
Indag. Mathem., N.S., 4 (2), 21 l-222 June 21, 1993 

Fermat’s ‘primitive solutions’ and some arithmetic of elliptic curves 

by Jaap Top* 

Erasmus University Rotterdam, Vakgroep Wiskunde, P.O. Box I738, 3000 DR Rotterdam, 

the Netherlands 

Communicated by Prof. R. Tijdeman at the meeting of September 21, 1992 

ABSTRACT 

In his work on Diophantine equations of the form 

y2=ax4+bx3+cx2+dx+e, 

Fermat introduced the notion of primitive solutions. In this expository note we intend to interpret 

this notion more geometrically, and explain what it means in terms of the arithmetic of elliptic 

curves. The specific equation y2 =x4 + 4x3 + 102 +20x+ 1 was used extensively by Fermat as an 

example. We illustrate the nowadays available theory and software for studying elliptic curves by 

completely describing the rational solutions to this equation. It turns out that the corresponding 

Mordell-Weil group is free of rank 2; we obtain generators of this group. 

1. INTRODUCTION 

One of the main motivations for writing this note has been my desire to draw 

the attention of more mathematicians to the survey paper [Na]. In that paper, 

which appeared in 1929, Nagell gives an account on the current state of affairs 

in the theory of Diophantine equations. As we can judge for ourselves, that 

time was for this particular area of mathematics hardly less exciting than our 

present time. Nagell essentially restricts himself to the arithmetic of curves. 

Some results on this dating from the twenties are Mordell’s finite basis theorem 

for the rational points on elliptic curves (not to mention Mordell’s conjecture) 

and Weil’s generalization of this. Concerning integral solutions and diophan- 

tine approximation there was Siegel’s and Skolem’s work, and slightly earlier 

*Present address: Vakgroep Wiskunde RUG, Postbus 800, 9700 AV Groningen 
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Thue’s. On p. 14 of [Na] one finds early rudiments of what later became Ogg’s 
conjecture and Mazur’s theorem concerning the torsion of elliptic curves over Q. 
We urge the reader to try looking for more such examples in [Na], and/or to com- 
pare the paper with modern survey papers in the same field like [Ma] or [P-Z]! 

The topic to be considered in our note originates in a remark Nagell makes 
on p. 11 of [Nal. He describes how one may find rational solutions to an 
equation Y/’ = at4 + b( 3 + cr2 + d[ + e by intersecting this quartic with suitable 
tonics q =fr2 + gr + h. Then he continues (we quote): 

‘I1 est tres remarquable que le pro&de geometrique ci-dessus a deja Pte 
don&, en langage algebrique, par Fermat, et plus tard par Euler, pourtant sans 
qu’il a pu montrer que cette methode r&out completement le probleme. II a 
m&me park de solutions primitives, qui sont independantes l’une de l’autre. 
Ainsi, il a donne six solutions primitives de l’equation 

y2=~4+4x3+10~2+20~+ 1. 

I1 serait trb interessant de reconnaitre si ces solutions font un systeme 
fondamental au sens de Mordell. 

To convince the reader that it would really be fairly astonishing if Fermat had 
found an example of six independent points in the sense of Mordell, we remark 
that to our knowledge the first explicit such examples appeared in the literature 
more than 300 years after Fermat studied this; they were found with the aid of 
a computer by Penney and Pomerance in 1973 (at this moment the record over 
Q seems to be 19 independent points; a student of Mestre found such an 
example in June 1992). Unfortunately, we will see below that Fermat’s 
primitive solutions do not contribute a great deal to the rank of elliptic curves. 
It turns out that a quartic equation as above can have at most 6 values of x cor- 
responding to primitive solutions, and when considered in a Mordell-Weil 
group on the curve obtained by choosing a zero, they generate something of 
rank at most 2. This bound is obtained in the specific example Fermat gave. 

