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About the discriminant ∆ of a monic polynomial

p(t) =
d∑

n=0

antn =
d∏

n=1

(t− αn),

so,

∆ :=
∏
i<j

(αj − αi)
2.

• ∆ = 0 ⇔ p(t) has a multiple zero ⇔ gcd(p, p′) 6= 1.

• ∆ is a polynomial in the coefficients a0, a1, . . . , ad−1.
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1 0 . . . 0 d 0 . . . 0
ad−1 1 0 (d− 1)ad−1 d . . . 0

... . . . . . . ...
a2 a3 1 2a2 3a3 0
a1 a2 ad−1 a1 2a2 d
a0 a1 0 a1 (d− 1)ad−1
0 a0 0 0
... . . . ... ... . . . ...
0 0 . . . a0 0 0 · · · a1



Determinant = Res(p, p′) = ±∆.
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Geometry of the discriminant is quite old.

Paper by J.J. Sylvester (1864).

James Joseph Sylvester (1814-1897)
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(real) geometry of discriminants is also modern:

Catastrophy theory, Bifurcation theory, Singularity theory

(Books by Arnol’d (1998), Poston & Stewart (1998), .....)

simple idea: family of functions, e.g., t 7→ t3 + at.

critical values for 3t2 + a = 0,

so no real ones if a > 0, two real ones if a < 0.

Critical for t = α, then with b := −α3 − aα, the discriminant of

t3 + at + b equals zero.

For this reason one studies the curve described by ∆ = 0, ...
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Classical example: t3 + at + b (Sylvester, also in Weber’s “Lehr-

buch der Algebra” [1895] and in Picard’s “Traité d’Analyse”

[1891]).

Point (x, y) in the plane corresponds to polynomial t3 + xt + y.

Multiple zero at t = s iff t3 + xt + y = (t− s)2(t + 2s),

so (x, y) = (−3s2,2s3).

This describes the discriminant curve.
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All polynomials in this family which have t = s as zero, form the

line ` : s3 + xs + y = 0.

This line ` is tangent to the discriminant curve, since the deri-

vative q = ∂p
∂s of p = t3 + xt + y = (t − s)2(t + 2s) w.r.t. s is a

polynomial of degree 1 with s as zero, so p + λq is in the given

family, for all λ. This gives the tangent line to the discriminant

curve (for s 6= 0 . . .).
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Given t3 + xt + y, how many real zeros?

Equivalent: (x, y) in the plane, how many lines through (x, y) are

tangent to the discriminant curve?

Note: given the point of tangency (a, b), the corresponding zero

is −3b/(2a).

Felix Klein, Göttingen, winter semester 1907:
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Now surfaces.

Fix f, g with f monic and deg(f) > deg(g) > 1.

Family: p(t) := f(t) + xg(t) + yt + z.

Discriminant surface given by ∆ = 0.

Alternatively: for fixed s the equations p(s) = 0 and p′(s) = 0
each define a plane in (x, y, z)-space. So p(s) = p′(s) = 0 defines
a line.

Such a line corresponds to the polynomials with t = s as multiple
zero, so is inside the discriminant surface.

“Geometry of lines, developable surfaces” (Plücker, Graßmann,
Zeuthen, Cayley, Picard, ...)
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1892, W. Dyck published his “Catalog mathematischer und mathe-

matisch-physikalischer Modelle, Apparate und Instrumente”.

It begins with F. Klein, “Geometrisches zur Abzählung der reellen

Wurzeln algebraischer Gleichungen”.

11



Klein:
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Pages 168–173 in Dyck’s catalog (1892):

Grammar school teacher G. Kerschensteiner describes ∆ = 0 in

the cases t3 + 3at2 + 3bt + c and t4 + 6at2 + 4bt + c.

Here ∆ = 0 subdivides the space R3 into 2 resp. 3 parts, given

by the number of real zeros of the corresponding polynomials.

Sketch:
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Georg Kerschensteiner (1854–1932)

16



Kerschensteiner: PhD 1883 in München (Ph.L. Seidel, G.A. Bau-

er), topic suggested by A. Brill: singularities of rational plane

quartics

mathematics teacher in Nürnberg, Schweinfurt, München

later school reformer and politician

At age 65, he became pedagogy professor in München

Physics honors his impact on education in Germany with a “Georg-

Kerschensteiner-Preis”
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In Dyck’s catalog, Kerschensteiner does not mention models.

Klein’s remark and this, motivate the Groningen geometer

P.H. Schoute to make actual models.

He describes them in the Nachtrag (supplement) to Dyck’s Ca-

talog (1893), pages 26–28.
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Schoute sketches cross sections of his third model:
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Pieter Hendrik Schoute (1842–1913)
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A bit earlier, on Saturday May 27th, 1893, Schoute presented

his three models at the monthly meeting of the “Afdeeling Wis–

en Natuurkunde” (Science Division) of the KNAW (Royal Dutch

Academy of Arts and Sciences).

From the minutes of this meeting:
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Next meeting, Saturday June 24th, 1893:
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Impression of such a KNAW meeting of the “Afdeeling Wis– en

Natuurkunde”:

The minutes (Verslagen) are published

Meetings every last Saturday of a month, in the “Trippenhuis”

in Amsterdam

In 1900, Amsterdam painter Martin Monnickendam (1874-1943)

made a drawing of such a meeting:
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Who is who?

14 names: J.M. van Bemmelen, J. Cardinaal, G. van Diesen,

H. Haga, J.C. Kluyver, D.J. Korteweg, H.A. Lorentz, Th.H. Mac-

Gillavry, T. Place, N.W.P. Rauwenhoff, H.G. van de Sande Bak-

huyzen (chairman), P.H. Schoute, J.D. van der Waals (secreta-

ry), F.A.F.C. Went.

