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Abstract. Finding forced collinearity relationship can be usefull in several domains of algorithmic
geometry. In particular, in the GCS framework, it can help to detect bad-constrained systems.
This paper deals with a simple framework where only incidence and collinarities are considered.
We propose two methods to prove that a collinearity is a logical consequence of other specified
collinearities.

1 GCS and dependency

Solvers of geometric constraints often assume that geometric constraints (equations) are independent.
The arising problem of detecting dependences between geometric constraints can be approached in many
ways [7, 5].

Since the incidence dependences are the most basic in geometry, this paper focuses on the following
question: in the projective plane (for simplicity), and given only collinearities constraints between points,
is it possible to detect induced or forced (non initially specified) collinearities, or concurrencies between
lines? Such forced incidences are due to the pseudo transitivity of the collinearity relationship, but also to
Désargues’ or Pappus’theorems. Note that, if we abandon the hypothesis that only incidence constraints
are given, the Euler’s line and the Simpson’s line give other examples of forced collinearity relationships.
In particular, we suggest some combinatorial methods for proving incidence theorems in the projective
plane. Actually, these methods are not very efficient, but we hope they are a first step towards more
effective algorithms which can be used in order to make the geometric solvers more robust.

The rest of the paper is organized as follows. In section 2, we recall some fundamental facts of projective
geometry. Section 3 presents a method based on the hexamys property. In section 4, we explain another
method based on the computation of matroids compatible with the collinearity constraints given by the
user. We conclude in section 5.

2 Projective geometries

First, let us recall the classical definition of a projective geometry

Definition 1. A projective geometry is a set S of points and a collection of subsets of S, the set of lines,
subject to these axioms:

(P1) each pair A, B of distinct points is contained in a unique line which is denoted (AB),
(P2) if A, B, C and D are distinct points for which (AB) ∩ (CD) 6= ∅, then (AC) ∩ (BD) 6= ∅, and
(P3) each line contains at least three points.

This statement can be specialized into the following definition of a projective plane.

Definition 2. A projective plane is a set S of points and a collection of subsets of S, the set of lines,
subject to these axioms:

(P1) each pair A, B of distinct points is contained in a unique line which is denoted (AB),
(P2) each pair of distinct lines intersects in a single point, and
(P3) each line contains at least three points.

If, for some n > 2, n points A1, . . . An are on the same line, one says that there are collinear. This is
denoted [A1, . . . , An]



It follows directly from the definition that [A,B,C] and [A,B,D] implies that [A,B,C,D]. This fact
is true in every projective plane and it constitutes the simplest example of induced incidence.

There is a lot of example of projective geometries, in particular, finite projective geometries which
are still very studied. Real or complex geometric projective spaces of dimension n, that is projective
geometries arising from R

n or C
n, are other usual examples. But, not all projective planes arise from a

field. More precisely, the important following theorems hold.

Theorem 1. A projective plane is isomorphic to a projective plane arising from a division ring if and
only if it satisfies the Désargues’ property. Such a plane is called an arguesian plane.

A projective plane is isomorphic to a projective plane arising from a field if and only if it satisfies the
Pappus’ property.

Any projective geometry of dimension greater than 2 is isomorphic to a projective geometry arising
from a division ring (and the Désargues’ property is true).

The Désargues’ property and the Pappus’ property are usually known as the Désargues’ theorem and
the Pappus’ theorem since they are true in the real projective plane. Fig. 1 and Fig. 2 recall the statement
of these theorems.
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Fig. 1. Left: let ABCD be a tetrahedron (in 3D). Plane 123 meets its edges AD, BD, BC. This figure illustrates
the construction of the other intersection points with the edges. This construction concerns only (2D) incidences.
Right: Désargues’ theorem; if two triangles are in perspective wrt point O, then the intersection point of the
homologous sides are collinear. The drawing in this figure is the same one as in the left part.
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Fig. 2. Pappus’theorem : Given two lines 1 and 2, three points A, B, C on 1 and three points A′, B′ and C ′ on
2, the intersection points P = (AB′) ∩ (A′B), Q = (AC ′) ∩ (A′C) and R = (BC ′) ∩ (B′C) are collinear.