It is a pleasure to thank Bas Edixhoven here. The existence of the current 
paper is to a large extent due to him: three years ago he presented me an original 
reprint of Nagell’s survey paper. Next, we wish to thank Peter Stevenhagen who 
made several comments which helped to clarify a number of points in an earlier 
version of this paper. We also thank Ian Connell for undertaking the enormous 
task of writing a package of subroutines for dealing with the arithmetic of ellip- 
tic curves. For information about the two versions of this (‘specs’, which is 
written in MAPLE, and ‘upecs’, written in UBASIC), the reader should inquire 
to connell@gauss.math.mcgill.ca. 

2. PRIMITIVE SOLUTIONS 

In this section Fermat’s method of obtaining solutions to quartic equations 
is recalled. We interpret his notion of primitive solution geometrically. This is 
not new; compare [We, p. 1071. 

Most of what is known about Fermat’s constructions of solutions to so called 
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double equations, triple equations and the quartic equations to be considered 

here can be found in Doctrinae Analyticae Inventurn Novum, which was writ- 

ten by the Jesuit father Jacques de Billy based on letters Fermat wrote to him. 

The French translation Traduction de I’lnventum Novum is to be found in 

Volume 3 of [Fe]. Unfortunately, almost all of the original letters got lost. In 

the Troisieme Partie, Section 11 of this Inventum Novum the notion of 

primitive solutions is introduced; we recall it here. 

One starts with an equation 

Ax4+Bx3+Cx2+Dx+E=y2 

in which A , . . . , E are rational numbers such that the polynomial on the left hand 

side is of degree 4 and has no multiple zeroes. Moreover, it is assumed that A 
and E are squares. One asks for a solution in rational numbers (x, y) of this 

equation; by the assumptions there are such solutions with x=0 but these were 

ignored by Fermat. One can try to obtain a solution by substituting for y a 

cleverly chosen quadratic polynomial 

This provides a solution if one can find a rational root of 

Ax4 + Bx3 + Cx2 + Dx + E-~(x)~ = 0; 

in particular such a root exists of the form x=,~u/A whenever this equation is 

of the form 

IX ;+‘_pxL(). 

Of course, iff(x) is a polynomial for which this works then also -f(x) is one, 

and these two lead to the same value for x. Identifying such pairs f, -fit turns 

out that there are in general exactly 6 possibilities left for f(x), one for each of 

the cases i = 0,3 and two for the cases i = 1,2. The solutions obtained in this way 

are called the primitive solutions. 

Fermat distinguishes two kinds of solutions; apart from the ones discussed 

above he introduces the derived ones. Given a solution (x, y)=(a,b) (say, a 

primitive one), derived solutions are obtained from this as follows. Replace the 

original equation by the new one 

The given solution now becomes a solution we ignore (x = 0). The equation is 

still of the kind under consideration (with constant and x4-coefficient a 

square), hence using the method above one finds (derived) solutions. 

It is noteworthy that a century after Fermat, Euler displays on several oc- 

casions (e.g., [Eu, Ser. Prima, Band 1, pp. 396-4061, [Eu, Ser. Prima, Band 3, 

p. 1581 and [Eu, Ser. Prima, Band 3, p. 2871) formulas one easily derives for 

the primitive solutions. Sometimes, as in the second reference mentioned 

above, he lists only four of them, but one can check that the first two of these 

solutions change when one changes the choice of a square root of one of A, E 
while the other two remain invariant. 

Geometrically, the construction of rational points on the curve defined by the 
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quartic equation boils down to the following. The equation y* =Ax4 + ... only 

defines a smooth affine plane curve. There exists a well-known construction for 

completing this curve in such a way that it remains smooth [Mu, pp. 3.12-3.131, 

[Sil, Ext. 112.141. One introduces a second chart given by 

q2=Er4+D[3+C<2+B<+A 

and glues the (x, y)-chart to the (& V) one by identifying 

1 
r=; and q=x. 

