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EXPLICIT ELLIPTIC K3 SURFACES WITH RANK 15

JAAP TOP AND FRANK DE ZEEUW

ABSTRACT. This note presents a relatively straightfor-
ward proof of the fact that, under certain congruence con-
ditions on a,b,c € Q, the group of rational points over Q(t)
on the elliptic curve given by

y? =2 + 3% 4+ at + b)2(t + c)x + t5(t2 + at + b)3

is trivial. This is used to show that a related elliptic curve
yields a free abelian group of rank 15 as its group of Q(t)-
rational points.

1. Introduction. The theory of elliptic curves defined over the
function field k(C') of a curve C/k is quite rich. To a large extent, this is
due to the observation that any such elliptic curve E/k(C) corresponds
to a minimal k-morphism 7 : £ — (' in which £ is a smooth surface
over k, and the generic fiber of 7 is isomorphic to . Rational points
on F correspond to sections of 7, and the geometry of £ gives a better
understanding of the Mordell-Weil group E(k(C)). An exposition of
this theory is given in [7].

For example, when & is a rational surface and k is separably closed,
one has the Shioda-Tate formula

rank E(k(C)) =8 - (m, — 1),

v

where m,, is the number of irreducible components of the fiber 7=!(v)
over v € C. Using the formula, it is easy to construct explicit examples
with a given rank r satisfying 0 < r < 8. This is done in the table
below, at least over C(t).
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In fact, as may be verified using the result of [6], in all cases presented
in the table above, the group of rational points is free of the given rank.

If the surface £ is not rational, then an explicit general formula for the
rank cannot be expected. However, one has the general Shioda-Tate
formula

rank E(k(C))=p—2— Z(m,, - 1),

174

with p the rank of the Néron-Severi group of £. Only for special classes
of surfaces are methods for determining p known. However, since a cycle
class map [2] injects this Néron-Severi group into the l-adic cohomology
group H? (&% Qu(1)), the dimension of the latter space yields an upper
bound.

The simplest nonrational surfaces £ are the so-called K3 surfaces.
Over C, these are simply connected surfaces with a trivial canonical
bundle. Over an algebraically closed field of characteristic 0, the
corresponding elliptic curves F satisfy

rank E(k(C)) < 18 = > (m,, — 1).

David Cox in [1] proved that any integer » with 0 < r < 18 occurs as
the rank over C(t) of some elliptic curve corresponding to an elliptic
K3 surface & — P! defined over C. Masato Kuwata [5] provided
explicit examples for all 7 # 15. In his Ph.D. thesis [3], Kloosterman



EXPLICIT ELLIPTIC K3 SURFACES WITH RANK 15 3

showed that for a general ¢ € C and a general quadratic polynomial
f(t) € CJt], the equation

P =2+ 3t + o) f(t)%x + O F(1)®

yields an elliptic K3 surface over P! with p = 17. Taking a carefully
constructed base change P! — P! of degree 8 which is ramified only
over t = 0 and over the zeroes of f, Kloosterman obtains a new
elliptic K3 surface which also has p = 17, and which moreover has
the property that all its fibers are irreducible. Hence, the relation
between p and the rank here gives rank equal to 15. Nevertheless, this
result is not regarded as the completion of the set of explicit examples
which Kuwata constructed. Namely, the method of proof only shows
that a general pair (c, f) (so, ¢ and the coefficients of f outside an
unspecified countable union of hypersurfaces in A! x P?) meets the
required condition.

In his later paper [4], Kloosterman was able to remove this objection
and to provide an explicit pair (¢, f) with ¢ € Q and f € QJt] such
that the resulting elliptic curve indeed has rank 15 (over Q(t) and over
C(t)). His proof uses the Artin-Tate conjecture, which in the case at
hand (a K3 surface) is a theorem.

Here we make a variation of this idea. This will allow us to avoid
using the Artin-Tate conjecture, in fact to use calculations modp for
smaller primes than did Kloosterman and to provide infinitely many
explicit examples.

2. The results. In this section the two main results of this note are
presented.

Theorem 1. Suppose that ¢ € Q and f € Q[t] satisfy:
ec=1mod5-7,
o f has degree two, and f =t> +3t —3 mod 5- 7.

