matrix case: if and only if I + C(λI − A)−1B is
invertible.

Both results depend on the transfer function
G(s) := C(sI − A)−1B.
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Bounded versus unbounded B, C
Basic building blocks are 4 operators A, B, C, D.
To model p.d.e’s need A to be unbounded.

bounded B, C distributed control and sensing.

unbounded B, C on the boundary or pointwise.
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Operator nodes

Banach spaces X, U, Y and operators A, B, C:
A is a closed, densely defined operator on X
there exists α : (αI − A)−1 bounded
C(αI − A)−1 : X → Y bounded
(αI − A)−1B : U → X bounded
transfer function G(α) : U → Y bounded.

Admissible feedback
K : Y → U bounded and I − KG(α) invertible.
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Main result
Let operators A, B, C on the Banach spaces X, U, Y
and the transfer function G define an operator
node.
If K is an admissible feedback K, then the
closed-loop transfer function GK := G(I − KG)−1

is well-defined.
If this results in a closed loop operator node with
generating operators AK, BK, CK, then for
β ∈ ρ(A) we have

β ∈ ρ(AK) ⇐⇒ I − KG(β) is invertible.
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The promised book, 1979–2000



Tony & Abdelhaq El Jaï, 1975+

Perpignan 1989
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Sensors and actuators in DPS 1986



Tony &Abdelhaq 1975+

Buddug, Abdlehaq, Tony, Marie 2007



Collaboration with Morocco

Perpignan 1989



Condolences from Morocco

Professors from the universities of Rabat,
Casablanca, Tanger, Meknes and Marrakech:

"I deeply regret the passing of Tony. We have lost
a friend"
"It is a great loss to us and to the the control
community in general"
"He was a man of great physical and intellectual
abilities and a great scientist"

"I cherish memories of his humane warmth and
his support that were so important in my early
career."
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The Dutch connection



Bert van Keulen’s Ph.D.,
Groningen, 1993



Patrick’s farewell party at the
Pritchards



Tony avoiding the limelight



My favorite photo with Tony


