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1 Introduction

In section 9 of Drinfeld’s seminal 1974 paper [D], results concerning the alge-
braic compactification of the moduli space of rank 2 Drinfeld modules may be
found. We will state part of this here and give some comments. Next, some
proofs and supplements to his results will be given. In particular we will give
a precise description how the universal Drinfeld module with a level structure
degenerates over a cusp. This appears to be new; it is quite analogous to the
generalized elliptic curves (n-gons) which Deligne and Rapoport use in [DR] al-
though it seems technically more tricky. The results are strongly motivated by
the descriptions found in the (rigid) analytic theory (Lecture 8). In our present
setup, compared with Drinfeld’s work matters will be simplified in two ways.
Firstly, only Drinfeld F,[T]-modules are considered. Secondly, when dealing
with level (f)-structures we restrict to Fq[T][%]—schemes.

The first simplification allows one to avoid considerations concerning class
groups (in our setup projective modules are free). An additional benefit is that
Drinfeld F,[T]-modules are in a sense more explicit. Although the necessary
modifications needed to cover the case of more general rings could be rather
involved or messy, this first simplification does not seem to be a very essential
one.

With the second restriction one avoids an explanation of “level structures
in a characteristic dividing the level”. Of course Drinfeld’s idea of introducing
what is now called a Drinfeld level structure has been very important; it had
a great impact on reduction theory of classical modular curves (compare [KM],
etc.). Nevertheless, even without this technical aspect it seems worth while to
try to describe a compactification.



1.1 Drinfeld’s results

Unlike in the other sections, here A will be general; so C'//F, is a smooth,
complete absolutely irreducible curve, co is a place of the function field F,(C)
and A C F,(C) is the ring of functions which are regular outside co.

Suppose S — Spec(A) is an A-scheme, £ is a line bundle on S, and ¢ :
A — Endg(L) is a rank 2 Drinfeld A-module over S.

For I C A a nonzero ideal, Drinfeld defines a level I-structure on ¢ to be a
homomorphism of A-modules

o (A/I)? = L(9),

such that sz(A/I)2 ©(f), seen as effective Cartier divisor over S, is the same
as Ker(o(1)).

We will not explain this; for more information about such a “Drinfeld level
structure” one may consult [KM]. If the points in Spec(A4) on which I vanishes
are not in the image of the structure morphism S — Spec(A), then a level I-
structure is simply an isomorphism from the constant group scheme (A/I)? s
over S to Ker(4(1)).

Drinfeld’s result is as follows.

Theorem 1.1 (Drinfeld) Suppose that at least two prime ideals of A contain
I.

Then the functor assigning to an A-scheme S the set of isomorphism classes
of rank 2 Drinfeld A-modules over S with level I-structure is representable by
an A-scheme M3.

This M3} is of finite type over A, with fibres of dimension 1, and M3} —
Spec(A) is smooth outside the primes containing I.

Moreover, there exists a (unique upto isomorphism) scheme M? of finite
type over A, containing M? as an open and everywhere dense subscheme, such
that (again) H? — Spec(A) is smooth outside primes containing I, and M? —
Spec(A) is proper.

Remarks.

1. The assumption that I is contained in at least two different prime ideals
is used by Drinfeld because he wants to construct M?,M? over all of
Spec(A). The idea is that if I C mNn, then the level I-structure yields a
level m-structure as well, and this structure survives over n € Spec(A).
A similar idea is well known in the theory of elliptic curves. Here one
uses the ‘Legendre family’ given by y?> = z(z — 1)(z — A\) to describe
curves over rings in which 2 is invertible and the ‘Hessian family’ given
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by 23 + y® + 23 — 3uryz = 0 in cases where 3 is invertible. After gluing
over rings in which both are invertible (and if necessary taking quotients
in order to get rid of level 2— and level 3-structures in the families above),
one finally obtains moduli spaces over all of Z; compare [KM].

2. If one inverts the primes containing I, a ring B is obtained. The same
proof sketched by Drinfeld for the theorem above shows, that whenever [ is
such that Drinfeld modules with level I-structure have no automorphisms,
the restriction of our functor to B-schemes is representable. The corre-
sponding moduli space and compactification are again denoted M?,M?,
respectively. These are smooth schemes over Spec(B). In fact, they are
simply the restrictions (base changes) to Spec(B) C Spec(A) of the A-
schemes which exist by Drinfeld’s theorem.

1.2 Some examples

From now on we restrict ourselves to the case A = F,[T]. Motivated by the
analytic compactification (Lecture 8), we try to classify rank 2 Drinfeld modules
with a level (f)-structure and their degenerations, for f =T and f = T2.

1.2.1 Example: level T

The general way to describe a rank 2 Drinfeld A-module is by giving the endo-
morphism ¢ = T+ A, 7+ A>72. This makes sense over the ring A[%, Ay, As, A%]
and as a line bundle on its spectrum one takes the trivial bundle (which corre-
sponds to the structure sheaf). A level (T)-structure means that two solutions
X1,X5 of ¢ X = 0 are given, which are independent over F,. This indepen-
dence says that no a,b € F, exist, not both 0, such that aX; + X, = 0. In
other words, it precisely states that the projective point (X : X5) € P! is not
F,-rational, hence that X{X, — X; X7 # 0. We can therefore construct rank 2
modules with level (T')-structure precisely over rings which are algebras over

Fq[T7 Tﬁl][Ala A27 X17 X?]XngfoXz /I7

where I is the ideal generated by the two elements ¢r(X;) = TX; + A1 X! +
2

A, X[ . This ring is in fact equal to

F [T, T [X1, Xa]x, x7— X7,

2 2
X4 Xp— X, XY X1 XI-XIX L .
and Al = TW and AQ = TW. This ring 18 not qulte
what we want, since it classifies A-Drinfeld modules of rank 2 and level T

rather than isomorphism classes of them. The multiplicative group G,, =
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Spec(F,[u,ut]) acts on the ring above by X; — u ® X;. This precisely de-
scribes all possible isomorphisms. On the sections Ay, A5 the action is given by
Al = u'"9® A; and 4> — u'=? ® A,. Dividing the algebra above by this
action gives the affine ring of Proj(F,[T,T7"|[X1, X2]) \ V(X{ X2 — X1 XJ). In
other words, M(2T) is the projective line over F,[T,7!] minus the ¢ + 1 points
P!(F,). The scheme M?T) must be the projective line over F,[T,T~!]. The
cusps are the ¢ + 1 points above.

The formulas for ¢ and A;, A> do not make sense at the cusps. We want
to change the formulas in such a way that locally at a cusp ¢ looks like a “Tate-
Drinfeld module” as described in Lecture 8. The obvious way to do this is to
replace ¢ by (X1 X4 — X{Xo)" 1o (X1 XJ — X[ X5). This yields

XX, — X XY
(X1 X5 — X{X5)

br=T+T T+ T(X1 X! — XUX,)7 972,

Outside the cusps the level structure is given by ﬁ with ¢+ = 1,2.
2 1

The line bundle L on the projective line over F,[T,T!] must be such that

A; is a section of L1~7 and A, is a section of L!=7 and the m are
meromorphic sections of L. The degree of L is —q. We take L = O(—q). Clearly

A, is asection of O(—q)' ™7 = O(¢*> —¢) and its set of zeroes is F ;2 \ F;. Further

A, is a section of O(—¢)!"7 = O(¢® — q) with zeroes of order ¢> — ¢ at the
points P1(F,).

