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Möbius

August Ferdinand Möbius (1790–1868)
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John Fauvel, Robin Wilson, Raymond Flood (eds.), 1993.
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comparison.

• Leipzig: tenure in 1816; full professor in 1844 (age: > 50)

• August Ferdinand Möbius ↔ Johannes Arnoldus van Maanen

• didactically well-written papers
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• ↔

• sharp contrast(!!): many/no female students



möbius strip/band/ring

möbius transformation

möbius function

möbius inversion

new: möbius string
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strip

to strip ↔ strip/band ↔ strip/cartoon
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Don Lawrence & Martin Lodewijk: De Wentelwereld
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string
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7 string models,

produced in 1899 by the company Martin Schilling (Leipzig),

extending earlier collections of models of company Ludwig Brill

(Darmstadt).
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juli 1890
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designer of the Möbius strings:

Hermann Wiener (Darmstadt, 1857–1939)
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earlier design, on two plaster balls:

Alexander Wilhelm von Brill (1842–1935)

(brother of Ludwig)
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Brill models, Serie XVII 2a & 2b (1886)
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Problem:

real constants a, b, c

function x 7→ y =
√

x3 + ax2 + bx + c

what possible graphs?
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ways to visualize these graphs:

include graph of x 7→ y = −
√

x3 + ax2 + bx + c as well,

so consider points (x, y) satisfying

y2 = x3 + ax2 + bx + c.

Any such point (x, y) determines a line ` in R3,

namely the line through (0,0,0) and (x, y,1).
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union of these lines `:

a cone through (0,0,0), with equation y2z = x3 + ax2z + bxz2 +
cz3.

Example:
√

x3 + 2x2 − 2x yields the cone
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√
x3 + 2x2 + 2x
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√
x3 − 2x2
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√
x3 − 2x2 +

5

4
x
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√
x3 + 2x2 +

4

3
x
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√
x3 + 2x2

22



√
x3
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Theory starts with Sir Isaac Newton (1643–1727)

Appendix Enumeratio Linearum Tertii Ordinis to

book Opticks (1704)
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Newton: 5 types according to roots of

p(x) := x3 + ax2 + bx + c = 0 :

• one triple root. Graphs of ±
√

p(x):

parabola cuspidata
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• one double root and one simple, larger root. Graphs:

parabola punctata
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• one double root and one simple, smaller root. Graphs:

parabola nodata
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• only one real root, which is simple. Graphs:

parabola pura
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• three distinct roots. Graphs:

parabola campaniformis cum ovali
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Möbius: Ueber die Grundformen der Linien der dritten Ordnung

(82 pages, published in 1852).

Def. A flex point of
√

p(x) is a point of the graph where the

tangent line meets with multiplicity ≥ 3.

Thm.
√

x3 + ax2 + bx + c has:

• no flex point for the parabola cuspidata and nodata;

• precisely one flex point for the three other cases.

.
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Idea for a modern proof: the third derivative of the function is

positive on the domain.



Thm.

• for the parabola punctata and campaniformis cum ovali, the

slope of the tangent line at the flex point is positive.

• There exist three different types of the parabola pura, de-

pending on the slope of the tangent line at the flex being

negative, zero, or positive.

Hence [Möbius]: there are in total 7 different types of graphs!
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Intersecting the cone given by

y2z = x3 + ax2z + bxz2 + cz3

with a ball centered at the origin, one obtains the following 7

pictures for these Möbius types.
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Gattung 1 (pura–a) Gattung 2 (punctata)
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Gattung 3 (campanif. cum ovali) Gattung 4 (pura–c)
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Gattung 5 (pura–b) Gattung 6 (nodata)
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Gattung 7 (cuspidata)
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Gattung 7 (the Groningen IWI cuspidata)
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Gattung 3 (the Groningen IWI campaniformis cum ovali)
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