In this sense, Désargues’ theorem and Pappus’ theorem are fundamental in the usual projective
plane(s) (arising from R or C), and, in some sense, all the incidence theorems in the projecting planes
related to a field are consequences of these theorems (for instance, see [4] p. 155). Since, Désargues’
and Pappus’ theorems involve only incidence properties we can imagine a saturating algorithm to solve
incidence relationship. In fact, R. Pouzergues [8] proposed to use a weak version of the Pascal’s theorem
in order to prove such dependencies. This is the subject of the next section.

3 Hexamy and linear dependency

3.1 Definitions

Note that much of the definitions and theorems in this section are due to R. Pouzergues. A hexamy is an
hexagon such that any 4-tuple of points is not collinear and the intersection points of the opposite sides
are collinear. The important property of the hexamys consists in the following theorem.

Theorem 2. (Hexamy) Let P be a projective plane arising from a field, each permutation of a hexamy
of P is a hexamy.

Proof. Let us first notice that every circular permutation of an hexamy is trivially an hexamy. We
have then to prove that the permutation of two consecutive points of an hexamy leads to an hexamy.
In other words, let ABCDEF be an hexamy such that R = (AB) ∩ (DE), P = (BC) ∩ (EF ) and
Q = (CD) ∩ (FA) (see Fig. 3, it is sufficient to prove that BACDEF is an hexamy.
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Fig. 3. Left: proof of the hexamy property. Right: The Désargues’ property is a consequence of the hexamy
property. (This proof of the general case has been automatically generated).

Let us consider line (AC) which meets line (EF ) in S. Then either S = R or S 6= R.

– In the first case, we have by defintion of these points [D,E,R], [A,B,R] and, since S = R, [A,C,R]
and [E,F,R], or, using the basic property of collinearity, [A,B,C,R] and [D,E, F,R]. It is then very
easy to see that BACDEF is an hexamy. Note that in this case the points A, B, C, D, E and F are
in a Pappus’configuration.

– Now suppose that S 6= R and define point T as the intersection point of lines (SR) and (DC).
Since P arises from a field, the Pappus’property is true in P. Hence, since we have [A,C, S] and
[P,Q,R], we obtain [F,B, T ]. Let us summarize, we have R = (BA) ∩ (DE), S = (AC) ∩ (EF ) and
T = (CD) ∩ (FB). Since points R, S and T are collinear by construction, BACDEF is an hexamy.

In turn, the Pappus’s property is a direct consequence of the hexamy property. Indeed, with the
notation of Fig. 2, ABCA′B′C ′ is an hexamy (it is the first item of the previous proof), therefore,



AB′CA′BC ′ is an hexamy too and the Pappus’property is verified. Note that the Pappus’theorem is a
direct consequence of the Pascal’s theorem since a couple of line is a degenerate conic.

Thus, the Pappus property and the hexamy property are equivalent, but it seems that hexamys are
easier to use than Pappus configurations. For instance, the general case of the Désargues’ property can be
proved using three Pappus’configuration (this is the classical proof) and only one hexamy configuration
(see Fig. 3). However, note that we do not know a general demonstration of Désargues’ theorem using
only one hexamy: we present below a solution using three hexamys.

We have implemented the hexamy method with the language Prolog in order to have a simple proto-
type to test the method. This implementation is discussed in the next section.

3.2 A Prolog implementation

The source text of our Prolog program is given on Tab. 1 and two examples of statements written in
Prolog are given on Tab. 2. The collinearity relationship is described externally by the predicate col/1

the argument of which is a list of points constrained to be collinear: for instance, col([a,b,c,o]) means
that points a, b, c and o are collinear. These affirmations are translated into the more atomic and sym-
metric facts build with the functor on/2: for instance, a on d(1) means that point a is on line d(1). The
predicates convert/0 and assertl/2 perform this translation. Note that new lines named d(1) ...d(n )
are added.