Then E/Q(t) : y?* = 23 +13(t+c) f(t)2x+t°f(t)® has rank 0 over Q(t).

This will be proven in Section 3.



4 JAAP TOP AND FRANK DE ZEEUW

Assume that the quadratic polynomial f € Qt] has two simple zeroes,
and f(0) # 0. In particular, these conditions hold for the polynomials
f appearing in Theorem 1. Define parameters s, u,v by

pl 2, pl 24 pl 24 pl
in which the last 2 : 1-map ramifies over the two zeroes of f and sends
s = o0 and s = 0 to t = 0. Furthermore, the first two maps ramify
in v = 0,00 which are mapped to u = 0, 00, respectively, in u = 0, 00
which are mapped to s = 0, co. These morphisms correspond to a chain
of function field extensions of degree 2

Q(t) € Q(t, V) = Qs) € Q(V5) = Q(u) C Q(Vu) = Q(v).

To make this even more explicit, take a monic f(t) = t> + at + b
with b # 0 and a®> — 4b # 0. The quadratic extension Q(t) C Q(s)
given by t = 4bs/(s* — 2as + a® — 4b) only ramifies over f(t) = 0,
and the map s — t clearly sends 0 and co to 0. Hence, the base
change from t to v described above can in this case be given by
t = 4bv*/(v® — 2av* + a? — 4b). Substituting this into the equation

y? =2 + 3t + o) f(t)%x + £ f(t)?

for E/Q(t), one obtains an equation for £/Q(v). Clearing denomina-
tors and simplifying slightly more, one obtains

E/Q(v):y? =2* + A(v)z + B(v)
with A(v), B(v) given by A(v) = 4b(cv® + (4b — 2ac)v* + a®c — 4bc) and
B(v) = 16b%v%(v® — 2av* + a® — 4b).

Theorem 2. Assume the conditions stated in Theorem 1. Then
E(Q(v)) is torsion-free and has rank 15. It corresponds to an elliptic
K3 surface & — PL having 24 fibers of type I (and no reducible fibers).

As an example, the conditions in Theorem 1 hold for ¢ = 1 and
f(t) = t? + 3t — 3. In this case, E/Q(v) is given by

y? = 2® — 12(v® — 18v* + 21)z + 1440%(v® — 60v* + 21).

Theorem 2 implies that F(Q(v)) = Z1°.
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Proof of Theorem 2. Observe that the statements about the singular
fibers follow from the fact that we know the fibers of the elliptic surface
corresponding to E£/Q(t). Indeed, this surface has singular fibers over
t = 0, over the zeroes of f, and over the solutions of 4(t+¢)®+ 27t = 0.
The condition ¢ = 1 mod 5 implies that the latter cubic polynomial is
irreducible. Hence, its zeroes are simple, and we find an I;-fiber over
each of them. The conditions on f imply that f has two simple zeroes,
both different from 0. It follows that, over these zeroes, we have an
I;-fiber and over ¢t = 0 a fiber of type I11*.

After the first quadratic extension, one obtains an I;-fiber over six
values of s and two III*-fibers over s = 0,00 (and smooth fibers over
all other s). The second extension results in 12 fibers of type I; and
two I-fibers (the latter over u = 0,00). The last extension results in
24 values of v over which the fiber is of type I, and all other fibers
are smooth. It is well known that this, and all intermediate, elliptic
surface(s) are K3.

To prove the statement concerning the rank, one may repeatedly use
the fact that for a quadratic extension L = K(v/d)/K and an elliptic
curve E/K, one has E(L) — FE(K) ® E@(K) with both the kernel
and the cokernel killed by 2. Here E(¥) /K denotes the quadratic twist
of E by d. In the present situation, this implies

rank E(Q(v)) = rank B(Q(u)) + rank B (Q(u))
=rank E(Q(u)) + 8
= rank E(Q(s)) 4+ rank E®)(Q(s)) + 8
=rank E(Q(s)) +6 + 8
= rank E(Q(t)) + rank EV®)(Q(¢)) + 6 + 8

=0+1+6+8=15.