X2 

Denote by C the smooth, projective curve obtained in this way. Note that by 

assumption the curve C has genus 1 and we are given 4 rational points on it: 

two points P+, P_ corresponding to < = 0 and two points Q+, QP corresponding 

to x=0. On C, we consider functions 9 given by p=y-f(x)=y-ax*-px-y= 

(q - a -/3[ - yc*)/<*. The divisor of such a function is 

(9) = ( c @J-(A))) - 2p+ - 2p-. 

The sum is taken over the roots of Ax4 + a.. + E-f(x)* = 0, counted with 

multiplicities. In case this equation is of degree strictly less than 4, the sum ob- 

tains an additional term corresponding to (< = 0, q = a) which must be one of 

the points P+, P_. 

As explained above, in the construction of primitive solutions the quadratic 

polynomial f(x) is chosen in such a way that Ax4 + +.. + E -f(x)’ =pxi+ ’ - Ax’. 

Up to changing all subscripts from ‘ +’ to ‘ -’ and vice versa, this leaves one 

with the following 6 possibilities for (9): 

l (i=3) P+3Q+-2P+-2P_; 

l (i=2) P+2Q+-2P+-P_; 

l (i=2) P+2Q,-P+-2P_; 

l (i=l) P+Q+-2P+; 

l (i=l) P+Q+-2Pp; 

0 (i=O) P+P+-2P_. 

Here P denotes the newly constructed point. The familiar group law on a curve 

of genus 1 is obtained by choosing a zero point 0 and then identifying points 

P with the element P- 0 in the group of divisors modulo divisors of functions 

[Sil, p. 661. In particular, in our situation choosing e.g. 0 = Q,, the six points 

P given above can be expressed as linear combinations of P+ and P- in the 

group thus obtained. 

In the above, a sign is chosen: one may take instead of 9-y-f(x) the 

function 9’= -y-f(x). This new function is the image of the old one under the 

involution on C which interchanges the points (x, y) and (x, -y). In terms of the 

group law (noting that the divisor of the function x is Q, + Q_ -P+ -P-), this 

is the map P ,+ Q_ -P = P, + P_ -P. Hence regardless of the choice made, the 

new points can be expressed in the group law as a combination of P+ and P_. 

We conclude in particular that of the points constructed, at most two can be 

independent with respect to the group structure. 
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For completeness we say a word about the derived solutions. Suppose that 

R, = (~=a, y= kb) have been constructed. The derived solutions are then ob- 

tained by replacing Q, by R, in the expressions obtained for the new points. 

Since the function (x- a)/x has divisor R, + R- - Q+ -Q_, all of these can 

again be expressed in the chosen group law as combinations of P+ and P-. In 

fact, it is readily verified that by repeating this process and taking into account 

the involution, one obtains precisely the full subgroup generated by P+ and P- 
in this way. 

3. FERMAT’S EXAMPLE 

The example used in the Inventum Novum to illustrate the construction of 

primitive and derived solutions is given by 

y2=x4+4x3+ 10x2+20x+ 1. 

We have called this ‘Fermat’s example’; note however that it is quite possible 

that De Billy made up this equation on his own! In any case, in the Inventum 

Novum, Troisitme Partie, Sections 4-9 one finds the six primitive solutions 

x= -23/4, 113/253, -4, 1, 1113, -3. 

In Sections 12-23 an impressive list of derived solutions is given. Our aim here 

will be to show that in this particular example Fermat’s method indeed provides 

us with the complete set of solutions. More precisely, 

PROPOSITION 3.1. Let C be the smooth, complete curve over Q of genus 1 
given by the affine model 

9=x4+4x3+ 10X2+20x+ 1. 

By taking the point Q, := (x= 0, y= 1) as zero, (C, Q,) becomes an elliptic 
curve over Q. Its group of rational points C(Q) is free of rank 2, generated by 
the two points P,, P_ at infinity. 

