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1. Introduction

In [vG-T], an example of a (compatible system of A-adic) 3-dimensional Gg =
Gal(Q/Q)-representation(s) was constructed. This representation p is non-selfdual.
By definition, this means that the contragredient p* is not isomorphic to p(2). The
(2) here denotes a Tate twist; it is needed because the absolute values of eigenvalues
of the image of a Frobenius element at p under p have absolute value p. Hence for
p* one finds absolute values 1/p, so comparing p and p* is of interest only after
the Tate twist above, which results in a p(2) yielding absolute values 1/p as well.
We note here in passing that in concrete cases, it is normally rather easy to verify
that a given representation is non-selfdual. Namely, one may compare traces of p
and p*(—2). The latter trace is for representations such as ours just the complex
conjugate of the former. Hence if some trace of p is not real, then the representation
is non-selfdual. Moreover, if some trace divided by its complex conjugate is not a
root of unity, then p is non-selfdual in the stronger sense that even when multiplied
by a Dirichlet character, it still is not isomorphic to p*(—2). This is used explicitly
in5.11.

Our interest in such 3-dimensional Gg-representations was motivated by a
question of Clozel. The guestion was if one could explicitly construct such a
Galois representation and a modular form on GL(3) such that their local L-factors
are the same for all primes. In the GL(2)-case, a procedure for associating Galois
representations to cusp forms is well known. For GL(3) and non-selfdual Galois
representations however, such a relation remains completely conjectural. Our paper
[vG-T] may be regarded as some partial affirmative evidence for Clozel’s question;
an example is exhibited where the L-factors coincided at least for all odd primes
less then 71. The Galois representation constructed turned out to be irreducible,
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non-selfdual, and ramified only at the prime 2 ([vG-T, Sect. 3, Remark 2]). Two
more examples of Galois— and automorphic representations of this kind for which
several L-factors coincide are given in [GKTV].

While there exists an algorithm to compute the modular forms on GL(3) (see
[AGG])), there is no straightforward way to find three dimensional Galois rep-
resentations. Of course one can consider the Sym? of two dimensional Galois
representations, but such representations are selfdual (their image lies in the group
of similitudes of a quadratic form). As explained in [vG-T], one place to look for
non-sélfdual Galois representations is in the H? (etale cohomology) of a surface
S with dim H?° = 2 which has an automorphism ¢ of order 4, defined over
Q. In case the Néron-Severi group NS of S has an orthogonal complement W
of rank 6 which is Gg-stable and if o acts with three eigenvalues ¢ on W, then
the eigenspaces V;, V/ of o on W ® Q, are likely candidates for a non-selfdual
3-dimensional G¢-representation.

Hz(S@’Ql) = NSq, ® Wy,, WeQ =V VZI'

(The two eigenspaces of ¢ are now each isotropic for the intersection form on
H?2, so there is no obvious reason why the associated representations should be
selfdual.)

In [vG-T] we used a one parameter family of such surfaces (constructed by
Ash and Grayson) to find the example cited above. The two new examples also
arise in this family. The present paper is concerned with a different construction
of 3-dimensional Galois representations. As before, these are found in the H? of
.surfaces. The surfaces S under consideration will be degree 4 cyclic base changes
of elliptic surfaces £ with base P, By taking the orthogonal complement to a large
algebraic part in H? together with all cohomology coming from the intermediate
degree 2 base change, one obtains (see 2.4 below) a representation space for Gy.
This comes equipped with the action of the automorphism of order 4 defining
the cyclic base change. Taking an eigenspace of this action finally yields the
representation we wish to study.

Our main technical result is a formula for the traces of Frobenius elements on this
space in terms of the number of points on £ and S over a finite field (Theorem 3.5).
This formula allows us to compute the characteristic polynomial of Frobenius in
many cases. Using it we succeed in proving that certain examples obtained yield
selfdual representations, while others do not. For some of the selfdual cases we
can actually exhibit 2-dimensional Galois representations whose symmetric square
seems to coincide with the 3-dimensional Galois representation (see (5.5) and
(5.6)).

We also find many non-selfdual representations; some examples are given in
Section 5.11. Thus far, these have not been related to modular forms on GL(3) prob-
ably because the conductor of these Galois representations seems rather large.

It is a pleasure to thank Jean-Pierre Serre for showing interest in this work and
for suggesting a number of corrections to an earlier version of this paper. We also
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thank the referee for pointing out the very useful reference to the table of Persson to
us. The second author would like to express his gratitude to Lynne Walling, Jasbir
Chahal and Andy Pollington who made his stay in Colorado and Utah during the
summer of 1994 an inspiring and very enjoyable one. Most of the work on this
paper by the second author was done while he visited Brigham Young University in
Provo. All computer calculations were performed on the system of the Mathematics
Department of the University of Colorado in Boulder.

2. The construction

2.1. In this section, a general method for constructing representation spaces for
Galois groups is explained. This is done by first considering cyclic quotients of P!,
then base changing surfaces defined over the quotient, and finally taking pieces in
the cohomology of the base changed surface. We will now describe all these steps
of the construction in detail.

2.2. On P!, define the automorphism o by o(z) = (z + 1)/(—z + 1). One checks
that o2 is given by z +— —1/2. Moreover, the function u = (2% — 1)/z is o2-
invariant and transforms under o as 0*u = —4/u. Hence the quotient P!/(c) is

described as

Pt L Pl (0%) = P, 2 Pl/(0) = B,
inwhichj: z—u=(22-1)/zandh:ut = (u>—4)/uandhoj: 2zt =
(2* — 622 + 1)/2(2* — 1)). The quotient map is totally ramified over ¢t = 444 and
this is all the ramification.

To have this ramification over points r £+ si (with s # 0) use the additional
automorphism g, 5: t — 7 + st /4. The composition

Tr,s = Gr,s © hoj

now defines the cyclic degree 4 cover of P! that we will consider. It is totally
ramified above r + s: and unramified elsewhere.

2.3. Let & — P} denote a stable, minimal elliptic surface with base P'. By pull
back, two other elliptic surfaces are derived from £ as

So — Xog — &

Lo

gr,s0h
p! L pl 20 pl

Let X, S denote the (again stable) minimal models of X, S over ]P’}L, ]P’; respec-
tively. Explicitly, if £ corresponds to a Weierstrass equation

v2 + a1(t)zy + a3(t) = 22 + ax(t)2? + as(t)z + ag(t),






















