The incidence Prolog facts are used to find hexamys: this is the rôle of the hexamy predicate which
finds the interesting collinearities with the help of the concurrence/4 and inter/2. The predicate
found collinear/3 is the main predicate of this program: it can be used as a closed goal (without
variables) —for instance
?- found collinear(i,j,k).

to prove that points i, j and k are collinear— or as a partially instantiated to find some collinearities
—for instance
?- found collinear(i,j,X).

to found the points which are collinear with i and j.
Like for all Prolog program, this program is a blend of logic and procedural ingredients. From a logical

point of view, the equality is of syntactic nature and some parts of the process live in the Herbrand
universe. But since points (and lines) can be added using a counter to name them, it is possible to
indefinitely loop.

3.3 Examples and discussion

We have used this simple program to prove a dozen of incidence theorems of the projective plane arising
from a field. We give three statements in Tab. 2 written in Prolog. The first one expresses the Pap-
pus’theorem, the second one the general case of the Désargues’ theorem and the third one the fact that
the polar line of degenerate conic consisting in two lines is ... a line (see Fig 4).

It is notable that the proof of these theorems needs only one hexamy involving initial points and
some additional intersection points between lines defined by initial points. By the way, our small program
searches only such hexamys through the predicate found collinear/3 (the termination is then ensured).
It is easy to define predicates able to add all the lines between two present points and all the discovered
incidences: we have done it. But with these improvements, there is a combinatoric explosion and, worse,
the program can loop even if the insertion of new lines and collinearities are closely controlled. In the
next example, we prove “semi-automatically” a particular case of the Désargues’ theorem when a triangle
is in a Cévian position with the other one (see Fig. 4). Recall that A′B′C ′ is a Cévian triangle of ABC if
A′ ∈ (BC), B′ ∈ (AC), C ′ ∈ (AB) and (AA′), (BB′) and (CC ′) are concurrent. With P = (AB)∩(A′B′),
Q = (AC) ∩ (A′C ′) and R = (BC) ∩ (B′C ′), we have then: P , Q and R are collinear. It is a simple
application of the Désargues’ theorem. Unfortunately, the proof given on Fig. 3 does not work anymore
since the “good” hexamy is not an hexamy anymore.

Here is a proof coming from G.Hesseberg and used by D. Hilbert in [4]. We have adapted this proof
to fit the hexamy framework. Consider the following points I = (OB) ∩ (PQ), L = (A′C ′) ∩ (AI),
N = (AB)∩ (LB′) and M = (AL)∩ (CC ′) (the existence of these points is a question left to the reader).
These points are manually added to the Prolog data base of facts. We can prove by using only one hexamy



:-op(100,xfx,[on]), dynamic(count/1),

dynamic((on)/2), dynamic(col/1).

count(0). /* counter to produce new points

and lines */

/* statement conversion */

convert :- retract(col(L)),

((verif(L,D), assertl(D,L))

;

(retract(count(N)),

NN is N+1, asserta(count(NN)),

assertl(l(NN),L))),

convert.

convert.

/* D containing L is already defined ? */

verif([X|L],D) :- (verif(X, L, D),!) ;

verif(L,D).

verif(X,[Y|L],D) :- (X on D, Y on D, !);

verif(X,L,D).

/* asserting a list of incidence facts */

assertl(_,[]).

assertl(D,[P|L]) :-

(P on D,!; assertz(P on D)),

assertl(D,L).

/* incidence geometry */

collinear(A,B,C) :- A on D, B on D, C on D,

different([A,B,C]).

notcoll(A,B,C) :- collinear(A,B,C),!,fail.

notcoll(_,_,_).

/* P is (AB) inter (CE) */

concurrence(A,B,C,E,P) :-

A on D, B on D, A =̄ B,

C on Dp, E on Dp, C =̄ E,

inter(D,Dp,P).

inter(D,Dp,P) :- (P on D, P on Dp, !)

