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| Resonance

#» Resonance: type of periodic dynamics

# Standard example:

Ratio of frequencies of two coupled dynamical systems is

rational

o Dynamical systems usually depend on parameters.

Resonance tongues:

"Domains of the parameter space where resonance occurs."

—
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| The Problem

Consider Dynamical system:
X=F (X;t)

with periodic orbit when =0

Problem: Find periodic orbits near of period q
( Subharmonics of order Q)

Use Poincaré mapP V! V

Po(O) =0 %

g-periodic orbit of P: Pd(x) = x |
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| HNS-bifurcation

®» NS-bifurcation of periodic orbit

X-=1 (X)+ g (Xit)

$» HNS-bifurcation of xed point of (Poincaré) map P
Conditions:

- doPo has two conjugate eigenvalues on unit circle

- Eigenvalues cross unit circle with positive speed

Resonance if eigenvalues of dyPg are e 2'P=d

Resonance tongues, Dynamics Seminar — p.4/1



| Finding.resonant orbits

® Resonantorbit$ g-periodic orbitof P : V! V

P9(x) = x
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| Finding.resonant orbits

® Resonantorbit$ g-periodic orbitof P : V! V
P9(x) = x
® Alternative formulation:

P (X1) = X2; P (X2) = Xz;:::; P (Xq) = X1
#
P :val vd
(X1;:105Xg) 7V (P(X1) X251 P(Xq)  X1)
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| Alternative problem

Alternative formulation:

Pdx)=x, P (y)=0



| Alternative problem

Alternative formulation:

Pdx)=x, P (y)=0

Properties:
Po(0)=0
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Alternative formulation:

Pdx)=x, P (y)=0

Properties:
var v
(X15:115Xq) 71 (X25:115 X X1)
P =P

generates Z, ! P is Zg-equivariant
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Lyapunov-Schmidt reduction

® Notation:

» Assume doPy is semi-simple:

V9 =ker(doPo) |im(doPo)

)

doP, has full rank here

# Projections:
E V9!l im(doPp)
AR
(I E):VY9!l ker(dyPp)

y 7lv |
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Lyapunov-Schmidt reduction

® The problem splits up:

P(y)=0, EP (vw)=0&(l E)P (v;w)=0



Lyapunov-Schmidt reduction

® The problem splits up:

P(y)=0, EP (vw)=0&(l E)P (v;w)=0

# Implicit Function Theorem
If EPy(0;0) =0 and Z2EP (v;w) 6 0 then

w= w(v) st EP(v;w(v))=0

—
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Lyapunov-Schmidt reduction

® The problem splits up:
P(y)=0, EP (vw)=0& (I E)P (v;w)=0

# Implicit Function Theorem
If EPy(0) =0 and 2EP (v;w) 60 then

w=w(v) st EP(v;w(Vv)=0

® Problemreducedto: g (v)=(1 E)P (v;w(v))=0

—
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Lyapunov-Schmidt reduction

® dyPo has only two complex conjugate eigenvalues
;1 = e 2ip=a ) dim(ker(doPy)) = 2

ker(doPp) ' R?' C

® Needtostudyg (z)=0
With properties:

® (0)=0
® doQ =0

& Symmetry preserved !

g(lz)=1g9 (2)

—
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| Singularity theory

Consider g to be agerm, i.elook atg aroundO
Because of symmetries g of the form:

g (2)= K(u;v)z+ L(u;v)z% 1

u=1zz;: v=2z9+ 24

—
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| Singularity theory

Wanted: classi cation of possible forms of g
#
Equivalence relation needed

Most general transformation preserving zero's:
Z4 contact equivalence

h g, h(z)=S(2)9 (Z(2))
S(0) 1:(dpz) ! exist
Z('z)=1Z (z); S('z)! =15 (2)

—
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| Singularity theory

® Equivalence classes indicated by "simplest" element:
Normal form

g (2) = K(u;v)z+ L(u;v)z9 *

® The non-degenerate normal form for g =3
Conditions: K(0;0)=0; L(0;0)60
o Normal form: ho(z) = z°
o Universal unfolding: h (z)= z + z

—
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| Singularity theory

® Equivalence classes indicated by "simplest" element:
Normal form

g (2) = K(u;v)z+ L(u;v)z9 *

® The non-degenerate normal formforg 5
Conditions: K(0;0)=0; K,(0;0)60, L(0;0)60
o Normal form: ho(z) = jzj°z + z9 1
» Universal unfolding: h (z)=( + jzj?)z+ z9 1

—
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| Singularity theory

® Equivalence classes indicated by "simplest" element:
Normal form

g (2) = K(u;v)z+ L(u;v)z9 *

® Degenerate normal formforq 7.
Conditions: K (0;0) = K,(0;0)=0; Ky (0;0)60 L(0;0)60
» Normal form: ho(z) = jzj*z+ z9 1
» Universal unfolding: h. (2)=( + jzj°+ jzjY)z+ z9 1

—
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| Resonance tongue

® Tongue boundary where # of zero's of H changes

h =0; det(dh )=0

® q 5h@=( +jzdz+ 20!
= +i 12 ()3

This is a cusp, recovery of Arnold tongues

—
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| Resonance tongue

® Tongue boundary where # of zero's of H changes

h =0; det(dh )=0

® g 7,h, (2)=( + jzj?+jziYz+ 2% "
= +|, = + |

o Four dimensional parameter space
# Not standard geometric shape

—
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I Resonance tongué¢qg = 7)
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| Conclusion

Forced van der Pol-Duf ng oscillator:

Procedure:
X_=F (X;t)
Poincare map (Poincaré normal form theory/Averaging)

Complex Z4-equivariant germ (Lyapunov-Schmidt reduction)

Bifurcation diagrams (Z4-equivariant Singularity theory)

—
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| Conclusion

Procedure:
X=F (X;t)
Poincare map (Poincaré normal form theory/Averaging)

Complex Z4-equivariant germ (Lyapunov-Schmidt reduction)

Bifurcation diagrams (Z4-equivariant Singularity theory)

Questions:

Which conditions on F give which bifurcation diagram?

How do the resonance tongues look in the parameter
Space?

More degenerate situations?

The dynamics? |
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