The W with 4 = 1,2 are meromorphic sections of O(—¢q) with
poles of order at most one at the points of P!(F;). On the open part X; XJ —
X{ X5 # 0 we have the level structure A : (4/TA)? — O(—q) (P%Q[T,T—l]) which

. X1 +bX
maps (a, b) to the section W
(A/T A)? for which )\ extends at the cusp. For the cusp 0, i.e. the point (1 :0)
this line is 0 x A/TA. Thus we have found a structure like a rank 2 Drinfeld

module on the line bundle O(—g) on P%‘q{T =17 which locally at the cusps

For every cusp there is a unique line in

P!(F,) behaves exactly like what was found in the analytic theory (Lecture 8).

We now suppose that we have chosen coordinates in such a way, that X =0
defines a cusp. Moreover, we will assume that the sections in Ker(¢7) which
extend over this cusp, in fact reduce to F,. Since the reduced Drinfeld module
is given by ¢7 = T + cr for some ¢, this implies 0 = ¢7(1) = T + ¢, hence
¢ = —T. Finally, we demand that the “original” module has the form ¢ =
T —T1+ X A>72. By Hensel’s lemma, the section 1 lifts uniquely to a T-torsion
section of ¢ over the completion of the local ring at the cusp. In the analytic
theory and also above, we found an other generator of the torsion with a pole
of order 1 at the cusp. If we want this other generator to be 1/X, we obtain
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the Drinfeld module with
¢pr =T —Tr—TX" (X" —1)72.

This is the “Tate-Drinfeld module of rank 2 and level 77, as will be defined in
Definition 2.4 below.

1.2.2 Example: level T2

We now consider rank 2 Drinfeld A-modules with level T? structure. The an-
alytic theory shows that the moduli spaces M (2T2) ® K is not connected (and
has in fact ¢ connected components). We will see this via an algebraic approach
as well for M(QTg) ® K*¢?. We note that M(QTg) ® K is connected. This follows
from a more general result proven in section 5.

We have A/T?A = F[¢], with €2 = 0. The diagram

~

F,le] xF,[e] — Keror
U J-e U {or
e (Fy,xF,) — Keror

F, xF,

shows that rank 2 Drinfeld modules with T2-structure also carry a level T-
structure. Hence it is natural to describe M (2T2) as a covering of M (2T).

To this end, start with the ring R = Fq[T,T‘l][Xl,XQ]XIXS_X;;X2 from
the previous example. Recall that over R the rank 2 Drinfeld module ¢ is given
by ¢7 =T + A;7 + Ay7?, and Ay, A5 are as follows. Write

§=X1X{ - XXy = =X5 [] (X1 - aXy)
a€cF,

and
b= XU Xy - X1 X! =X, [ (X1 - aXa).
a€F 2

Then Al = Tg% = _THCMEF g\Fq(Xl — O[XQ) . 54%1 and AQ =T. (517%1'

To obtain a level T? structure one precisely needs Y7, Y3, possibly in some
extension ring of R, which satisfy ¢r(Y;) = X;. The fact that the X; are
independent over F, then implies that the Y; generate a free module over F[¢]
of rank 2. Clearing denominators one finds that Y; is a zero of

01X — 8T+ T [ (X - aXe)V - TV
O(Equ \Fq
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for i = 1,2. These two polynomials define a homogeneous ideal J in R[Y7,Y5].
So as before, rings over which a rank 2 A-Drinfeld module with level T'2-structure
are defined, are precisely the R = R[Y7, Y»]/J-algebras.

An isomorphism of such a Drinfeld module is given by the usual G,,-action

on the X; and Yj, so we find a natural model for M?Tz) in Pi[i], defined by
the ideal J. The projection on the X; coordinates is a well deﬁnjéd morphism,
corresponding to the natural map from a level T2 structure to the underlying
level T-structure. From the analytic theory one knows that on each absolutely
irreducible component, this projection has degree ¢, and there are ¢ such com-
ponents. This nicely agrees with the fact that visibly our projection map has

total degree ¢*.

The group F; x F, x F, x F, = Ker ¢ x Ker ¢ acts on our model. This
is obvious from the equations ¢7(Y;) = X; and ¢7(X;) = 0; the action is given
by Y1 = Y] —aX; — bXs and Y5 — Y5 — ¢X; — dX,. The projection to the
X-coordinates is precisely the quotient map for this action. This means that
the map from M?Tz) to M?T) is unramified except possibly over the cusps.

Note that over the cusps of M?T), the closure in P? of our model is singular.
Hence one cannot immediately read off the total number of cusps for level T2
from our model. From the analytic theory we know this number to be ¢*(q+ 1),
and the model given here contains only ¢?(q + 1) (singular!) points over the
cusps for level T'.

Write M = F[e]e; + F,[e]e2 for a fixed free rank 2 F;[e]-module. The level
structure on our Drinfeld module ¢ is given by ¢ : e; — Y;. The action of
F, xF, xF, xF, changes this to a level structure ¢, with e; — ¥; —aX; —0X>
and Y5 — Y5 — cX; — dX5. Hence the action yields an automorphism ¢!y of
14 ae Cce

be 1+de
that the two level structures define points on the same component of the moduli
space precisely when this matrix is in the GI(2, A)-orbit of the identity matrix.
This is the case precisely when a + d = 0.

The above observation allows one to find the components of our model, at
least for ¢ = 2. Consider the affine open part X» # 0, and write x = X1/ Xa,y =
Y1/X2,& =Y/ X5, We will work over the field L = Fy(T)(z). The equation for
y reads

M, given by a matrix ( . From the analytic theory we know

22z +1) - Tz(z+ Dy +T(x® + 2+ 1)y> —Ty* = 0.

This defines a degree 4 field extension L(y)/L which is Galois with group Fa xF»
(the equation for y is equivalent to ¢r(y) = zx, from which the assertion is
obvious).

Proving that the moduli space in this case consists of ¢ = 2 components
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now boils down to showing that the remaining polynomial
r(xz+1)—Tx(z+ D)E+T(2? + 24+ 1) —T¢!

factors in L(y)[€]. Suppose 7 is a zero of an irreducible factor. Then (y,n)
corresponds to a level structure. Any zero of the polynomial is of the form
N+ cx +d with ¢,d € Fa. Hence nn+ cx + d is a zero of the same factor precisely
when the corresponding level structure (y,n + cz + d) gives a point on the same
component as (y,7n). We have seen above that this is the case when d = 0. This
means that the zeroes of a factor are n,n + z and hence a factorization should
have the form

(& + 26+ a)(& + 2 +D)

for certain a,b € L(y). Comparing coefficients shows that a,b are in fact in
a quadratic extension of L. These subfields are easily found, and one obtains
a=(r+1)g+ (y>+y)/z and b= x + 1 + a, in which g satisfies g> + g = T'.
This ¢ is not an element of K = F(T), but it is contained in Ko =
F»((1/T)). Namely, here g = 3 ., 772", This confirms the fact that in the
analytic theory all components of the moduli space are defined over K.

We now try to compute the Tate-Drinfeld module of rank 2 and level T2,
as we did for level T. For this, we start with the rank 1 module given by
é1 = T + cr. As before, we want that 1 generates the T-torsion (as a module
over A/(T?)). This means that (T + ¢7)(T + ¢r)(1) = 0, but (T +c7)(1) # 0.
In other words ¢ # —T but ¢’ + ¢(T? + T) + T? = 0. Factoring ¢! +
(T +T)+T? = (¢c+T)(c(c+ T)7 1 + T), this implies that ¢ is any root
of e(c+ T)?7 1 + T = 0. Note that for ¢ = 2, this defines the same extension
of F»(T) which we need to separate the components of MZ,. This is not a
coincidence.