;

(var(P), retract(count(N)),

NN is N+1,

asserta(count(NN)),

assertz(p(NN) on D),

assertz(p(NN) on Dp),

P = p(NN),!).

/* combinatoric about permutations */

circuit([A|L],[A|Lc]) :- permut(L,Lc).

permut([],[]).

permut(L,[X|Ls]) :- in(L,X,Lp), permut(Lp,Ls).

in([X|L],X,L).

in([X|L],Y,[X|Lp]) :- in(L,Y,Lp).

/* some negations */

notin(X,L) :- in(L,X,_),!,fail.

notin(_,_).

different([]).

different([X|L]) :- notin(X,L), different(L).

not4col(L) :- in(L,X,L1), in(L1,Y,L2),

X on D, Y on D,

in(L2,Z,L3), Z on D, in(L3,T,_),

T on D,!,fail.

not4col(_).

/* a predicate finding hexamys */

hexamy([A,B,C,D,E,F]) :-

(

concurrence(A,B,D,E,P),

(notcoll(A,B,D); notcoll(A,B,E)),

concurrence(B,C,E,F,Q),

(notcoll(B,C,E); notcoll(B,C,F)),

concurrence(C,D,F,A,R),

(notcoll(C,D,F); notcoll(C,D,A)),

collinear(P,Q,R),

different([A,B,C,D,E,F]),

not4col([A,B,C,D,E,F])

);

(

concurrence(A,B,D,E,P),

(notcoll(A,B,D); notcoll(A,B,E)),

concurrence(B,C,E,F,P),

(notcoll(B,C,E); notcoll(B,C,F)),

concurrence(C,D,F,A,R),

(notcoll(C,D,F); notcoll(C,D,A)),

different([A,B,C,D,E,F]),

not4col([A,B,C,D,E,F])

);

(

concurrence(A,B,D,E,P),

(notcoll(A,B,D); notcoll(A,B,E)),

concurrence(B,C,E,F,P),

(notcoll(B,C,E); notcoll(B,C,F)),

concurrence(C,D,F,A,P),

(notcoll(C,D,F); notcoll(C,D,A)),

different([A,B,C,D,E,F]),

not4col([A,B,C,D,E,F])

).

/* searching one GOOD hexamy, and

then the collinear points */

found_collinear(X,Y,Z) :-

hexamy([A,B,C,D,E,F]),

circuit([A,B,C,D,E,F],[A,Bp,Cp,Dp,Ep,Fp]),

collinear(A,Bp,X), collinear(Dp,Ep,X),

collinear(Bp,Cp,Y), collinear(Ep,Fp,Y),

collinear(Cp,Dp,Z), collinear(Fp,A,Z),

different([X,Y,Z]).

Table 1. A simple Prolog program using the hexamy method

that O, N and Q are collinear and we add this fact to the Prolog program. Then, introducing two new
points: aux1 = (PQ) ∩ (BC) and aux2 = (PQ) ∩ (B ′C ′), we can prove that [aux1,M,N ] on the one



col([a,b,c]).

col([ap,bp,cp]).

col([a,i,bp]).

col([ap,i,b]).

col([a,j,cp]).

col([ap,j,c]).

col([b,k,cp]).

col([bp,k,c]).

/*found_collinear(i,j,k)?*/

col([a,ap,o]).

col([b,bp,o]).

col([c,cp,o]).

col([a,b,i]).

col([ap,bp,i]).

col([b,c,j]).

col([bp,cp,j]).

col([a,c,k]).

col([ap,cp,k]).

/*found_collinear(i,j,k)?*/

col([o, a, b, c]).

col([o, ap, bp, cp]).

col([p, a, ap]).

col([p, b, bp]).

col([p, c, cp]).

col([a, bp, i]).

col([ap, b, i]).

col([b, cp, j]).

col([bp, c, j]).

