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Talk based on joint work with

H.B. Bakker F. van der Blij J.S. Chahal Th.J. Kletter J. Kooij
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American Mathematical Monthly, 1995:
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These slides contain part of this ‘tale’, starting in

February 1937, American Mathematical Monthly:

New York high school teacher David L. MacKay (1887–1961)
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solution in the Monthly, November 1937:
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Lemma’s used by Kitchens (later an astronomer):

(a) Giovanni Ceva (1647–1734): his theorem was proven orig-

inally in the 11th century by Al-Mu’taman ibn Hūd, King of

Saragossa, in his Kitab al-Istikmāl.

In triangle ABC the lines AD,BE,CF are concurrent precisely

when

|AF |
|FB|

·
|BD|
|DC|

·
|CE|
|EA|

= 1.
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Second Lemma used by Kitchens: [Euclid, Elements VI Propo-
sition 3]

AD is internal bisector in triangle ABC, precisely when

|AB|
|AC|

=
|BD|
|CD|

.
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The triangles reappear soon afterwards.

The Monthly, March 1939:

“Commensurable” means that the quotient of the lengths should

be rational, in other words, after scaling all sides have integral

length.
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Definition [notion proposed by J.S. Chahal]

Triangle ABC is called albime if the lengths |AB|, |BC|, |AC| are
integers and moreover the altitude from C, a bisector at A, and
the median at B are concurrent.
If the lengths c = |AB|, a = |BC|, b = |AC| are integers, we call
the triangle rational albime.

(The equilateral triangle with side length 1 is a trivial example.)
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An answer to McKay’s questions is published in the Monthly in

March 1940:

In fact this shows a, b, c > 0 occur as side lengths of an albime

triangle ⇔ they satisfy the equation presented here by Trigg.
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It remains to classify the solutions in positive integers.

Trigg continues:

(?!)
11



Trigg’s argument is false(!!),

in fact b, c need not be coprime given a coprime solution (a, b, c).

(a, b, c) = (13,12,15) provides an example:

132 = 122+152−2·12·152/((12+15) = 122−152+2·153/(12+15).
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Charles Wilderman Trigg (1898–1989)

USNR = United States Naval (now Navy) Reserve.
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Various properties of albime triangles appear in (National) Math-
ematics Magazine in 1940, in 1943, and in 1949.
Example: 1949, by the French mathematician Victor Thébault
(1882–1960): such a triangle is characterized by

sin(C) = ± tan(A) · cos(B)

(the sign depending on interior/exterior bisector).
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1957, Dutch high school teacher Theo Kletter

Theorem Fix A,B. Then ∆ABC is albime ⇔ C is on the con-
choid of Nicomedes through A with distance c = |AB| and line `

passing through B perpendicular to AB.

Theorem Fix A,B. Then point K is on the altitude from C, a
bisector from A and the median from B for some albime ∆ABC

⇔ K is on the cissoid of Diocles obtained from the point A on
the circle with center B.
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Conchoid (≈ 180BC): Given AB and the line q 3 B, q ⊥ AB,
vary D ∈ q, the locus of points C on the line through A and D,
such that |CD| = |AB| is the conchoid.

Cissoid (≈ 100BC): Given the circle C with center B and A ∈ C,
take E ∈ C opposite to A and t the tangent to C in E.
Vary G ∈ t, then AG intersects C in A and F .
Cissoid = locus of K on segment AG such that |AK| = |FG|.
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Mathematics Magazine, 1971:

(Where did we see this before?!)
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In 1972 Mathematics Magazine publishes two solutions:

One is Charles Trigg’s 1940 ‘solution’ (!),

an other one is by Leon Bankoff.

And:
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Leon Bankoff (1908–1997) was a dentist in Beverly Hills for over

60 years.
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In 2011 Princeton University Press published a book containing

a chapter on Bankoff (and . . . a chapter on Richard Guy):
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Bankoff’s reasoning (1972):

(?!)
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Problem 238 is in Chapter 9: Complex Numbers.