Next, we want ¢ =T + 7 +eX? =7 72 and ¢ (1/X) = 0. This becomes
a polynomial in X and e after multiplication by X7, In fact, X7 or=(1/X) =
ec?”” + ¢t mod X. Using Hensel’s lemma again, this implies that a unique
e € A[c][[z]] exists such that the T*-torsion of the corresponding Drinfeld module
is indeed generated by 1/X and a unit = 1 mod X.

2 Tate-Drinfeld modules

2.1 Drinfeld modules of rank one and class field theory

In lecture 4 a general survey of class field theory over function fields is given. In
the sequel we will provide more details about the case A = F,[T] and abelian
extensions of the field K = F,(T") which are totally split at co. Those results
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are needed for the description of the Tate-Drinfeld modules of rank two with
level f.

Let R be an A-algebra with structure homomorphism v : A —+ R. A rank
one Drinfeld module ¢ : A — R{r} is determined by ¢r = y(T) + ¢t with
¢ € R*. Let f € A be a monic polynomial of degree n > 1. A (strong) level
f-structure is an isomorphism A of (the constant sheaf) f~'A/A to ker(yf, R)
(as a sheaf on Spec(R)). Since the polynomial ¢;(z) has the form

n

Y(F)z + 29 + .. 4TI

the existence of such a level structure implies that «(f) is invertible in R. In the
sequel we suppress 7 from the notation and we will consider A[1/f]-algebras R.
The triple (R, ', ') is called equivalent to (R, ¢, \) if there is an r € R* such
that ¢’ = r~'¢r and X' = r='\. This defines a functor M!(f) from the cat-
egory of the A[1/f]-algebras to the category of sets, by M!(f)(R) is the set
of equivalence classes of Drinfeld modules of rank one and with level f above
R. (The functor extends to the category of A[1/f]-schemes). As we know, this
functor is representable and we will make this explicit. For this purpose we
study the Carlitz module given by ¢ : A — A{r} with 7 =T + 7 € A{r}.

From an analytic point of view the Carlitz module is derived from a lattice
EA C C for a certain £ € C. The Carlitz exponential function
z 1 1 2
e=ecA =2 H 1-—=)=z+ Z (f_a)q 284+ %27 4+ ...

a
0#a€A f 0#a€A

is supposed to have the property e(Tz) = Te(z) + e(2)?. The sum «a :=
> 0£acA —L+ € K satisfies |o + 1| < 1. A calculation shows then

E=T "1 -Tt—a/—a*V/-T.

In particular £ € Koo( *+v/—T). Thus e induces an isomorphism between

Koo(*V/-T)/¢A and Koo ( *V/-T).

The solutions of the equation ¢(z) = 0 in the field K ( “+/—T) are the
e(%) with ¢ € A of degree < n. Hence the equation splits in Koo( v/=T).
One defines the polynomial

ag
xHh= T G- 6(7)),
ag(A/fA)*
note that x(1) = z. It is clear that the degree of x(f) equals #(A/fA)*. Also,
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when f is not constant,

=TI Il _06(075)) - I - e(a?f)q*)
a€ (A/fA)* ceFy a€(A/fA)*
a=1mod f a =1mod f

hence x(f) is a polynomial in 297!, We now show that x(f) € A[2?"!]. Since
the zeroes of x(f) are also zeroes of the monic polynomial ¢ (z) which has
coefficients in A, they are integral over A. Hence we only need to show that
x(f) € K(z). Note that ¥7(2) = [14, 4 mome X(d)- Let p: A\ {0} —{0,1, -1}
denote the Mdbius function, given by u(c) = 1 for ¢ € F; and pu(fi* ... f5*)
(with irreducible inequivalent fi,..., fs) is equal to 0 if some e; > 1 and is

equal to (—=1)"if all e; = 1. Then x(f) = [lus, 4 monie w?%). This implies
x(f) € K(z), and hence x(f) € A[z97'] for f € A not constant, as we wanted
to prove.

We note that x(f) is the equivalent for the Carlitz module (A,1)) of the
classical cyclotomic polynomial ®,,. In fact,

Lemma 2.1 1. x(f) is the minimal monic polynomial of e(%) over K.

2. The splitting field L of 7 (z) over K is equal to L = K(e(%)) = K[2]/(x(f))-

3. The Galois group of L/K acts A-linearly on ker(yy,L). The resulting ho-
momorphism Gal(L/K) — (A/fA)* is an isomorphism. We will identify
the two groups.

4. The integral closure of A in L is A[z]/(x(f))-
5. The finite ring extension A[1/f] C A[1l/f,z]/(x(f)) is unramified.

6. e(%) is invertible in A[1/f,z]/(x(f)) for non-constant f.

7. The extension L]/ K is the abelian extension of K which by class field theory
corresponds to the subgroup

(<1+%Fqu%u>xﬂ<l+m> 11 A;) /¥

| f other

of the idele class group I [K* =2 (Fy[[+]]* x [, A;) /F;. Here the w are
primes of A and A, denotes the corresponding completion.
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Proof. (1) It is obvious that x(f) is a monic polynomial with e(%) as a root.
For constant f it is z, so we may assume n = deg(f) > 0. Consider any
prime 7 dividing f. Note that modulo 7, the Carlitz module ¢ reduces to a
rank one module ¢ over A/wA. The Ef—torsion is a free module over A/7A of
rank at most 1, hence since Ef(z) is not separable, it is 0. This implies that
Ys(2) = 24" mod 7. Hence the divisor x(f) of ¢;(z) = 24" mod 7 also reduces
modulo 7 to a power of z, which shows that all its coefficients except the leading
one are divisible by m. Moreover, the constant term of ¢¢(2)/x(1) is f, hence
the divisor x(f) of this has a constant term which is a divisor of f. In case 7
can be chosen such that it divides f exactly once, this implies that x(f) is an
Eisenstein polynomial at the prime 7.

If f = 77! for n > 0 and 7 irreducible, then observe x(f) = x(7)(¢xn (2)).
This is true because both sides have as zeroes precisely the elements of Ker(1¢)
which are not in Ker(yz»). It follows that x(f)(0) = x(7)(0), hence one con-
cludes that also in the present case x(f) is Eisenstein at .

The general case now easily follows: write f = 7{"* -... - m;"*. The splitting
field L of x(f) contains the splitting fields L; of x (7). These fields are linearly
disjoint over K, because L; is totally ramified at 7; while L; is unramified at ;
for j # i. Hence

#(A/FA) > [L: K] > []1Li s K] = [] #(A/f )" = #(A/ fA)*

which shows [L : K] = #(A/fA)* and hence x(f) is irreducible.
(2 and 3) are immediate using the argument above.
(4) We may assume that f is not constant. It suffices to show that x(f) =0
defines a smooth affine variety in A%‘q. In other words, we want to verify that
x(f) and its derivatives to T' and z have no common zero. Suppose a common
zero would exist. Then we have a maximal ideal M C A containing x(f) and its
derivatives. Since 9¢(2z) = g- x(f) for some g, one sees by taking the derivative
to z that f € M. Hence t;(2) = 27" mod M, and therefore z € M. A similar
computation, now using that the derivative to T of ;(z)/z is in M, shows
that the derivative f’ of f to T is in M. This already leads to a contradiction
whenever all roots of f are simple.

In case f = 7™ and 7 irreducible, we computed in (1) that x(f) = umr + zx
for a unit u € F, hence again taking the derivative to T' shows that 7' € M.
Since m € M as well, this again gives a contradiction.