/*found_collinear(o,i,j)?*/

Table 2. Some examples of problem automatically solved by the hexamy method. Left: Pappus’property. Middle:
Désargues’ property in the general case. Right: Polar line.

hand and [aux2,M,N ] on the other hand. Hence, aux1 = aux2 = (MN) ∩ (PQ) ∩ (BC) ∩ (B ′C ′) = R

and P , Q and R are collinear.
Three hexamys and three “generations” of lines are used here in addition to the use of fundamental

axioms of projective geometry. It is therefore difficult to find automatically this proof using a naive Prolog
program based on the hexamy method. An effective method should be able to quickly discover the good
hexamy configurations and to add the good lines and points.
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Fig. 4. Left: Polar line. Right: Cévian triangle

3.4 Compatibility

The hexamy method is constructively implemented: that is, starting from the given collinearity relation-
ships, the program tries to deduce new collinearities. But one may also consider methods based on the
”generate and test mechanism”. For the test part, generated configurations must respect the Hexamy or
Pappus axiom (and incidence axioms P1, P2, P3 as well).

– one can use a refutation method. In a given configuration (a set of points, a set of collinearities
and a set of non-collinearities), we add a non-collinearity fact, corresponding to the collinearity we
want to prove. Then one verifies that the generate and test procedure does not find a compatible
configuration.



– one can search all configurations compatible with the given partial configuration, and checks if they
all contain the searched collinearity.

In the first case, the algorithm halts if a compatible configuration is found. In the second case, the
algorithm halts when a possible configuration without the searched collinearity relationship is found.

These generate and test methods can also be implemented with the prolog language, but also with
other (more procedural) languages. Whatever the language, it is of course essential to detect as soon as
possible the incompatibilities of the current configuration, to try to postpone the consequences of the
combinatorial explosion. The latter makes these programs unusable on big examples.

In fact, a more precise capture of collinearity needs a measure of collinearity. The next section presents
a method based on these ideas of compatibility and using a collinearity measure axiomatized by the notion
of matroid.

4 The compatible matroid problem

4.1 Matroid theory

The matroid theory tries to capture combinatorial properties of dependence and independence, that are
common to graphs and matrices. There are several equivalent axiomatizations. The most convenient one
for us is the axiomatization of the rank function.

Let E be some finite set, with cardinality |E| = n, and P (E) be the set of the 2n subsets of E.
Typically, E is some set of vectors (linear independence), or some set of points (affine independence), or
some set of vertices or edges in a graph. In our application, E is a set of points. The rank of e ⊂ E is
noted r(e) and is the number of (affinely) independent points in e. For instance, if e is a single point, it
has rank 1; if e is two distinct points, it has rank 2; if e is made of several aligned points, it has rank 2;
if e contains coplanar and non aligned points, e has rank 3; finally, if e contains at least 4 non coplanar
3D points, it has rank 4.

The rank of E is called the rank of the matroid. The rank function fulfills the following axioms:

M1: r(∅) = 0.

M2(e|e
′): r(e ⊂ e′) ≤ r(e′) (monotonicity).

M3(a|b): r(a ∩ b) + r(a ∪ b) ≤ r(a) + r(b) (submodularity or r).

A consequence of these axioms is that the rank of any set e is at most the cardinal |e| of e. The
subsets with rank and cardinality r(E) are called bases of the matroid, by analogy with linear algebra.
As in linear algebra, all bases of a given matroid have an equal number of elements. The matroid theory
is able to prove the exchange property, which is also fulfilled in linear algebra: if b1 and b2 are two bases
of the matroid, and if x ∈ b1 − b2, then there is an element y in b2 − b1 such that b1 −{x} ∪ {y} is a base
as well. This theorem is used as an axiom (Steinitz axiom) in alternative axiomatizations of matroids.

The compatible matroid problem is as follows: the user specifies the set E, its rank, and the rank of
some subsets. The problem is then to decide if these specifications are consistent, ie whether there is a
rank function (satisfying all axioms M1,M2,M3) which takes the specified values. If the specification is
contradictory, there is no solution. If the specification is consistent, there is one or more solutions. Each
solution is called a configuration.

