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Last lecture we proved the Frankl-Wilson theorem and treated its application to construct counterexamples to
Borsuk’s conjecture by Kahn and Kalai. Now we will discuss the (also very nice) application that Frankl and
Wilson had in mind when they proved their “omitted interstions” theorem.

§2.4 The Hadwiger-Nelson problem

The following question was invented independently by Hugo Hadwiger in 1945, a professional mathematician, and
Edward Nelson who was a high school student when he invented the question in 1950. Trivia : Hadwiger, whose
name we’ve seen before, was one of the more influential combinatorialists/graph theorists until now. Among other
things, arguably one of the most important open problems in graph theory is “Hadwiger’s conjecture”. This states
that, for each k, if a graph G = (V,E) cannot be coloured with k−1 colours, then it has a Kk-minor. This means that
we can find k disjoint subsets V1, . . . ,Vk of the vertex set V such that the subgraph spanned on each Vi is connected
and there is an edge between some vertex in Vi and some vertex in Vj for each i, j. You can think of “shrinking”
each Vi to a point, and discarding excess edges and vertices to obtain a copy of Kk.

(a graph that cannot be coloured with 3 colours, and K4-minor. source : wikipedia)

Back to the Hadwiger-Nelson problem. The question that both these gentlemen, independently of each other, posed
is:

Hadwiger-Nelson problem: What is the least number of colours k such that you can assign a colour to
every point of the plane R2 and any two points at distance exactly one receive distinct colours?

This can be rephrased as “what is the chromatic number of the unit distance graph?”. (Here the unit distance graph
is the obvious thing : a graph with vertex set R2 and an edge between two vertices precisely when their euclidean
distance equals one.)
By dissecting the plane into same-size regular hexagons of (a carefully chosen size) and colouring these hexagons
periodically it can be seen that seven colours suffices
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(a colouring with 7 colours. source : Josef Cibulka)

Exercise. Work out the details of the above construction. I.e., explicitly give the/a sidelength of the
hexagons in the above construction and explain rigorously why the construction works with your chosen
sidelength.

Considering the corners of a unit equilateral triangle, it is obvious that at least three colours are needed. If we
assume that there exists a colouring with only three colours then if we combine two such triangles as in the
drawing below the points A and D must receive the same colour.

A

B C

D

If we now combine two such figures, where the second is rotated around A as in the picture below then A,D,D′

have the same colour as well.

D’
A

B C

D

C’

B’

As we rotate the second double triangle around A, the point D′ travels along the circle with centre A and radius
√

3.
We can thus choose an angle where the distance between D and D′ will be exactly one. But then the figure cannot
be coloured with only 3 colours anymore. This contradiction shows the number of colours is at least four.
The construction just described is due to the brothers Leo and William Moser in 1961. It is called the Moser
spindle. (For those whose English vocabulary does not include the word “spindle” : this is the object that the
sleeping beauty stings herself on before she falls into her very long sleep.)
In last year’s course we mentioned that since 1961 essentially no progress was made on this problem and in
particular we encouraged course particpants to try and think of lower bound constructions that might give a better
lower bound. It appears that just a few months ago a much more involved construction that needs at least five
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colours was found by Aubrey de Grey, who is not a professional mathematician. His construction has 1567 points
and so far the only way to show it cannot be coloured with 4 colours is via computer verification. De Grey’s
arguments are currently being scrutinized by the community.
Let us mention also that by a result of Erdős and De Bruijn (a Dutch mathematician, now deceased), if k is the
least number of colours needed to colour the unit distance graph, there must already be a finite configuration
that needs k colours. Another interesting fact, due to Woodall in 1973, is that if indeed five colours suffice then
any optimal colouring must be rather different from the one with the regular hexagons shown above. That is, if
f : R2 → {1, . . . ,k} is a good colouring and for each i the set f−1(i) consist of connected components, each of
which has a boundary that is homeomorphic to the circle, then k ≥ 6.