Finally, the remaining case is that f = n"¢g with 7 irreducible not dividing
g, and m € M. Since the zeroes of x(f) are also zeroes of h := x (7™ )(4(2)),
the latter polynomial is a multiple of the former hence an element of M. Mod-
ulo m, so modulo M as well, we have seen that h is a power of ¢,(z), hence
also 14(z) € M. Again taking the derivative to T' it follows that «' € M, a
contradiction.
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(5 and 6) are again immediate: If f is not constant, ¥ ¢(z)/z is a monic polyno-
mial with constant term f. It is separable over any field in which f # 0.

(7) The computation in (1) above shows that the conductor of our extension
L/K is as asserted, at each prime dividing f. Moreover, by (5) L/K is unrami-
fied at the primes of A not in f. At the infinite prime one may argue as follows.
Consider the rank one module ¢ : A — K{r} given by o =T —T'1. A calcula-
tion shows that this module corresponds to a lattice AA with A € K.,. Hence all
torsion of ¢ is inside K. Take u in an extension of K satisfying u?=! = —1/T.
Then ¢ and ¢ are isomorphic over K (u). More explicitly, ¥y = u='psu for
any f € A. This means that « is an f-torsion point for v precisely when ua
is f-torsion for . Hence for any non-constant f the f-torsion generates the
extension K (u) of K. This extension is totally ramified of degree ¢ — 1,
which is what we wanted to prove.

Finally, consider a monic irreducible # € A which does not divide f. Then
mmod f € (A/fA)* corresponds in (3) to the automorphism o, of L defined
by U,T(e(%)) = e(’%) = %(e(%)). Write m = deg(n) and let M be a prime of
L over 7. From (1) we know that t,(2) = 29" mod M. This shows that o,
induces the Frobenius on the residue field modulo M, completing the proof of

(7). |

Remark. Consider the rank one module ¢ given by o7 = T'—T'7. The proof of
Lemma 2.1 (7) implies, that the torsion of this module generates the maximal
abelian extension of K which is totally split at infinity. The Galois group of
this extension is isomorphic to A* /F;. The f-torsion of ¢ generates the abelian
extension of K corresponding for f(0) # 0 to the quotient (A/fA)*. In case
f(0) = 0, the quotient (A/fA)*/F} is obtained. The drawback of using the
module ¢ is that it is in fact a module over A[1/T]. Hence, for instance, one
cannot, expect that torsion points are integral at the place T = 0. One way

to cope with this, is to use a second module with also period in K., but now
defined over A[1/(T — 1)].

The ring A[1/f,z]/(x(f)) with the Drinfeld structure ¢y = T+ 7 is some-

what to big for our purposes. We normalize the Drinfeld structure to ¢ := d~'yd
where d := e(%). Put ¢ = d?~!. The minimal monic equation of ¢ over K is

x(f)*, defined by x(f)*(z*1) = x(f)(2).
Then ¢r = T + cr and the generator of the level f-structure is now 1. The

relation ¢(1) = 0 is a monic polynomial equation for ¢ of degree qq":11_
Let us introduce a variable C' and define formally ¢ : A — A[C]{r} by ¢7 =

T + Ct. The expression gi;f(l) is a m?nic polynomial in g’ of degree qq_—_ll. For
a monic divisor d of f one finds that ¢4(1) is a divisor of ¢;(1). Further for any

irreducible monic f € A one has ¢7(1) = x(f)*. Tt follows that the polynomial
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¢7(1) in C is the product of the x(d)* over all monic divisors d of f.

Thus we obtain the Drinfeld module (A[1/f, ¢], ¢, can) which has a canonical
level structure given by can : 1/f € f~1A/A— 1 € A[1/f,c]. From Lemma 2.1
above one easily derives the following properties:

1. The subgroup F; of the Galois group of L/ K acts on e(%) as multiplication
and thus Afc] C Koo

2. The finite extension A := A[1/f,¢c] D A[1/f] is unramified.
3. cis invertible in A7.

4. The field of quotients K/ of A/ is an extension of K with Galois group
(A/fA)*/F; and is totally split at oco.

5. The field K/ is the field associated by class field theory to the group
(A/fA)[Fy.

Proposition 2.2 The functor M'(f) is represented by A¥ = A[1/f,¢c] (or its
spectrum). The universal rank one Drinfeld module with level f is (AT, ¢, can).

Proof. Let an element B € M'(f)(R) be given. The equivalence class B con-
tains a unique Drinfeld module (R,,)) such that A maps 1/f € f 1A/A to
1 € R. Write ¢or = T + ér with ¢ € R*. Then ¢;(1) = 0 and for every
proper divisor d of f one has that ¥4(1) # 0. As shown above, this implies
that x(f)*(¢) = 0. Hence there is a A-homomorphism h : Af — R, given by
h(c) = &, which transports the Drinfeld structure above A/ to (R,, \). Clearly
h is unique. O

Examples:

We give the polynomial x(f)* which ¢ € A[1/f, ] satisfies, for some f’s.

(1) Let f = T? +1 € F3[T]. Then ¢ must satisfy the equation c¢* + ¢(T° + T) +
T?+1 = 0. This defines indeed an étale extension of A[1/f] of degree 4 in which
c is invertible.

(2) For f =T € F,[T] one has ¢ = —T.

(3) Take f = T? € F,[T]. Let z # 0 be a solution of ¢r(2) = 0 and let
¢r(1) = z. Then 2¢=" = =L and T + ¢ = 2. Hence ¢(c+ T)7~' + T =0, as was
already shown in section 1. This equation is irreducible and separable. In fact
A[1/T] C A[1/T][c] is étale of degree q.

(4) Put f =T(T + 1) € F,[T]. Let z # 0 satisfy ¢7(z) = 0 and ¢ry1(1) = 2.
This yields the equation c(c + T + 1)?=1 +T = 0. A trivial solution is ¢ = —T'.

* s c(c+T+1)q’1+T

The irreducible monic polynomial x(7'(T + 1)) T
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2.2 The Tate-Drinfeld module without level

Let an A-algebra R be given with structure homomorphism v : A — R. A
Drinfeld module of rank two over R is given by a homomorphism ¢ : A — R{r}
with ¢ = y(T) + ¢1 7+ co72 such that ¢; € R, co € R*. We will attach to this a
geometric object, namely the projective line PL over R with its infinite section
00, the line bundle AL = P}, \ {co} and the A-action on this line bundle given
by ¢. Let (to : t;) denote the homogenous coordinates of the projective line
over R. For f € A of degree n > 0 one can extend this action by the formula

2n 2n tq
frlto:ty) =(t5 -1 ¢’f(%))-
This is seen as an analogue of an elliptic curve over R with its natural action of Z.

Tate’s elliptic curve E over Z[[q]] lies in P%[[q” and is given by the affine
equation y> + zy = 23 + Az + B with certain A, B € ¢Z[[q]]. Above the open
set ¢ # 0 of Spec(Z[[q]]) this defines a “true” elliptic curve. Above ¢ = 0 the
affine equation reduces to y? + zy = 23, which defines a rational curve with an
ordinary double point. After removal of this double point the group structure
above ¢ = 0 is the multiplicative group over Z.

The obvious analogue for Drinfeld modules is the Tate-Drinfeld module of
rank two given by ¢ : A — A[[z]]{r} with ¢7 = T + 7 + z72. The geometric
object corresponding to this is the projective line Ph[m] with its section at
infinity oo and the line bundle Ah[[z” = PZ[M] \ {00} with its A-action given by
¢. The action of f € A of degree n > 0 extends to the open set P114[[a:]] \V(z,to)
by the formula

Frlto:t) = (12" :tg“(;sf(i_;)).

Above the open subset z # 0 of Spec(A[[z]]) the structure above is an ordinary
Drinfeld module of rank two. Above = 0 the structure reduces to a rank one
Drinfeld module, namely the Carlitz module given by 1 = T + 7. This seems
to be the canonical choice for the Tate-Drinfeld module of rank two without
level structure.