We hope that the proof of this statement will illustrate on the one hand the 

power and the limitations of available software concerning the arithmetic of 

elliptic curves; on the other hand some more theoretical aspects of this subject. 

The remainder of this paper will consist of a proof of the proposition above. 

In dealing with elliptic curves it is convenient to have such a curve in a 

Weierstrass form. This can always be achieved; cf. [Sil, pp. 63-641. The par- 

ticular case y’=quartic is, among some other examples, treated in [Ca, $81 

and also in [Co]. Moreover, it has been implemented in the software package 

‘specs’. It turns out that the birational transformation 

c=$x2+I;2+Y+l, 1 y+1+15x+5x2+5xy+y3 
rr=2 

Y3 

puts our curve into the minimal Weierstrass form 

E:~/~=<~+<~+3(+4. 
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Under the transformation, the point Q+ is mapped to the point at infinity and 
the two points at infinity P+ are sent to ([ = 1, v = 3) and ([ = 0, rl= -2) respec- 
tively. Note also that the point (x=O,y= -1) corresponds to (<= 23, q = 113). 
Our problem has been reduced to showing that the Mordell-Weil group E(Q) 
is free of rank 2 and generated by the points P = (0, -2) and Q = (1,3). 

3.2. The rank 

Either by hand or using the specs program one readily verifies that E/Q has 
bad reduction only at the primes 2 and 331, of type IV and I, respectively. 
Moreover, E/Q has conductor 22. 331= 1324. 

Concerning torsion in E(Q), using well-known reduction techniques as ex- 
plained in [Sil, VII, § 31 (also implemented in specs) one obtains that apart from 
the zero element there are no points of finite order. Using similar methods it 
follows that indeed P and Q are independent: if there were a relation nP+ mQ= 

0, then because E(Q) is torsion free we may assume that gcd(m, n) = 1. 
Reducing modulo some small primes then leads to a contradiction unless m = 

n = 0. Alternatively, one can numerically compute a height matrix, as is im- 
plemented in specs. In our situation one obtains a matrix with non-zero deter- 
minant, hence ([Sil, VIII, $91) the points P and Q are independent. 

What remains is to verify that no third independent point exists, and finally, 
that P and Q do not generate a subgroup of (finite) index >l in the full group 
E(Q). As yet, available computer programs are not of too much help concern- 
ing the second question (although one definitely needs a machine once the 
problem has been reduced to a finite amount of work!). As for the rank; in a 
lot of examples the specs program yields an explicit unconditional upperbound. 
For our specific example, the program computes under the assumption that the 
L-function of E satisfies a functional equation (compare [Sil, App. C, Q 16]), 
that this function L(s) has a zero at s= 1 of even order ~2, and very likely, of 
exact order 2. Hence under the additional assumption of the Birch & Swinner- 
ton-Dyer conjecture for our curve, one obtains that the rank is indeed 2. Alter- 
natively this upper bound 2 can be obtained under still stronger assumptions, 
using results from [Me]. Also this latter method has been implemented in specs. 

Although the above discussion will morally convince most readers that in our 
example the rank equals 2, this still requires a proof. We will provide one 
following the classical method. Let K (>Q) be a field and denote AK:=K[x]/ 
(x3 +x2 + 3x + 4). The Galois cohomology of the sequence 

2 
0 - E(Z?)[2] - E(K) - E(K) - 0 

gives rise to an injective homomorphism 

E(K)/2E(K) - H’(K,E(R)[2]). 

In more elementary terms (compare [B-K] or [Sil, Ext. X 10.9]), there exists 
a map H’(K,E@)[2]) -A~/A~2 such that the composition 

E(K)/2E(K) - A;/Ag2 
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is injective and is given explicitly by 

P = (cz, p) H (a -x)A;*. 

Note that the norm map Ai --t K* sends o-x to a3 + a2 + 3a + 4. In particular, 

the image of E(K) is in the kernel of the norm Ai/Ag* -+ K*/K**. 