So: integral sides and some angle has size a rational number (in

degrees), then this angle is 60◦ or 90◦ or 120◦.

Bankoff uses this without the necessary condition “com-
mensurable with a right angle” !
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To date, Mathematics Magazine did not publish an erratum.

However, April 1991, in the Monthly:
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A letter to the editor of the magazine “Popular Mechanics”,

January 1960, by the same John P. Hoyt (1907–2002):
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Around the time Hoyt posed his question, retired (1988) Utrecht

math professor Frederik van der Blij moved to the village of

Gorssel.

His new neighbor: Theo Kletter. They discuss Kletter’s results

and the question of existence of rational albime triangles. Un-

aware of Hoyt’s question, Van der Blij finds many examples.
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Independently, Richard Guy in 1995 published his paper in the

Monthly on Hoyt’s problem.

It contains all ingredients for a complete solution, yet no explicit

statement of the solution itself.
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Jim Mauldon (1920–2002): mathematician at Amherst College.

I do not know his solution. Guy told me recently: “I’m afraid it

is lost forever”.
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Basic idea of both Van der Blij and Guy:

Scaling any albime triangle by a factor 2/(b+ c) reduces Trigg’s

1940 formula to

a2 = c3 − 4c+ 4.

Theorem (Rational) Albime triangles are in 1−1 correspondence

with pairs (x, y) of positive (rational) real numbers satisfying

0 < x < 2 and y2 = x3 − 4x+ 4.

•How many rational points have x-coord between 0 and 2?

•With moreover obtuse triangle: points with
√

5 − 1 < x < 2.

•Analogous with external bisector: points s.t. −2 < x < 0.

[Corresponding (obtuse) triangle has sides (|y|,2− x,−x).]
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From Guy’s Monthly paper, 1995:
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Using magma:

Z:=Integers(); E:=EllipticCurve([-4,4]);

P:=E![2,2]; Albs:={@ @}; upb:=30;

for n in [1..upb]

do Q:=n*P; c:=Q[1];

if c gt 0 and c lt 2

then a:=Abs(Q[2]); d:=Denominator(a);

a:=Z!(d*a); b:=Z!(d*(2-c)); c:=Z!(d*c);

g:=Gcd(Gcd(a,b),c);

Albs:=Albs join {[a/g,b/g,c/g]};

end if;

end for; Albs;
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Van der Blij retired in 1988.

December 16th, 2003 he presented the closing lecture of the

annual mathematics teacher’s day in Groningen. Subject: albime

triangles.

February 4th, 2005 he continued the subject during the NWD

(Dutch Mathematics Days) in Noordwijkerhout:
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The group E(R) of real points on the elliptic curve

E : y2 = x3−4x+4 is a compact, connected topological group of

real dimension 1, so ∼= R/Z. And Z ·(2,2) is an infinite subgroup,

hence (as already shown in the 19th century by Kronecker) it is

dense in E(R).

So infinitely many (c, a) ∈ Z · (2,2) ⊂ E(Q) exist with 0 < c <

2. This answers Hoyt’s (and McKay’s and Kletter’s and Rabi-

nowitz’s) question:

in fact, E(Q) = Z · (2,2).
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Explicitly, using Abel-Jacobi and Weyl’s equidistribution result:

with α ≈ −2,382975767906 · · · the real root of x3 − 4x+ 4 = 0,

∫ 2

0

100dt√
t3 − 4t+ 4

/
∫ ∞
α

dt√
t3 − 4t+ 4

≈ 36.1208 · · ·% of the points in

E(Q) = Z · (2,2) yield albime triangles.
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Of all points in E(Q):
∗ ≈ 44.4832% yield no triangle;
∗ ≈ 19.3960% rational albime triangles with external bisector;
∗ ≈ 22.4487% yield acute rational albime triangles;
∗ ≈ 13.6721% yield obtuse rational albime triangles.
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Van der Blij (2004):
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