2.3 The Tate-Drinfeld module with level (f)

Tate’s elliptic curve E, described above, has no level structure. Fix an integer
n > 3. A level n-structure would be an isomorphism of (the constant sheaf)
(n='7Z/7)? with the group of the n-torsion points. We have to extend the base
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Z[[q]] in order to obtain enough torsion points. Above the open subset ¢ # 0
one needs the extension Z[1/n, (,)[[¢*/"]] of Z[[q]] for this. Above ¢'/™ =0, the
group of the n-torsion points is equal to the group of the n-torsion points of the
multiplicate group (over Z[1/n,(,]). This group is isomorphic to n=1'Z/Z. In
order to obtain also above ¢'/™ = 0 enough n-torsion points one has to blow up
the special fibre of E ® Z[[1/n,(,][[¢"/™]]. This defines the Néron model of the
Tate curve with level n.

The universal family £ of “generalized elliptic curves of level n” lives above
the modular curve X (n) corresponding to level n. For any cusp ¢ of X (n) the
completion of the fibre of £ at ¢ is the Néron model of the Tate curve of level
n, described above.

Fix a monic f € A of degree n > 1. The Tate-Drinfeld module with
level f-structure should have approximately the form ¢ : A — RJ[z]]{r}, with
¢r = T + 17 + co® with ¢; € R[[z]]* and 0 # ¢2 € zR[[z]]. For = 0 the
structure should reduce to the universal rank one Drinfeld module with level
f. Thus we have R = A = A[1/f,c] and we may normalize the situation such
that ¢; = c. Above the open set = # 0 the set ker(¢s, Af[[#]][z~!]) should
be isomorphic to the A-module (f 1A/A)2. The element 1 € R[[z]]/() is a
generator of the f-torsion of the rank one Drinfeld module. This generator
lifts in a unique way to a generator of ker(¢p, A[[z]]) = f~1A/A. We try
to normalize the situation by imposing that ' is a generator of the factor
module ker(¢s, A [[]][z71])/ker(¢s, Af[[z]]). According to the next lemma
this is possible and defines a unique ¢;. We first note that co must have the
form ex? (=Y with e € Af[[z]]*. Indeed, replace A7 by any quotient field
k = Af/m. A calculation over the field k& shows that ¢y mod m has order
q"(q — 1) with respect to the variable z.

Lemma 2.3 The equation z9" d¢(z71) = 0 can be seen as a polynomial equation
for e over the ring Alc][x]. It has a unique solution in Af[[x]]. This solution
has the form e € —c'T974" 4 29" =0" " AT [[]].

Proof. Put f=31_, fiT* (with f, =1) and put

Ple) = et Z fix® (T + et + ex?" (=D 72)ig=1,
i=0

i—1 i

One computes that (T+cr+ex? (4= 72)iz =1 has the form ¢! tot+a" g=a' 4
fori=1,...,n—1and MHat—+0"""p=0" 4 oo’ +Fd" p=0" 4 xp=" " 4 | for
i = n. Hence P(e) is a polynomial in e with coefficients in the ring A[c][z]. From
the above it follows that P(e) € (e +¢'T977") 4+ 27" ~¢" " Af[[z]][e] and that the
derivative satisfies P'(e) € 1424 =" Af[[z]][e]. If e exists then e € —c!T4=0" 4
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20" """ Af[[z]]. Now we observe that P(—c!*7-¢") ¢ 2" ~7"~" Af[[z]] and that
P'(=c'*e=0") € 1 4+ 27" ~¢"7 Af[[z]). Applying Newton’s approximation one
finds the unique solution e € Af[[z]] of the equation. ad

Definition 2.4 The Tate-Drinfeld module of rank two and level f is defined by
¢ A — A[z|{r} with ¢ = T + et + ex? @=V72 where A/, ¢ and e are
defined in (2.1) and (2.2).

By Newton’s approximation, the canonical map

ker(¢p, AT[[2]]) — ker(éy, A[[2]]/(2)) = f~A/A

is an isomorphism. Further the elements z~!, o7z, ..., (¢7)" 'z~ in
ker(¢y, A7 [[z]][z~"']) have the form

-1 —q 14q,.—q¢> "7l —qn !
r ,cx Y+ ...,cw +...,...,c o ¥ + ...

They are linearly independent over F, in the factor module
ker(6y, Af [[a]][z~1])/ker(é7, A7 [[x])). Thus the A-module ker (67, A7[[a]][z~1])
is isomorphic to (f =1 A/A)? as required.

The Tate-Drinfeld module that we have constructed above has a certain
universal property. We formulate a weak form of this.

Proposition 2.5 Let R be an A[l/f]-algebra without zero divisors and let a
Drinfeld structure 1) : A — R[[y]]{7} be given by 17 =T + c17 + com2. Suppose
further that

(1) c1 € R[[y]]" and c> € yR[[y]].

(2) ker(¢¢, R[[y]]) is isomorphic to f~'A/A.

(3) ker(y¢, Rl[yllly~']) is isomorphic to (f~1A/A)?.

Then there is a homomorphism of A-algebras h : A¥[[x]] — R][[y]] such that h(¢)
is equivalent over R[[y]] with .

Proof. The canonical map ker(y, R[[y]]) — ker(yy, R[[y]]/(y)) is an isomor-
phism. After changing 1) we may suppose that the last A-module is generated
by 1 € R. The universality of the rank one module (A7, ¢ mod (x) ) induces a
unique A-linear homomorphism h : A — R. Let v € R[[y]][y~']\ R[[y]] have
“minimal negative” order among the elements of ker (¢, R[[y]][y —']). Then we
extend the homomorphism h to h : A7[[2]] = R][[y]] be sending = to v~ (which
belongs indeed to yR[[y]]). Then h(¢) and ¢ have the same f-torsion groups on
R[[y]][y~"]. From this it follows that h(¢) = 1. ]

Remarks
The condition in the proposition that R has no zero divisors will be removed in
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the sequel by means of the notion of generalized Drinfeld module (of rank two
and with level (f)-structure).

The homomorphism A of the proposition induces of course an isomorphism A
between the A-modules ker(¢s, Af[[z]][x~!]) and ker(v¢, R[[y]][y~']). And in
fact h is determined by h.

3 Models for the projective line over a discrete
valuation ring

Let R be a discrete valuation ring with field of fractions L and residue field
I. The projective line over L, i.e. P}, has a standard model PL over R.
Attached to this model there is a reduction map for points, namely the map
P} (L) =5 PR(R) — P/(I). The models M of P} over R that we consider here
are supposed to have the properties:

(a) M is a proper, flat scheme over R.

(b) The generic fibre M ®pg L is isomorphic to P} .

(c) The special fibre M := M ®p | has at most ordinary double points as sin-
gularities.

Since the genus of the special fibre M; is 0, this fibre must be a finite tree of
projective lines over the residue field [. For any model M one defines a reduction
map rj; for points

AL PlL(L) 5 M(R) — My(I)

Lemma 3.1 Let F be a finite subset of P} (L) with cardinality > 3. Then there
is a unique model M which has the following properties:

(1) The reduction map ryr is injective on F and ry(F) does not contain any
double point of M;,.

(2) The special fibre M together with the points ry(F) form a “stable tree”.
This means that every irreducible component of My contains at least three special
points. The special points of My are defined to be the union of the double points
of My with ry (F).

Proof. The statement is well known, see [GHP]. We will sketch another proof
of the lemma.