Since E(Q) contains no point of order 2, the rank of this group equals the 

dimension of the F,-vector space E(Q)/2E(Q). The usual method of finding an 

upperbound for the rank consists of finding restrictions on the image of this 

vector space in AG/AG’. This is done by using the remark that if an element 

is in the image, then for every completion Q, of Q this element regarded in the 

group A&,/A,,) ** is a-fortiori in the image of E(Q,). This is a consequence of 

the fact that the diagram 

E(Q) - A;/A;2 

E(Q,) ___* A&/A;; 

is commutative. A clear account of this method in which in particular the cases 

Q, for a prime p of good or multiplicative reduction are treated, can be found 

in [B-K]. 

To illustrate how this works we give a simple example. Note that for a prime 

p, the ring AQ, is either a product Q, x Q, x Qp, or a product Q, x L in which 

L is a field extension of Q, of degree 2, or AQ, is a field extension of degree 

3 of Q,. In particular it makes sense to say that an element of AQ/A$ is 

generated by units: this just means that a representative can be found whose 

components in each of these fields have valuation 0. Let us show that for p> 3, 

the image of E(Q,) in A&/A;,’ consists of elements which are generated by 

units. Indeed, consider one of the components of an element in A&/A$. 

Either this component is trivial, or its ‘square root’ generates a quadratic exten- 

sion of the field involved. To say that this component is generated by a unit 

is (recall p#2) the same as this quadratic extension being unramified. Write 

QE” for the maximal unramified extension of Q,. The observation just made 

shows that our claim is equivalent to the assertion that the image of E(Q,) in 

A&/A;: maps to the trivial element of AG;/AG$. In virtue of the com- 

mutative diagram 

E(Q,VWQ,) - A&/A;f 

E(QFVWQF) - A* Qyn P 
/A$ 

this means we only have to show that the group E(Qy)/2E(Qy) is trivial. 
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Consider the reduction homomorphism E(Qy) -E(F,). The image of 

reduction consists precisely of the non-singular points E,,(F,) in E(&). In- 

deed, the non-singular points are in the image by Hensel’s lemma. The only case 

where one has a singular point occurs for p = 331; then (r = 60, q = 0) E E(F3s1) 

is singular. One easily verifies that this point can not be lifted to a point in 

E(QF). The kernel of reduction is denoted E,(Qp). It is the group associated 

to a formal group over the integers of QF ([Sil, VII, 2.21. Hence by [Sil, IV, 

2.31 multiplication by 2 defines an isomorphism on it. Hence from the kernel- 

cokernel sequence of the diagram (in which the vertical arrows denote 

multiplication by 2) 

0 - E,(Q;) - E(Q;) - En,(F,) - 0 

0 - E,(Qy) - E(Q;j”) - MF,) - 0 

it follows that E(QF)/2E(Qy) = E,,(F,)/2E,,(F,) G (0) which is what we 

wanted to prove. 

In fact, the same assertion holds for the completion at 2: 

LEMMA 3.2.1. For every prime p, the image of E(Q,) in &*P/A6f is 
generated by units. 

PROOF. We already proved this for all p>2. As usual, write E,-,(Q2) for the 

group of Qz-rational points whose reduction in E(F,) is non-singular. Since 

the reduction at 2 is of type IV, the group E(Q2)/Eo(Q2) is either trivial all 

cyclic of order 3; in fact using Tate’s algorithm [MF IV, pp. 46-521 one shows 

that it is cyclic of order 3. In any case, it follows that E(Q2)/2E(Q2)= 

EdQWEdQd. 
Analogous to what was done above, there is a commutative diagram with 

exact rows [Sil, VII, 2.11 

0 - E,(Q,) - Eo(Qz) - En,(Fz) - 0 

0 - E,(Qd - EdQ,) - EdF,) - 0 

Note that there is a unique 2-torsion point in E(Q2); it has coordinates 

q = 0 and (‘4 mod 32. In particular it does not reduce to the singular point 

(< = 1, q = 1) E E(F2). Using the fact that E,,(F,) E F2 one concludes from the 

diagram above that this point of order 2 together with the image of E,(Q2), 
generate Eo(Q2)/2Eo(Q2). Hence what remains to be shown is that both 

E,(Q,) and this point of order 2 are mapped to elements of A&/A:: which 

are represented by units. 