Of course one can ask the analog of the Hadwiger-Nelson question in any dimension. Abusing notation slightly,
the corresponding number of colours is commonly denoted χ(Rd). In three dimensions it is for instance known
that

6≤ χ(R3)≤ 15.

In the rest of this section we will consider what happens to χ(Rd) as d grows.

Exercise. Show that χ(Rd)≤
(√

d +2
)d

.

This (easy as you hopefully will find) bound can be improved as follows:

Theorem [Larman-Rogers 1972] χ(Rd)≤ (3+od(1))d .

(Here (3+od(1))d of course means a quantity that, for each ε > 0, is smaller than (3+ε)d for all sufficiently large
d, that is for d ≥ d0(ε).) To date, no better general upper bound is known.
As for lower bounds, considering the vertices of the regular (d +1)-simplex, obviously we have the lower bound
χ(Rd)≥ d +1. And, combining four (d +1)-simplices we can adapt the Moser spindle in a relatively straightfor-
ward way to d-dimensions, so that we can improve this to χ(Rd)≥ d +2.
Larman and Rogers conjectured that the exponential behaviour in their upper bound is roughly right, i.e. there
should also be an exponential lower bound. Aside : there is a very nice short book by C.A. Rogers “covering and
packing” about the problem of fitting as many non-overlapping balls into d-dimensional space as possible, and
the related problem of covering space with balls as economically as possible. This a nice read suitable for master
students, and highly recommended.

Conjecture [Larman-Rogers 1972] There is a γ > 1 such that χ(Rd)> γd , for all d.

A decade later, Frankl and Wilson proved this conjecture, using the theorem on omitted intersections we’ve covered
before.

Theorem. [Frankl-Wilson 1981] The Larman-Rogers conjecture is true.

Proof. The proof is reminiscent of last week’s disproof of the Borsuk conjecture. We again let p be a prime, and
set

F :=
(

[4p]
2p−1

)
.

For each A ∈F we define a vector xA ∈ R4p as follows:

xA :=
1√
2p
·1A.

Observe that for A 6= B ∈F :
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‖xA− xB‖2 = 1
2p (〈1A,1A〉+ 〈1B,1B〉−2〈1A,1B〉) = 1

2p (2(2p−1)−2|A∩B|) = 1
p (2p−1−|A∩B|)

=

{
1 if |A∩B|= p−1,
6= 1 otherwise.

We consider the subgraph G of the 4p-dimensional unit distance graph induced by the vertex set V = {xA : A∈F}.
Certainly χ(Rd) ≥ χ(G). Recall that a stable set, or independent set, is a subset of vertices that spans no edges,
that α(G) denotes the size of the largest stable set in G, and that

χ(G)≥ |V |
α(G)

. (1)

(To see this note that a proper colouring of G with k colours provides a partition V =V1] ·· ·]Vk into stable sets.
So |V |= |V1|+ · · ·+ |Vk| ≤ k ·maxi |Vi| ≤ k ·α(G).)
Now we remark that if xA1 , . . . ,xAm form a stable set in G, then {A1, . . . ,Am} is a family of sets of size 2p− 1 in
which intersection size p−1 does not occur. Hence by the FW omitted intersections theorem

m≤
(

4p
0

)
+ · · ·+

(
4p

p−1

)
.

In other words, α(G) is at most this number and hence, by (1), we have

χ(Rd)≥ χ(G)≥
( 4p

2p−1

)(4p
0

)
+ · · ·+

( 4p
p−1

) exercise
≥ γ

p = ( 4
√

γ)4p ,

for some constant γ > 1 the existence of which you will prove in the homework exercises. �

Exercise. Again, there is an omission in this proof. We have provided a construction that only exists in
dimensions of the form d = 4p with p prime. Complete the proof. (You may again use Bertrand’s postulate.)

By optimizing the computations, Frankl and Wilson were able to give an explicit lower bound of 1.2d .

§2.5 Two-distance sets

The proof of the FW omitted interstion theorem in the last lecture used the linear algebra method. Since it might
have gone a bit quick, we now treat a different application of this method.