Suppose for convenience that {0,1,00} C F. The standard model gives
as reduction a projective line over [ and F' is mapped to some points on this
line. If the reduction map (restricted to F') is injective then we are finished.
If the reduction map (restricted to F) is not injective then there is a point a
on the projective line which is the image of more than one point of F. One
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blows up the point a, seen as a point of the surface M. The new special fibre
is a tree with two lines; on each line there are at least two special points. If
F is mapped injectively to the regular points of this tree then we stop. If
not then one blows up another point et cetera. One stops when condition (1) is
satisfies. Condition (2) does not hold necessarily, since one may have introduced
irreducible components which carry only two special points. Those irreducible
components are blown down until (2) is also satisfied. It is an exercise to show
the uniqueness of the model M for F. O

The lemma is applied to the field F,(z) with as valuation ring the local ring
at x = 0, i.e. the local ring Fy[z](,). For the set F' we choose

(F,+Fa ' +Fz 4. . +Fz™" }U{oco}.

The special fibre RT of the model, given by the lemma and the F' above, has
been described in Lecture 8 in detail.

In the sequel we will also use the concept of stable n-pointed tree. Let S be a
scheme and let n > 3. A stable n-pointed tree over S is a morphism o : C — S
which has the following properties:

1. a:C — S is a flat and projective morphism of relative dimension one.
2. There are given n sections fi,...,f,: S = C.

3. For every geometric point & = Spec(k) of S, the geometric fibre Cg is a
stable tree of projective lines over the field k, i.e.
) C¢ is reduced
) Every irreducible component of C¢ is a projective line over k.
(c) The only singular points of C¢ are ordinary double points.
)

The images of the f; in C¢ are distinct and do not contain a double
point.
(e) On every irreducible component of C¢ there are at least three special

points. By a special point we mean either a double point or an image
of some section f;.

4 A Néron model of the Tate-Drinfeld module

The Tate-Drinfeld module, rank two and level f, was given by ¢ =T + c1 +
ex?" (1= 72 with c € Af € K7 and e € Af[[z]]*. Put F = ker(¢;, A/ [[2]][z~])U
{o0}. We can consider this over the discrete valuation ring K/[[z]]. The pre-

vious section produces a model My of P}{f[[z” over K/[[z]] with respect to F.
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Let m denote a maximal ideal of A with residue field, say k. Write F for the
image of F' in P,lc[m]. Section 3 produces again a model M, of Pk[[z]] over k[[z]]

with respect to S. One can combine all those models in a model M over A/[[z]]
of P}M[[z” with respect to F' which has the properties:

(1) M is projective and flat over Spec(Af[[z]]).

(2) M ® Af[[z]][z~"] is isomorphic t0 Py sy pr. 1.

(3) M ® K'[[z]] is isomorphic to Mp.

(4) M ® k[[z]] is isomorphic to M}, for every maximal ideal of A7.

In particular, for every geometric point & of Spec(A7[[z]]) the fibre My is either
an ordinary Drinfeld module of rank two with level f-structure and completed
to a projective line or a generalized Drinfeld module over a field as defined in
Lecture 8.

The existence of M can be proven as follows. Consider two sections fi, f2
of P4 ] They are two-dimensional smooth subvarieties of the smooth three-
dimensional space. If their intersection is not empty then they intersect trans-
versely in a space isomorphic to Spec(Af). This is easily seen from the special
form of the sections in F', namely for f, € F, f, # 0,00 the leading coefficient
is invertible in A7. One blows up all the non-empty intersections f; N f>. The
result is the model M that has the required properties. We will call M the
Néron model of the Tate-Drinfeld module.

It has a lot of structure induced by its fibre P, —1y.

1. The open set M* of M is defined by deleting the section 0o and the closure
of the irreducible components of M ® K 7[[x]]/(z) on which no sections # oo
of F' lie. Then M* has an induced structure of an algebraic group scheme.

2. The group law M* x M* — M™* extends to an action of group schemes
M* x M — M. There is an A-action on the group scheme M*.

3. Above x = 0 the group scheme M* is isomorphic to G, 4s X fLA/A. The
first term is the additive group over A7 = Af[[z]]/(x); it has the structure
of the universal rank one Drinfeld module with level f. The second term
is the constant group above A/ with as fibre the A-module f~'4/A. The
A-action on M* above z = 0 coincides with the one given by this rank
one Drinfeld module and the obvious action on f~1A/A.

4. The kernel of f- on M* is equal to the union of the section f, € F, f. # oo.

5. For every geometric point & of Spec(Af[[z]]) the fibre M is either an
ordinary Drinfeld module of rank two and level f completed with a section
00, or a generalized Drinfeld module (rank two and level f) over the field
corresponding to &.
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5 The compactification of M?(f) ® A[1/f]

In [D] ,89 the compactification of M?, this is the projective limit of all the Drin-
feld modular curves M7, is produced in an adelic way from M', which is the
projective limit of the schemes M}. A direct consequence is the existence of a
morphism M? — M?!. In particular one obtains, for any nontrivial ideal I of A,
an embedding of the coordinate ring O(M}) into O(M?), the one of M3.
Unfortunately we are unable to understand this construction. To the best of
our knowledge, this construction of Drinfeld has not been developed in more
detail.

One of our goals in this section is to give an explicit construction of the com-
pactification of M? and the morphism M? — M} in the special case A = F,[T]
and over the ring A[1/f], where I = (f).

The other aim of this section is to make the Néron structure above the cusps of

the compactification M(Qf) explicit and to formulate a moduli functor which is

represented by M (2f).

Put Z := M2(f) ® A[1/f]. Our aim is to construct its compactification Z
together with all its Drinfeld data. Let us collect the information that we have
about Z.

According to lecture 2, the following structure lives above Z: a line bun-
dle L, a rank two Drinfeld module ¢ : A — End(L) with ¢7 = T + e17 +
cor?, 1 € L9, ¢5 € L' and ¢, nowhere vanishing, plus a level struc-
ture A : (f71A/A)> — ker(¢s,L). We also know that Z is affine and that
Z — Spec(A[1/f]) is smooth of relative dimension 1. For every o € GI(2, A/ f A)
one can consider the Drinfeld module (Z,L, ¢, o). From the universality of
(Z,L,$,\) one obtains an automorphism & of Z such that (Z,6L,¢,5) is
equivalent with (Z, L, ¢, Ao). The kernel of the homomorphism ¢ + & is equal
to Fyid. In this way GI(2, A/fA)/F} acts as a group of automorphisms on Z.

The quotient of Z by this action is Al 4n/s- The morphism Z —>+A}4[1/f] is

explicitly given by the map j : Z — A, /] with the formula j =
According to lecture 8, the curve Z ® % coincides with the analytlc object
Gl1(2, A\(Q x GI(2,A/fA)). The analytic compactification Z and the Drinfeld
data on it have been described in (4.4.4) of lecture 8. We recall that Z has
#(A/fA)*/F; components.

An explicit description of Z.
The section A(1/f,0) of L vanishes nowhere and we can therefore identify L
with Oz and this section with 1 € O(Z) = Oz(Z). The section A(0,1/f) is
then an element y € O(Z) and also ¢1, ¢y are elements of O(Z). Further, for
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any non-zero element ¢ € (f 1A/A)? the element A\() € O(Z) is invertible.
This easily leads to the following description of the ring O(Z2):
O(2) = A[1/f]lc1, e2, ¢5 1, Ylioe With ¢ given by ¢r = t+ciT+cor?. The only re-
lations (between the c1, ¢2,y) in this ring are given by ¢;(1) = 0 and ¢;(y) = 0.
The ring is localized at the finite set consisting of all elements ¢, (1) + ¢y, (y)
where g1, gs € A are polynomials of degree < n, not both zero.