218 



We first consider the point of order 2. Let a denote the zero of x3 +x2+ 
3x+4 in QZ. We have 

x3+x2+3x+4=(x-a) 
( 

x2+(1 +a)x-- 
> 

. 
a 

With p a zero of the quadratic factor (in some extension of Q2), it follows that 
Ao,=Q2x Q2(P). Note that /I is a unit and a is not. The image of the 
2-torsion point (< = a, q = 0) in Q2(/?)*/Q2(fi)*2 is generated by a-p which is 
a unit. From the norm condition mentioned earlier it then follows that also the 
other component of the image of (a, 0) is represented by a unit. Alternatively, 
one can compute that the image of (a,O) in Q2/QT2 is generated by 
2a2 + a - 4/a which clearly is a unit. 

Next, E1(Q2) must be considered. This can be identified with the maximal 
ideal 22, in Z,, by sending a non-zero element z E 2Z2 to the point P(z) = 
((=x(z), q =y(z)) in which x and y are given as certain Laurent series with 
coefficients in Z ([Sil, p. 1131). In our case 

x(z)=l-l13&.... 
z2 

The image in Q2(P>*/Q2(/?)*2 of such a point is represented by 

&x(z)-p)= 1 -(P+ 1)??-3z4-~*~. 

Hence one concludes that this component is represented by a unit; similarly this 
is the case for the other component. This proves the lemma. 0 

Write K:=Ao; this is a cubic field extension of Q. The lemma above implies 
that E(Q)/2E(Q) injects into the subgroup of elements of K*/K*2 which are 
represented by units in all possible (non-archimedian) completions of K. 
Moreover, we know that the image consists of elements whose norm in 
Q*/Q*2 is trivial. The group of all elements satisfying these two conditions we 
denote by G: 

G:= {xEK*/K*~; u9(x) mod 2~0 VPCK prime & 

NK,o(x)= 1 EQ*/Q*~}. 

We use the notations C for the class group of K and U for the group of units 
in the ring of integers of K. 

LEMMA 3.2.2. 

dimr,G = dim,,C[2] + dim,,{u E U/U2;N(u) = l} = dim,,C[2] + 1. 

PROOF. This is a rather standard exercise in elementary algebraic number 
theory. We indicate a proof. 

Let XE G be represented by y E K *. The definition of G implies that in the 
group of fractional ideals of K the ideal generated by y is a square: (y)=12. 
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Sending x to the class of Z (which is in the 2-torsion subgroup C[2] of C) yields 

a well-defined homomorphism G -+ C[2]. One readily checks that it is surjective, 

and the kernel consists precisely of the elements of G which can be represented 

by units. Hence this kernel can be identified with {u E U/U2; N(u) = 1). 

This proves the first equality in our lemma. To verify the second, note that 

U= Z x { f 1 }, since K has one real and one complex place and it does not con- 

tain roots of unity except -t 1. Hence dimr, U/U2 = 2. Now the norm map is a 

surjective homomorphism to { -+l} (because the norm of -1 equals -l), hence 

the kernel of the norm has dimension 2 - 1 = 1. 0 

So far we have seen that 

2 5 rkE(Q) = dim,,E(Q)/2E(Q) 5 dimr, G = 1 + dimr, C[2]. 

It remains to compute the dimension of C[2]. Note that our sequence of 

inequalities already implies that the class number of K is divisible by 2. Also, 

it may be noted that the general inequality for the rank which is derived in 

[B-K, p. 7341 gives in our situation the weaker result rkE(Q)<2 + dim,,C[2]. 