4.2 Simple examples

If A,B,C are aligned, and A,C,D are aligned, then A,B,D are as well. The theory of matroid automates
the proof.

The specifications are: r(A,B) = r(A,C) = r(A,D) = r(B,C) = r(B,D) = r(C,D) = 2 (all points
are distinct) and r(A,B,C) = r(A,B,D) = 2. The theorem is that r(A,B,C,D) = 2. A possible proof is
as follows. First the axiom M3(a = {A,B,C}|b = {A,B,D}) yields: r(a∪b) = r(A,B,C,D) ≤ r(a)+r(b)−
r(a ∩ b) = 2. Then the axiom M2({A,B,C}, {A,B,C,D}) implies that r(A,B,C,D) ≥ r(A,B,C) = 2.
In conclusion, either r(A,B,C,D) = 2, or the specifications are inconsistent; checking that there is no
inconsistency, ie checking that axioms M2(a, b), M3(a, b) are fulfilled for all subsets (a, b) is omitted for
short.

Figure 5 presents another simple example.
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Fig. 5. Values inside ( ) are specified ranks. For (bold) subsets with unspecified ranks, does it exist consistent
ranks? Arcs represent inclusion relations. Above: the unique solution matroid: r(1, 3, 4) = r(2, 3, 4) = 3.

4.3 Proof of Désargues’ theorem in 3D space with rank 4 matroids

This section considers the proof of Désargues’ theorem as a compatible matroid problem in 3D space (it
can not be proved with matroids in 2D space).

The specifications is: E = E0 ∪ {1′′, 2′′, 3′′}, where E0 = {O, 1, 2, 3, 1′, 2′, 3′}; all points in E0 are
different, thus r(i, j) = 2, for all i 6= j ∈ E0. E is in 3D space, thus r(E) = 4. Triangles 1, 2, 3 and 1′, 2′, 3′

are perspective from 0, thus r(0, 1, 1′) = r(0, 2, 2′) = r(0, 3, 3′) = 2. Triangles 1, 2, 3 and 1′, 2′, 3′ are not
coplanar, thus r(1, 2, 3, 1′, 2′, 3′) = 4. Finally 1′′ is the intersection point between lines L(2, 3′) and L(2′, 3),
so r(1′′, 2, 3′) = r(1′′, 2′, 3) = 2. Similarly for 2′′ = L(1, 3′) ∩ L(1′, 3) thus r(1, 2′′, 3′) = r(1′, 2′′, 3) = 2,
and for 3′′ = L(1, 2′) ∩ L(1′, 2) thus r(1, 2′, 3′′) = r(1′, 2, 3′′) = 2. This is the end of the specification. We
want to prove that 1′′, 2′′, 3′′ are collinear.

The proof mimics the ”visual” intuitive one. For conciseness, we simply note a, b for a∪b in the sequel,
since it provokes no ambiguity. Consider first the triangle 1, 2, 3; for convenience, define t = 1, 2, 3 (ie
t = {1, 2, 3}). M3(t|1, 2, 3

′′) yields r(t, 3′′) ≤ 3. M2(t|t, 3
′′) yields r(t, 3′′) ≥ 3. Thus r(t, 3′′) = 3. Similarly,

we get r(t, 1′′) = r(t, 2′′) = 3. Then M3(t, 1
′′|t, 2′′) implies that r(t, 1′′, 2′′) ≤ 3 and M2(t, 1