Definition of the scheme )

The next thing that we want to construct is an A[1/f]-algebra R such that its
associated affine scheme Y over A[1/f] will later be “an affine neighbourhood
of a cusp of Z.

Consider the ring R = A[1/f][c,c™ !, e,x]ioc and ¢ given by ¢ = T + e +
ex?" (=12 having the only relations ¢;(1) = 0 and 27" ¢;(z~") = 0. Note
that this makes sense since by Lemma 2.3 27" ¢¢(z~") is indeed an element
of A[1/fl]le,c™!,e,x]. The localization is taken with respect to the finite set
297 (¢g, (1) + ¢y (7)), where g1,g» € A are polynomials (not both zero) of
degrees my,my < n. In case go = 0 the expression 29 ° is by definition 1.
Again, all the expressions are well defined.

Lemma 5.1

(1) R/xR with its Drinfeld data is isomorphic to Af[[x]]/(x) with the Drinfeld
data induced by the Tate-Drinfeld module Af[[z]] defined in (2.3).

(2) The completion of R with respect to the ideal xR with its Drinfeld data is
isomorphic to the Tate-Drinfeld module Af[[z]].

(3) e is invertible in R.

(4) R[z~"] with its Drinfeld data is isomorphic to O(Z)[c]"].

(5) R is smooth over A[1/f] of relative dimension one.

Proof. (1) According to the explicit expression for z¢" ¢¢(z~") in (2.2), R/zR
is isomorphic to A[1/f][c,c™!, elioe/ (¢ (1), e+ c!T979"). Thus R/zR is isomor-
phic to the ring A7 [[z]]/(z) = A/ (including its Drinfeld data).

(2) The same thing holds for R/z*R for any k > 1, i.e. R/z*R is isomorphic
to A7[[2]]/(z*) (including the Drinfeld data). We conclude that the completion
of R with respect to the ideal R (i.e. the projective limit of the R/z*R) is
isomorphic to A7 [[z]] (including the Drinfeld data). We note further that R/zR
is smooth over A[1/f] and that e is invertible in R/xR.

(3) Suppose that e is not invertible in R and let M C R be a maximal ideal
which contains e. Put &k = R/M. From (2) above it follows that z is invert-
ible in k. Since e = 0 in k, the Drinfeld structure on k is that of a rank one
Drinfeld module. The f-torsion of this module contains the images in & of the
bg, (1) + ¢y, (™) € R[z™']. This module is still isomorphic to (f~'4/4)2,
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which contradicts the observation that the Drinfeld module over k£ has rank 1.
Thus e is invertible in R.

(4) Consider the A[1/f]-homomorphism O(Z)[c; '] — R[z™'], given by ¢;
¢, ¢ — ex? 4=V y s z='. This has an inverse given by ¢ — ¢, & —
y~ !, e coy? (471 Tt is clear that this isomorphism of A[1/f]-algebras pre-
serves the Drinfeld data.

(5) From (4) it follows that R[z '] is smooth over A[1/f]. Combining this with
the isomorphism R/zR = A/ found in (1) and the fact (proved in section 2.1)
that A7 is unramified over A[1/f], we conclude that R is smooth over A[1/f].
O

Lemma 5.2

(1) Y ® K has #(A/fA)*|F; components, as is shown in lecture 8.

(2) Y ® K has an embedding as an open subset of Z. The closed subset, given
by * = 0, is then identified with a set C' consisting of #(A/fA)*/F} cusps of
Z. On each component of Y ® K, there lies one point of C.

(3) The stabilizer H C GI(2,A/fA)/F, of Y @ K as subset of Z is (up to
conjugation) the subgroup of the matrices (h; ;) with

h171 S (A/fA)*, h172 = 0, h271 € A/fA, h272 S F;

(4) Y is connected.
(5) Z is connected.

Proof. (1) The open subset of Y ® K, given by x # 0, is identified with the
open subset of Z ® K, defined by ¢; # 0. The latter is known to have this
number of components.

(2) The open subset z # 0 of Y ® K is identified with the open subset ¢; # 0 of
Z® K by lemma (5.1). Moreover one chooses an isomorphism of Z ® K, with
the affine part of Z. In this way )V ® K, is embedded in Z. The closed subset
z =0 o0f Y ® Ky has affine ring A7 ® Ko, and thus consists of #(A/fA)*/F;
points which are rational over K,. Clearly this is identified with a set C of
cusps of Z. We note that the group G := GI(2,A/fA)/F} acts on Z and Z in
a compatible way. The subgroup which preserves the components of Z is equal
to the image of {M € G1(2,A/fA)| det(M) € F;} in G.

In order to determine the nature of this set C' we study the localization with
respect to x of the formal completion at = 0 of ) ® K. This is the Drinfeld
module ¢ : A = (AT QK )[[z]][x']{r} with ¢p7 = T+ecr4ex? (9~D72 and with
level structure given by (1/f,0) maps to the unique element in ker(¢;, (Af ®
Ko)[[z]]) with image 1 in (A ® K )[[]]/(x) and (0,1/f) maps to 2=, On
this structure the Galois group of A7 /A[1/f] acts. This action is trivial on the
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level structure and is nontrivial on ¢r. We will change ¢ into an equivalent
such that the action of the Galois group is trivial on ¢ and acts nontrivially on
the level structure. There is a u € (A7 ® K, )* such that u'~9¢ = —T. Then
¥ := ugu~" has the form ¢pr = T —T1+az? (1=)7% with a € (Af ® K.)[[z]]*-
This ¢ is invariant under the Galois group of A7 /A[1/f] because the coefficient
—T of T is invariant. We note that this Galois group is isomorphic to the group
(A/fA)*/F;. The action of this Galois group on the level permutes the points
of C.

For a fixed point ¢o of C' its stabilizer in G can be identified with the subgroup
Hy of G consisting of the matrices (h; ;) with hi1,ha2 € Fy, hi2 =0, ha1 €
A/fA.

It can be calculated that every element in the Galois group of Af/A[1/f] can be
lifted to an element of H, defined in the lemma. This yields a homomorphism
of this Galois group to H/Hy, which can be shown to be an isomorphism. As a
consequence one finds that there lies a point of C' on every component of Z.
(3) The group H stabilizes the set C. A counting of the cusps shows that H is
in fact the stabilizer of C. The open subset J ® K, \ C is invariant under the
whole group G. Thus H is also the stabilizer of Y @ K.

(4) and (5). The element z € O(Y) = R cannot be identical zero on any compo-
nent of ) since the closed subset x = 0 of ) has relative dimension 0. Similarly,
¢1 € O(Z) cannot be identical zero on a component of Z. Moreover the open
subsets  # 0 of Y and ¢; # 0 of Z are isomorphic. Therefore (4) and (5) are
equivalent.

In order to prove (4) we remark that it suffices to show that R has no idempo-
tents # 0,1. Let h € R be an idempotent. Then the image of h in R/zR = Af
is 0 or 1. We may suppose that the image is 0 and so h € zR.

The morphism R — R ®4[1/5] Koo is injective, since R is a flat A[1/ f]-module.
Therefore h can be considered as an idempotent function on Y ® K. Since
h € xR, the function h has a zero on each component of Y ® K,. Thus h is
identically 0. a

Construction of Z.

This space is obtained by gluing copies of ) to Z. Let U denote the open subset
of Z, defined by ¢; # 0. From the proof of lemma (5.1) we obtain an explicit
isomorphism h of the open subset z # 0 of ) with /. For the moment we denote
the result of gluing Y and Z over ¢/ (by means of k) by Z. We note that Z is
separated. For this we have to verify that the map O(Y) ® aj1/4 O(2) = OU)
is surjective. This is a consequence of O(Y)[z~!] = O(U) and z~! € O(2). It
is further clear that Z is smooth over A[1/f] of relative dimension one.