(but: 15 persons drawn...)

Date: probably March 31st, 1900 (drawing is dated April 28th,

1900).
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After corresponding with Schoute, Kerschensteiner knew that

discriminant surfaces are unions of straight lines, so can be rea-

lized as string models.

He designs a new one, corresponding to t5+xt2+yt+z. Described

in the Nachtrag (supplement) to Dyck’s Catalog, pages 23–25.

However, this family of degree 5 polynomials contains no case

with precisely 5 real zeros.
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Kerschensteiner, 1893:

30



Thanks to Schoute’s very detailed descriptions, it is easy to iden-

tify his models.

They are still in Groningen (math department).
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(degree 3)
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(degree 4)
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(degree 6)
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(degree 6, Mathematica, from Schoute’s description:)
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The story continues...

Different example: t5 + xt3 + yt + z (almost as Kerschensteiner

studied, but t3 instead of t2).

Here real x, y, z with 1 resp. with 3 resp. with 5 real zeros exist.

Oskar Bolza proposed this as a master’s thesis topic to Mary

Emily Sinclair (University of Chicago, 1903).
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Sinclair, master’s thesis, page 36:
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In 1905/06 Roderich Hartenstein in Göttingen wrote his “Staats-
examenarbeit”.

Supervisor: Felix Klein.

Topic: the discriminant of t4 + xt2 + yt + z.

This was done earlier both by Kerschensteiner and by Schoute(!),
and again (without reference) in 1895 in Weber’s ‘Lehrbuch der
Algebra’.

Klein extensively uses Hartenstein’s work in his Göttingen winter
semester lectures, 1907. No reference to Kerschensteiner/Schoute.

English translation by E. R. Hedrick and C. A. Noble appeared
in 1932, still popular!
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In 1910 the firm Martin Schilling publishes “Serie XXXIII” in

their ‘Mathematischen Modellen für den höheren Unterricht’.

The series consists of two models of the discriminant surface for

degree 4 polynomials (with a new text by Hartenstein), and a

model of Sinclair’s discriminant surface (plus a summary, which

she wrote for the occasion, of her master’s thesis).

Hartenstein, but only in the context of polynomials of degree

at most 4, mentions “frühere Darstellungen” by Kerschensteiner

and by Schoute in Dyck’s catalog and its supplement.
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E.g. the Martin Luther Universität in Halle-Wittenberg still has

these models

Groningen apparently never had them, in spite of their large

collection: Schoute had his own discriminant surfaces!
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Hartenstein:
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Sinclair:

46



Some 19th century geometry:

Suppose t = s is a multiple zero of p(t) = f(t) + xg(t) + yt + z,

then p(s) = p′(s) = 0, so

 x
y
z

 =

 0
−f ′(s)

sf ′(s)− f(s)

 + x

 1
−g′(s)

sg′(s)− g(s)

 .

Hence ∆ = 0 defines a ruled surface; its lines correspond to

polynomials with a common multiple zero.
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Thm. Is t = s a double zero of p(t) = f(t) + ξg(t) + ηt + ζ, then

the plane f(s)+xg(s)+ys+z = 0 is tangent to ∆ = 0 in (ξ, η, ζ).

Coroll.: all points on the line “with t = s as multiple zero” have

the same tangent plane.

Idea of proof: consider the surface (normalization!) of all (x, y, z, t)

with p = p′ = 0, and then project. �
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Now triple zeroes. Take s variable,

w :=

 −f(s)
−f ′(s)
−f ′′(s)


and

A :=

 g(s) s 1
g′(s) 1 0
g′′(s) 0 0


Assume that Av = w has precisely one solution

v(s) =

 x(s)
y(s)
z(s)


in rational functions x, y, z.

49



The assumption means: p(t) = f(t)+ x(s)g(t)+ y(s)t + z(s) has

a zero t = s with multiplicity at least 3.

Then also p(t)+ λdp
ds has a multiple zero in t = s, so the tangent

line to the curve t 7→ v(t) at v(s) is contained in the discriminant

surface.

∆ = 0 is the closure of the union of all these tangent lines (taken

for all nonsingular points of the curve).

This means: the discriminant surface is a “developable surface”.
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Appendix. Take, e.g., Sinclair’s example: t5+xt3+yt+z. Then
(x, y, z) = (2b, b2,0) correspond to the polynomials t(t2 + b)2.

For real b > 0 such a polynomial has two double, nonreal zeros.
The lines in ∆ = 0 which come from these zeros, are complex
conjugated. So here we have a real part of the surface ∆ = 0
with no real lines in the surface passing through it.

Schoute and Sinclair both describe this phenomenon, but it is
ignored in their actual (string!) models.

Hartenstein, however, uses a brass wire (Messingdraht) to include
these points.

Why did Martin Schilling reproduce Hartenstein’s und Sinclair’s
models, and not those of Schoute? Probably because of a closer
connection to Felix Klein?
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http://www.math.rug.nl/~top/lectures

http://www.archive.org/stream/verslagenderzit00netgoog

http://libsysdigi.library.uiuc.edu/ilharvest/MathModels/0007KATA/

http://ia310816.us.archive.org/2/items/elementarmathema01kleiuoft/

http://libsysdigi.library.uiuc.edu/ilharvest/MathModels/0006CATA/

http://did.mathematik.uni-halle.de/modell/modell.php?Nr=Dj-001

(and also 002, 003)
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