The difference is due to the fact that in [B-K] the restrictions on the image in 

A$/,4G2 coming from completions at primes of additive reduction are not 

taken into account. To finish our rank computation, some more algebraic 

number theory concerning the field K is necessary. Recall that K = Q(a) where 

a is a root of x3 +x2 + 3x + 4 = 0 in some extension of Q. 

LEMMA 3.2.3. The ring of integers of K is Z[a]. The class number of K 
equals 2. 

PROOF. Indeed, the discriminant of the order Z[a] equals 

tr(1) tr(a) tr(a2) 3 -1 -5 

tr(a) tr(a2) tr(cX3) = -1 -5 -4 = -331. 

tr(a2) tr(a3) tr(a4) -5 -4 23 

This number is square free, hence Z[a] is maximal which proves the first 

assertion. 

Using the Minkowski bound it is known that the class group is represented 

by ideals of norm ~(3!/3~)(4/7r)‘m<5.2. There are precisely 4 such non- 

trivial ideals, namely 

l the ideal z2 of norm 2, generated by 2 and a; 
l the ideal 1;; 

l the ideal l4 of norm 4, generated by 2 and a2 + a + 1, and 

l the ideal l3 of norm 3, generated by 3 and a+ 2. 
Since (a) = 122 and (2) = l2 z4, one obtains in the class group the relations (written 

additively) 21, = 0 and l4 = -12 = 12. Hence the class group is represented by 

{(l), z2, z3}. We knew already that the class number has to be even, hence it 

equals 2. q 
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Putting everything together this finishes the proof of the fact that the rank 

of E(Q) equals 2. To be a little bit more precise, we have shown that the 2- 

Selmer group SC2)(E/Q) as defined, e.g., in [Sil, X, 0 41 has dimension 2 over F2, 

and the group Sha(E/Q)[2] of elements of order at most 2 in the Shafarevich- 

Tate group of E/Q is trivial. 

3.3. GENERATORS 

As above, we consider the elliptic curve E/Q given by the equation y2 = 

x3+x2+3x+4. We have seen that the group E(Q) is free of rank 2. The re- 

mainder of this note consists of showing that the two independent points 

P = (0, -2) and Q = (1,3) generate this group. Put R = P - Q = (- l,l); as always 

0 denotes the point at infinity which is the zero in E(Q). 

One easily checks that the 4 points { 0, P, Q, R} represent E(Q)/2E(Q). In- 

deed, if this were not the case, then one of them could be written as twice a 

rational point on E. This is impossible, as one verifies either by using techniques 

as explained in the previous section, or by reduction modulo some small primes, 

or using heights. 

Denote by 6 the N&on-Tate height [Sil, VIII, $91 on E(Q). There exists a 

simply proven description of a set of generators of E(Q) in terms of the Neron- 

Tate heights of a set of representatives of E(Q)/2E(Q) [Si2, Prop. 7.21. In our 

case, the set of points GEE with 

&Y)I max{h^(O), h(P), h(Q), 6(R)} I 0.45321 

generate the Mordell-Weil group. To compute this set of points, one compares 

this height h^ with the naive height defined by h(0) = 0 and 

h(X)=max{log lal,log 1613 

were r(X) = a/b and a, b E Z with gcd(a, b) = 1. From [Si2, Thm. 1. l] it follows 

that 
h(X)I2&X)+5.00741 

for all points XEE(Q). 

Hence one deduces that a set of generators can be found among the points 

X with h(X)15.914. Using that the <-coordinate of any point different from 

0 can be written as <=a/b2 for integers a, b, it turns out that we need only 

consider la 1s 370 and 0 <b < 19. All points which are found in this search turn 

out to be linear combinations of P and Q; the specs program (in fact we used 

its counterpart upecs for this) is of great help here. 

This finishes the proof of Proposition 3.1. 
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