The (chosen) isomorphism of Z ® K, with the affine part of Z extends in a
unique way to an embedding of Z® Ko in Z.

22



From (5.3) one concludes that the subgroup H of G' which stabilizes Z® K,
consists of the triangular matrices (g; ;) € G with diagonal entries g1 €
(A/fA)*, g22 € F; and further g1» = 0, ga1 € A/fA. Let S denote a set
of representatives of G/H. Then U,cs0(C) is precisely the set of all cusp of
Z. As a consequence Z is the union of the 0(Z ® Ko,) taken over all o € S.
Further, any two of those open subsets (with distinct o’s) intersect in Z ® K.
This is used in the construction of Z.

For each o € S we consider a copy )V, of Y. Every )V, is glued to Z by using
the isomorphism oh between the open subset z # 0 and Y. The resulting space
is called Z. Again, by gluing one obtains a line bundle, again denoted by L, on
Z and a homomorphism ¢ : A — End(L). The finite morphism j : Z — A}4[1/f]

extends to a morphism j : £ — Pi&[l/f]'

Theorem 5.3

(1) Z is separated, connected and smooth of relative dimension one over A[1/f].
2)j: 22— P,14[1/f] is a finite morphism. In particular Z is the integral closure
of le‘l[l/f] in the field of fractions of O(Z). The group GI(2,A/fA)/F; acts on
Z and the quotient of Z by this action is P}4[1/f]'

(3) 2 is proper over A[l/f].

(4) Z ® K is isomorphic to 7. R

(5) The ring of global functions O(Z) on Z is isomorphic to Af. In particular,
there is a morphism Z — M(lf).

(6) The connected components of ot @Al /f] AT are absolutely irreducible and
remain irreducible after tensoring with K., over the subring AT of K.

Proof. (1) The definition of the space Z yields an obvious affine covering {U;},
ie. Z and the YV, with 0 € S. All the intersections U; N U; (with i # j)
are equal to the affine space . For i # j one has to verify that the map
m;j 2 O(U;) @ap1yp OU;) — O(U) is surjective. In the case of J, and Z this
follows from O(U) = O(Y,)[z~'] and = € O(U). In the case of V,, and YV,
with o1 # 02 one has again O(U) = O(Y,,)[z~']. From o1 H # o2H one can
deduce that the images of ker(¢r, O(Y,,) and ker(¢r, O(Vs,) in O(U) generate
ker(¢r,OU)). Tt follows that z—! lies in the image of m;; and thus m;; is
again surjective. This proves that Zis separated. Since each U; is smooth and
of relative dimension one over A[1/f], also Z is smooth over A[1/f] of relative
dimension one.

(2) The preimage F of the infinite section of P 1] is equal to the disjoint
union of the closed subspaces z = 0 of the ), and thus isomorphic to #S copies
of Spec(Af). The ramification is everywhere ¢"(q — 1). For every geometric
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point ¢ of Spec(Af) the fibre Fe has the correct number of points. From this
one concludes that j is finite. The remaining part of (2) is obvious.

(3) follows from (2).

(4) is obvious from the construction.

(5) and (6) From Z connected, smooth and proper over A[1/f], one draws the
conclusion that the domain O(Z) is finite and unramified over A[1/f]. The
group G := Gl(2,A/fA)/F; acts on Z and on O(Z). Define the normal sub-
group H of G by H := {B € GI(2,A/fA)| det(B) € F; }/F;. We claim that H
acts trivially on O(Z). Indeed, the analytic theory tells us that O(Z) ® K is
the ring of the global sections of Z ® Ks. The group G also acts on the ana-
lytic curve and one easily sees that the group H stabilizes every component of
Z® K. Thus H acts trivially on O(Z)® K, and also on O(Z). The quotient
group G'/H is isomorphic to A*/F; and the invariants under this group acting

upon O(Z) equals A[1/f] by (2). Finally, the analytic theory also tells us that
O(Z) ® K4 is a product of copies of the field K. Thus the field O(Z) ® K
is an abelian extension of K, totally split at the place oo, and the ring O(Z)
is a finite unramified extension of A[1/f]. The class field theory, explained in
section 2.1, implies that O(?:) is isomorphic to Af. The remaining statements
of (5) and (6) are easy consequences of the proof given above. ad

The line bundle L above Z is completed in the obvious way to a bundle of
projective lines which we will denote by PL. Let F denote the set (f~1A/A)?U
{oo}. Outside the cusps there is for every ¢ € F' a section of PL. Each section
has an obvious extension to Z. Those sections still intersect above the cusps.
As in section 4, one can blow up the (non-empty) intersections of sections. Let
uscall pr : M — Z the result. M has a lot of structure induced by the Drinfeld
data above the open part Z.

1. pr: M — Z is a stable F-pointed tree, where F is the set (f =1 A/A)2U{o0}
and where A : F' — { sections of pr} is fixed.

2. Let M* denote the open subset of M obtained by deleting the infinite
section and above every cusp of Z the irreducible components which do
not carry points of A((f *A/A)?). Then pr* : M* — Z has the structure
of a group scheme with an A-action on it.

3. The group law M* x M* — M™* extends to an action of a group scheme
M*x M — M.

4. The restriction of A to the map X\* : (f~'A/A)> — { the sections of pr*}
is an isomorphism between the constant sheaf of A-modules on Z and the
kernel of the multiplication by f on M*.
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5. Above Z, one has that M* with its group structure and A-action is iden-
tical with the Drinfeld data above Z.

6. The formal fibre of M above any cusp is isomorphic to the Néron model
of the Tate-Drinfeld module studied in section 4.

6 Generalized Drinfeld modules over a scheme

It is possible to produce a more or less natural functor F from the collection
of A[1/f]-schemes to the category of sets which is represented by the scheme
Z (with its Drinfeld data). For a scheme S over A[1/f], F(S) is the set of
isomorphy classes of generalized Drinfeld modules of rank two and level f above
S. We propose the following definition of a generalized Drinfeld module of rank
two and with level f over S:

1. A stable F-pointed tree pr : C — S, where F is the set (f~14/A)>U{oo}
and where A : F' — { sections of pr} is fixed.

2. Let C* denote the open subset of C' such that every geometric fibre of
pr* : C* — S is equal to the geometric fibre of pr where A(co) and the
irreducible components which do not carry points of A\((f~'A/A)?) are
deleted. Then pr* : C* — S is supposed to have a structure of group
scheme with an A-action.

3. The group law C* x C* — C* extends to an action of a group scheme
C*xC—C.

4. The restriction of \ to the map \* : (f=*A/A)? — { the sections of pr*}
is an isomorphism between the constant sheaf of A-modules on S and the
kernel of the multiplication by f on C*.

5. For every geometric point £ of S the fibre C¢ is either an ordinary Drinfeld
module of rank two and level f completed with a section oo, or a general-
ized Drinfeld module (rank two and level f) over the field corresponding
to £.

6. Let the closed point s € S have a fibre Cs which is a not a projective
line. Then there exists a homomorphism « : Af[[z]] = Og s such that

M @ asia Os,s is isomorphic as scheme to C' X g Spec(és,s).

The last condition is not very natural. It seems possible to replace this by
a more natural one, at the cost of rather technical statements and proofs.
It is obvious what is meant by an isomorphism of generalized Drinfeld modules
over S. Thus the functor F is well defined.

25



The definition above is composed such that M — Z is the universal gener-
alized Drinfeld module of rank two and with level f. We will not give a proof
of this.
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