A set X ⊆ Rd is a two-distance set if there exist a,b such that for all x 6= y ∈ X we have ‖x− y‖ ∈ {a,b}.
How large can such a set be?

Exercise. Give an example of a two-distance set in Rd of size
(d+1

2

)
.

(To be clear : you need to give an example/a construction that works in every dimension d.)

Theorem. [Larman-Rogers 1977] A two-distance set X ⊆ Rd satisfies

|X | ≤ 1
2
(
d2 +5d +4

)
.

Remark: by the exercise, the “leading term” 1
2 d2 is correct.

Proof. Let X = {p1, . . . , pn} ⊆ Rd be an {a,b}-distance set. Here we can of course assume that 0 < a < b. Let us
define fi : Rd → R by

fi(x) :=
(
‖x− pi‖2−a2) · (‖x− pi‖2−b2) .
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We observe that

fi(p j) =

{
0 if i 6= j
a2b2 6= 0 if i = j.

(2)

Similarly to earlier, we remark that the set of all functions from Rd to R form a vector space over the field R. The
functions f1, . . . , fn are linearly independent : if λ1 f1 + · · ·+λn fn equals the all-zero function, then

0 = λ1 f1(pi)+ · · ·+λn fn(pi) = λia2b2,

by (2). Hence λi = 0 (for each i).

[First try (suboptimal bound)]: We observe that each fi is a multinomial in the coordinates x1, . . . ,xd of x, of
degree ≤ 4. Hence

n = dim(span({ f1, . . . , fn}))≤
(

d +3
4

)
= Θ(d4).

(The term
(d+3

4

)
counts the number of monomials xi1

1 . . .xid
d with 0 ≤ i1 + · · ·+ id ≤ 4 – which is the same as

the number of sequences of d + 3 zeroes and ones that have exactly four ones. The notation F = Θ(G) means
c ·G≤ F ≤C ·G for positive constants c,C.) [end of first try]

We can do a bit better, as the statement of the theorem suggests. Note

‖x− pi‖2 = ∑
j
(x j− (pi) j)

2 = ∑
j

x2
j −2∑

j
x j(pi) j +∑

j
(pi)

2
j .

Then, writing X := ∑ j x2
j ,ci := ∑ j(pi)

2
j −a2,c′i := ∑ j(pi)

2
j −b2, we have

fi(x) =
(
X−2∑ j x j(pi) j + ci

)
·
(
X−2∑ j x j(pi) j + c′i

)
= X2−4X

(
∑ j x j(pi) j

)
+
(
∑ j 2(pi) jx j

)2
+(ci + c′i)

(
X−2∑ j(pi) jx j

)
+ cic′i

Therefore, fi is a linear combination of

X2, x1X , . . . ,xdX , xix j : i < j, x2
1, . . . ,x

2
d , x1, . . . ,xd , 1.

Thus,

n = dim(span({ f1, . . . , fn}))≤ 1+d +

(
d
2

)
+d +d +1 =

1
2
(
d2 +5d +4

)
�

The best upper bound to date is
(d+2

2

)
, due to Aart Blokhuis in his PhD thesis in 1983. Aart is currently a professor

at TU Eindhoven.

§3 Colouring (general) graphs

As Ross has already mentioned in his lectures, graph colouring originated with the four colour problem (“is the
chromatic number of every planar graph at most four”) that was posed by Francis Guthrie in 1852 and solved with
the aid of a computer by Appel and Haken in 1976. The Greek word χρω ′µα means colour, by the way.
The complete graph Kn obviously has chromatic number n. So in general the chromatic number can be as large
as you like. But can there be a less trivial reason for a graph to have large chromatic number than that it contains
some large complete subgraph? In particular:

How large can χ(G) be if G does not contain any triangle?