Here, in the second line it is used that E(*)/Q(u) corresponds to
a rational elliptic surface with no reducible fibers; hence, this gives
rank 8 by the Shioda-Tate formula (see also [6]). In the fourth line
one uses that E(®)/Q(s) corresponds to a rational elliptic surface
with two type I fibers and all other fibers irreducible, so this gives
rank 8 —1 —1 = 6. Finally, in the last line Theorem 1 is used, plus the
fact that E(/(®) /Q(t) corresponds to an elliptic surface with as singular
fibers one of type I11* and three of type I;. Hence, this is a rational
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elliptic surface giving rank 8 — 7 = 1 where the 7 comes from the fact
that the I1I*-fiber consists of eight irreducible components.

To show that F(Q(u)) is torsion-free, note that EQ(u) corresponds
to an elliptic surface with only irreducible fibres. The formula for
the height presented in this case implies that any nonzero point has
a positive integer as its canonical height. In particular, such a point
cannot be torsion. o

So it suffices to prove Theorem 1, which will be done in the remaining
section.

Remark. The fact that E(Q(u)) is torsion-free could also be estab-
lished by an argument more along the same line as the proof of the
statement about the rank. Namely, note that it does not contain any
torsion point of even order greater than one. Indeed, if it did, then it
would contain a point of order two. It is easily checked that this is not
the case. If E(Q(v)) would contain a point of odd order, then so would
one of E(Q(u)) or E™(Q(u)). However, both groups are torsion-free
as follows from the fact that specialization is injective on torsion points,
and the corresponding elliptic surfaces contain an additive fiber.

3. Proof of the main result. We will now study the implications
which the conditions stated in Theorem 1 have for the resulting elliptic
curves over F5(t) and over Fr(¢).

3.1. p = 5. In characteristic 5, the elliptic curve with equation
v =2+ P+ 1)+ 3t +4) 2 + 5 (t2 + 3t +4)3

is considered. Since we are only interested in this curve over F5(t), we
will in fact study the equation

y? =2 +3(t +1)3% (2 + 3t + 4)%2 + 733 (£ + 3t + 4)>.

The latter defines an elliptic curve Ey which is isomorphic to our curve
over Fa5(t), but not over F5(t).

The group Ey(F5(t)) contains the point
Py:=(3(t+1)(t+3)(t* + 3t +4),2(t* + 3t + 3)(t* + 3t + 4)%) .
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As a section of the corresponding elliptic surface over P}, this point
meets the two Ij-fibers (at the zeroes of t2 + 3t + 4) in a component
different from the identity component. And it meets the I11*-fiber (at
t = 0) in the identity component. It follows that the height of this
point, as given in [7], equals

(Py, Py =4—-1—-1=2.

Proposition 1. The group Eo(F5(t)) is free of rank 1, with generator
Py of height 2.

Proof. The group is torsion-free since any torsion point @ in it would
satisfy, using the formula for the height

0=(Q,Q)=4+2(Q0) —c1 —ca —c3,

with ¢1,c2 € {0,1} and ¢3 € {0,3/2}. Since (QO) > 0 for @ # O, this
is only possible with Q = O.

Assume that the rank equals 1. The formula for the height of any
point as given above shows that the height takes values in (1/2)Z>.
So if Py were not a generator, then P = 2R in which R has height
1/2. But then (RO) = 0, which implies that the z-coordinate of R is a
polynomial of degree at most 4, and moreover ¢; = ¢ = 1 and ¢3 = 3/2,
which implies that this z-coordinate is divisible by t(t? + 3t +4). It is
now easily checked that no such point R exists; hence, indeed P, is a
generator.

It remains to show that the rank r equals 1. This is done by
considering the corresponding elliptic K3 surface over F5. Generators
of the group of sections, together with the zero-section O, and the
irreducible components of fibers yield, using a cycle class map, a
subspace of dimension 7 +2+7+4+4 =7+ 17 in H2(501F—5, Q:). The
Frobenius automorphism acts semi-simply on H? (8071,—5, Q), and this
subspace of dimension r+ 17 is the sum of eigenspaces with eigenvalues
of the form 5( where ( is a root of unity. Since we already found
one section of infinite order, we have a space of dimension 18 on
which the action of Frobenius is known. Counting points on £ and
using the Lefschetz trace formula, one can calculate the remaining four
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eigenvalues on H? (compare, e.g., [8, 9]). In the present case, one finds
that they are the zeroes of

(2% — 2z + 25)(x? + 6z + 25).