′′|t, 1′′, 2′′)
implies that r(t, 1′′, 2′′) ≥ 3, thus r(t, 1′′, 2′′) = 3. Finally, we get r(t, 1′′, 2′′, 3′′) = 3: in other words, t

and 1′, 2′, 3′ are coplanar.
Symmetrically for the plane t′ = 1′, 2′, 3′, we get r(t′, 1′′) = r(t′, 2′′) = r(t′, 3′′) = 3, and that

r(t′, 1′′, 2′′, 3′′) = 3.
We will need just below that r(t, t′, 1′′, 2′′, 3′′) = 4. It follows from the fact that r(t, t′) = 4 by

specification, and axiom M2.
Of course the final step argues that 1′′, 2′′, 3′′ lie on the intersection line of the planes t and t′, thus

are collinear. In matroid parlance, M3(a = t, 1′′, 2′′, 3′′|b = t′, 1′′, 2′′, 3′′) implies that r(1′′, 2′′, 3′′) ≤
r(a) + r(b)− r(t, t′, 1′′, 2′′, 3′′) = 3 + 3− 4 = 2. Thus r(1′′, 2′′, 3′′) ≤ 2: either points 1′′, 2′′, 3′′ are aligned
or two or three of them are equal.

4.4 Which algorithm ?

The question arises of which method to use to find the compatible matroid. Several methods can be
considered. It is worth remarking that each configuration can be represented by a set of 2n unknowns re:
each unknown re is the rank of some of the 2n subsets e of E; specifications give equalities or inequalities;
axioms M2 and M3 give a set of linear inequalities (linear in the variables re); the compatible matroid
problem is thus a linear programming problem, or in other words, the set of configurations which are
solution is the set of points with integer coordinates re inside a convex polytope in a space which has as
many dimensions as the number of re unknowns, namely 2n. Each inequality from the axioms give an
hyperplane.

Moreover the matrix of these inequalities is totally unimodular (the proof is omitted), ie all deter-
minants of square sub matrices of this matrix are equal to 0 or ±1; this means all intersection points



between the inequalities hyperplanes (the vertices of the convex polytope) have integer coordinates; this
is not really surprising. When the matrix is totally unimodular, linear optimization can be done without
taking into account the discrete nature of the optima: the problem is solved in the continuous world, and
it turns out that the optima has integer coordinates.

Thus, at least in theory, we can resort to some method in linear programming to find the configuration
re which minimizes or maximizes some rank of interest. If the minima is equal to the maxima (assuming
there is a compatible matroid), it proves that the rank has only one possible value.

These considerations prove at least that the compatible matroid is decidable. The problem with
this approach, of course, is that generating naively all M2 and M3 inequalities for all subsets is clearly
exponential. Fortunately, the major part is useless, but this article will not discuss a faster method.

4.5 Limitation of this formalism

Regrettably this formalism of the compatible matroid is not able to prove Désargues’ theorem in the
projective plane (with rank 3 matroids). This is consistent with the fact that there are non arguesian
projective planes where the theory of matroid also applies. Similarly, Pappus’ theorem and Pascal’s
theorem can not be proved with rank 3 matroids.

To overcome this limitation, at least two possibilities can be considered. Either, inspired by the
previous proof in 3D space of Désargues’ theorem, we lift in dimension and degree: see section 6. Or we
add some axiom to the matroid theory, to make it arguesian and Pappusian (or Pascalian).

4.6 Lift matroid

To make the matroid theory more powerfull in 2D, an idea is to consider conic or cubic or quartic, etc,
ranks. This section discusses the conic rank, and the conic corank.

The conic corank of a set of points lying in the projective plane is the number of independent conics
passing through all points of this set. The conic rank is 6 minus the conic rank. Assume for the sake of
definition that homogeneous coordinates (xi, yi, hi) for the points pi are available (in practice, it is what we
want to compute). Then the conic rank of the pis is the rank of the vectors p′

i
= (x2

i
, y2

i
, h2

i
, xiyi, xihi, yihi).

The conic corank of this set is the number of independent vectors (a, b, c, d, e, f) which are orthogonal
to the p′

i
: actually each (a, b, c, d, e, f) vector gives a conic passing through the points pi. The table 6

summarizes the conic rank and corank for atomic configurations of points. The idea is that the user, with
some user interface, specifies some basic configurations of points, thus conic ranks or coranks, and the
software searches for compatible matroids, as for the linear matroid case.