Answer : unboundedly large. That is, for every k there exists a ∆-free G with χ(G)≥ k. One way to construct such
graphs is the Mycielski construction. If G is a graph with vertex set V = {v1, . . . ,vn} then the Mycielskian M(G)
of G is the graph with vertex set V ∪{w1, . . . ,wn}∪{z} and the following edges

{the edges of the original G}∪{viw j : viv j is an edge of G }∪{wiz : i = 1, . . . ,n}.
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So every vertex vi of V has a copy wi that is joined to every neighbour of vi in V (but not to vi itself) and the vertex
z is joined to every wi but not to any vi.

M(M(G))M(G)G

(The Mycielskian of K2, which is the five cycle C5, and the Mycielskian of C5)

It is not very difficult to see that if G does not contain a triangle then neither does M(G) :

Suppose M(G) does contain a triangle. Since any two neighbours of z are not connected by an edge, z is not
part of the triangle. For the same reason, the triangle contains at most one out of w1, . . . ,wn. The triangle
also cannot be completely contained in v1, . . . ,vn since G does not contain a triangle. So the triangle contains
exactly one vertex out of w1, . . . ,wn and two vertices out of v1, . . . ,vn. Suppose the vertices of the triangle
are wi,v j,vk. By construction of M(G), any neighbour of wi in V is also a neighbour of vi. But then vi,v j,vk
is a triangle in G, contradiction!

To see the following fact is slightly more involved

Theorem [Mycielski 1955] χ(M(G)) = χ(G)+1.

Proof. That χ(M(G))≤ χ(G)+1 is easy to see (we leave it to the reader). It remains to show χ(M(G))> χ(G).
Aiming for a contradiction, suppose that there is a graph G with chromatic number χ(G) = k and a proper k-
colouring f : {v1, . . . ,vn,w1, . . . ,wn,z}→{1, . . . ,k} of M(G). We can assume without loss of generality (permuting
the colours if necessary) that f (z) = k.
Let us set

m = m( f ) := |{i : f (vi) 6= f (wi)}|,

and let us suppose that f is such that m is minimal among all k-colourings of M(G) that satisfy f (z) = k.

Claim. m = 0.

Proof of Claim. Suppose this is not the case. If there exists an i such that f (vi) 6= f (wi) and f (vi) 6= k then
we can define a new colouring g of M(G) by setting g(wi) = f (vi) and g(u) = f (u) for all u 6= wi. This is
a valid colouring since the neighbourhoods of wi,vi satisfy N(wi) ⊆ N(vi)∪{z}, so no colour clashes are
introduced. But now notice that m(g)< m( f ), contradicting the minimality of m.

It follows that there can be no such i. Let us then assume there is an i such that f (vi) 6= f (wi) and f (vi) = k.
For each j such that viv j is an edge, we must then have f (v j) 6= k. Hence, by the previous, we may assume
that for all such j, we have f (w j) = f (v j). In particular f (wi) 6= f (v j) = f (w j) for all these j (since wiv j is
an edge), and f (wi) 6= f (vi) = k. We see that we can define a new colouring g by setting g(vi) = f (wi) and
g(u) = f (u) for all u 6= vi. Since N(vi) = {v j,w j : viv j is an edge in G } and each such pair v j,w j has been
assigned the same colour, no conflicts are introduced, so that G is a proper colouring.

But then we again have a proper colouring of M(G) with m(g)< m( f ), contradiction. �

Now that we have established the claim, we note that the colour k does not occur among f (w1), . . . , f (wn). But
these are the same as f (v1), . . . , f (vn). This gives a proper colouring of G with k−1 colours, contradiction! �

Let us point out that (when G has at least one edge) M(G) will contain cycles of length five. Is it also possible to
make the chromatic number large while avoiding short cycles?
(Another way to say “G has no short cycles” is “G is locally tree-like”. If G has no cycles of length ≤ ` and we
scan all vertics within graph distance < `/2 of a given vertex then we cannot tell the difference with a tree.)
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We define

girth(G) := the length of the shortest cycle in G.

Theorem [Erdős 1959] For every k, ` there exists a graph G with χ(G)> k and girth(G)> `.

Next week we will see the proof. It is a beautiful application of the probabilistic method.
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