Since none of these zeroes is of the form 5¢ with ¢ a root of unity, it
follows that » + 17 < 18. Hence indeed the rank equals one. ]

3.2. p="7. The conditions modulo 7, assumed in Theorem 1, imply
that we deal with E;/F7(t) given by

y? =2 P+ 1)3(t+2)%2 + (e +1)3(t + 2)°
This curve contains the rational point
Py = (3%(t+ 1)(t — 1),3t*(t + 1)%) .

The section corresponding to P; meets the I11*-fiber over t = 0 in a
component different from the identity component. The same is true for
the I§-fiber over ¢ = —1. However, the section meets the I;-fiber over
t = —2 in the identity component. It follows that

<P1,P1):4727170:3/2.

Proposition 2. The group E1(F+(t)) is free of rank 1, with generator
Py of height 3/2.

Proof. The rank equals one by an argument similar to the one
presented in the proof of Proposition 1. In the present case, the four
remaining eigenvalues of Frobenius are zeroes of z* + 423 + 14x2 +
1962 4+ 7. Since this polynomial is irreducible over Q, none of these
zeroes is of the form 7¢ for a root of unity (.

The group of rational points is torsion-free by the same reasoning as
before. Pj is a generator since the height takes values in (1/2)Z>,
which immediately shows that P; is not a multiple of a rational point
with smaller height. ]
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3.3. Conclusion. To complete the proof of Theorem 1, observe that
under the conditions given in Theorem 1, the group E(Q(t)) is torsion-
free. Indeed, specializing to a fiber where the reduction is additive

shows that no points # O of finite order exist.

Now take p € {5,7}, j:=0if p=5and j:=1if p =7, and consider
a reduction homomorphism

E(Q(t)) — E;(Fr(t))-

This map is injective (as follows from [9, Proposition 6.2]), and it pre-
serves the height. Hence @ € E(Q(t)) has, by reducing to characteris-
tic 5 and applying Proposition 1, height equal to n?-2 for some integer
n. Similarly, Proposition 2 and a reduction to characteristic 7 imply
that this height is m? - 3/2 for an integer m. It follows that m = n = 0,

hence Q = O, which completes the proof. a

REFERENCES

1. D. Cox, Mordell-Weil groups of elliptic curves over C(t) with pg = 0 or 1,
Duke Math. J. 49 (1982), 677-689.

2. A. Grothendieck, (rédigé par P. Deligne) La classe de cohomologie associée a
un cycle, SGA 4 1/2, Lecture Notes Math. 569, Springer-Verlag, Berlin, 1977.

3. R. Kloosterman, Arithmetic and moduli of elliptic surfaces, Ph.D. thesis,
University of Groningen, 2005.

4. , Elliptic K3 surfaces with Mordell-Weil rank 15, Canad. Math. Bull.
40 (2007), 215-226.

5. M. Kuwata, Elliptic K3 surfaces with given Mordell-Weil rank, Comm. Math.
Univ. St. Paul. 49 (2000), 91-100.

6. K. Oguiso and T. Shioda, The Mordell- Weil lattice of a rational elliptic surface,
Comm. Math. Univ. St. Paul. 40 (1991), 83-99.

7. T. Shioda, On the Mordell-Weil lattices, Comm. Math. Univ. St. Paul. 39
(1990), 211-240.

8. B. van Geemen and J. Top, A non-selfdual automorphic representation of GL3
and a Galois representation, Invent. Math. 117 (1991), 391-401.

9. R. van Luijk, An elliptic K3 surface associated to Heron triangles, J. Number
Theory 123 (2007), 92-119.

Iwl-RuG, P.O. Box 800, 9700 AV GRONINGEN, THE NETHERLANDS
Email address: top@math.rug.nl

IwI-RuG, P.O. Box 800, 9700 AV GRONINGEN, THE NETHERLANDS
Email address: fdezeeuw@home.nl




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