R3 R6 coR6 Configuration

R3 = 1 R6 = 1 coR6 = 5 1 point

R3 = 2 R6 = 2 coR6 = 4 2 points

R3 = 3 R6 = 3 coR6 = 3 3 non aligned points
R3 = 2 R6 = 3 coR6 = 3 3 aligned points

R3 = 3 R6 = 4 coR6 = 2 4 points in generic position
R3 = 3 R6 = 4 coR6 = 2 4 points, 3 aligned
R3 = 2 R6 = 3 coR6 = 3 4 aligned points

R3 = 3 R6 = 5 coR6 = 1 5 points, in generic position
R3 = 2 R6 = 4 coR6 = 2 5 aligned points
R3 = 3 R6 = 4 coR6 = 2 5 points, 4 aligned
R3 = 3 R6 = 5 coR6 = 1 5 points, 3 aligned

R3 = 3 R6 = 6 coR6 = 0 6 points, in generic position
R3 = 3 R6 = 5 coR6 = 1 6 points, on a conic, generically
R3 = 3 R6 = 5 coR6 = 1 6 points, 3 aligned + 3 aligned
R3 = 3 R6 = 5 coR6 = 1 6 points, 4 aligned
R3 = 3 R6 = 5 coR6 = 1 6 points, 5 aligned
R3 = 2 R6 = 4 coR6 = 2 6 aligned points

Fig. 6. R3 is the linear rank. R6 is the conic rank. coR6 is the conic corank.



Of course, the cubic, quartic, etc ranks are defined analogously. It is hoped that cubic ranks are
sufficient to prove Pappus theorem, in regard to the Plucker’s proof of Pascal theorem. This approach
has not yet been tested so far.

4.7 Adding axioms

Rank 3 linear matroids are not arguesian, nor Pappusian or Pascalian. A possible solution is to add
axioms. For instance a Pappus axiom is:

P : r(a, b, c) = r(a′, b′, c′) = r(a, b′′, c′) = r(a′, b′′, c) = r(a, b′, c′′) (1)

= r(a′, b, c′′) = r(a′′, b, c′) = r(a′′, b′, c) = 2 (2)

⇒ r(a′′, b′′, c′′) = 2 (3)

To find the compatible Pappusian matroid, it is possible to first ignore this last axiom P , then to
remove compatible matroids which do not satisfy the P axiom (a finite number of check tests is needed).
This argument shows that the problem is decidable. Of course, for speed, it is better to take into account
this axiom as soon as possible. For instance, one can consider a method mixing the generate-and-test
paradigm with a propagation method: each time a value for some unknown rank is generated, it is first
propagated with some saturating method.

5 Conclusion

This article is a report on a work in progress, and only scratches the surface of the field. At least we hope
readers share our aesthetic pleasure for its fascinating beauty, and the interplay between combinatorics
and projective geometry. A lot of questions arise.

- What is the complexity of the compatible matroid problem?
- Are there matroids (lift matroids, or matroids with additional axioms) which indeed capture all

properties of the real or complex projective plane (space)?
- Is there a finite set of forbidden finite configurations, such that if a configuration does not contain

one of these, then it is realisable in the (real or complex) projective plane (space)?
- Is there a complete (combinatorial) algorithm to detect forced incidences in a (partially specified)

configuration? It is equivalent to the question: is there a complete (combinatorial) algorithm to detect if
a configuration is realizable or non realizable in the projective plane (space)?

- According to Hilbert, Pappus’ axiom and the other axiom incidences completely (and logic) suffice
to prove all incidence theorems of projective geometry. It is the mathematical point of view. Computa-
tionally?

-We agree that our programs are just prototypes, they are unable to exploit the symmetry of the
problem, etc. In spite of their limitations, they were of great help for our interactive proofs.
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8. R. Pouzergues. Les hexamys (in french). available on the web http://hexamys.free.fr/accueil.htm


