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Curves over Finite Fields
Jean-Pierre Serre

let C be a complete non sin
finite field Fq Let N(C)
of C. By a well-known theorem

sular curve of Renus g  over g
be the number of rational points

of weil, we have

\N(C) - (q+1)] < 2gV_

For a given pair (q,=), let Nq(g) = Sup N(C). Weil's inequa-
C
_11ty implies :
N (g) é g + 1 + Zgr .
I shall dlscuss several Iimprovements of this bound Namely
(a) Nq(g) < g+ 1+ g[zva_] .
(b) (Asymptotic result - due to Drlnfeld-Vlﬁguf) :
for fixed q (and g - =) 1lim,sup, Nq(g)/g < Vg - 1,
with equality when q 1is a square (Ihara-Zink),
(c) Explicit computation of N () when g = 1 op 2.
(d) Numerical results
AN 2 3y 91113 16 13 19, {52
1 5 |7 |y 16 118 | 21 25[36&13 3¢
- [ i_‘_ SR T “—T——'[

Z ..6._ 8 ) 1Oj 20 124 26 33 32" 9 .42 L
of 307 [10]14] 16 28 128 132 |33 40 4 | %
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UUpper bound for the number of points of a curve of genus g
over the field F?

Thie upper bound is the one obtained by the " explicit formula ©

using Qesterlé's trigonometrical polynomial.

g: 1 2 3 4 5 6 7 8 9 10 11 42 13 a4 45 46
Ng 5 6 7 & 9 10 11 41 12 13 14 45 415 46 17 18

g:17 18 49 20 21 22 23 24 25 924 27 28 29 30 31 37
Ng18 19 20 24 24 22 23 23 24 25 25 26 27 27 28 29

g:33 34 35 36 37 38 39 40 41 42 43 44 45 45 47 48
N<£29 30 34 31 32 33 33 134 35 35 36 37 37 38 138 3¢

g:49 50 51 52 53 54 55 56 57 58 59 60 61 62 83 64
N<€4O 40 44 42 42 43 43 44 45 45 46 47 47 48 48 49

&:65 66 67 68 69 70 71 72 73 74 45 76 17 78 79 s
P$50 50 51 51 52 53 53 s4 54 55 s 56 57 57 58 59

g: 81 82 83 84 85 86 &7 88 8¢ 90 %1 92 93 94 95 gg
N<¢39 60 60 61 62 62 63 63 64 &5 65 66 66 67 /8 68

g: 97 98 99 100 101 102 103 104 105 106 107 108 10% 410 111 1142
N£69 69 70 70 711 72 12 73 73 74 75 75 76 76 77 77

g: 113 114 415 446 147 148 119 120
N&T8 79 79 80 80 81 &2 82



M«XLM«}.’. hu’meé«, :1E faomt) o_ﬁ «  tunve °1f 8:_»».! g_
oven Hu feta £
3 Max .u{en Moax. nfen 4 Max. nber
o 3 40 12 o¢ 13 20 19,20 n 2t
1 S5 41 13 n 14 11 21
2 £ 12 14 121§
3 ¥ 13 44 s2 1S 39 33
k § 14 AT w46
& 3 AT 17 5o 40
T € 10 1% 16,17 n 12
1 _ 40 17 17 132
H 4 ' 1¢ 19 w18
b) 12 14 20
Bounda —?\r\- N = Max. Me

N ¢ 0.834 +5.18
+§.97
+ 9.5¢2

v < 0.7¢6¢€ q

N e 0.62?23_




TABLE

of curves of low genus over ‘22 having many points

Each curve C  is obtained as an abelian covering C = Co of a

curve Co of lower genus, occuring earlier in the table (or of

genus O0).
The table gives :

the genus g of C;

the number N of rational points of C (I underline N if it is
maximal for the corresponding genus); - '

the genus 8o of Co;

the conductor m of C = Cs (I write m as ar, +a'P} + bP, +.
where P, , P}, P, +.. are distinct closed points of C, of degrees
1,1,2,...);

the Galois group G of the covering C =~ C, (@& cyclic group of
order m is denoted by (m)); '

the number n of rational points of Co which split completely ir

the number r of rational points of Co which are totally ramifie
in C.

For all the cases considered in the table, we have N = r + |G|n.

g N 8o m G n r
1 5 0 4F, (2) 2 4
2 6 o) 2P, (2) 3 0
3 z 0 Pq (7) 1 o
4 8 4 2P, + 4P} (2) 3 2
5.9 o 4p, (2)%(4) 1 1
6 10 1 2P (2) 5 o)
7 40 4 2P, (2) 5 0
8 a1 2 2P, + 2P, (2) 5 1
9y 12 2 2P (2) 6 0



10
14
12
13
14
15
16
17
18
19
20
214
39
30

Table (continued)

&0 m G n r
2 2P7 (2) 6 0
3 12P1 (2) 6 1
0 P3+P§ (7) 2 0
3 2P3+2P5 (2) 7 0
0 P, (3)x(5) 1 0
1 10P1 (2)x(2) 4. 1
4 2P9 (2) 8 6]
0 5F, (2)x(8) 4 1
5 ZPQ (2) 9 0
1 2P6 (2)x(2) 5 0
2 0 (19) 1 0
0 By + By (3)x(7) 4 0
1 12P1 (2)x(2)x(2) 4 1
1 2P7 (2)x(2)x(2) 5 0

Harvard, November 1985
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