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On the Minimal Distance of Binary
Self-Dual Cyclic Codes

Bas Heijne and Jaap Top

Abstract—In this paper, an explicit construction of binary self-
dual cyclic codes of length » going to infinity with a minimal dis-
tance at least half the square root of » is presented. The same idea
is also used to construct more general binary cyclic codes with
a large minimal distance. Finally, in the special case of self-dual
cyclic codes, a simplified version of a proof by Conway and Sloane
is given, showing an upper bound for the distance of binary self-
dual codes.

Index Terms—BCH bound, binary code, cyclic code, minimal
distance, self-dual code.

I. RESULTS

HE main result proven in this paper (see Section III) is the
following.

Theorem 1.1: Given a positive integer ¢, there exists a binary
cyclic self-dual code with length n < 462 — 2 and minimal
distance d > 6.

The proof, which is constructive, uses the BCH-bound,
which we recall and slightly extend in the first paragraphs
of Section III. It should be noted that MacWilliams, Sloane,
and Thompson [8] provided a nonconstructive proof for the
existence of binary self-dual [n;, k; = n;/2,d;]-codes with
(n;)i>1 strictly increasing and such that d;/n; converges to
a nonzero constant. Concerning explicit examples, it is well
known (see, for example, [12, Section 8.4]) that for any prime
number p = +1 mod 8, the (binary) extended quadratic residue
code of length p + 1 is self-dual and has minimal distance
> /p. However, these codes are not cyclic.

Itis an open problem (compare [14]) whether there is a family
of cyclic codes such that both d;/n; and k;/n; converge to
nonzero constants, while n; is strictly increasing. Much weaker
than this, we give an example (Proposition 3.6) of a family of
cyclic codes with strictly increasing lengths, such that 0 is not a
limit point of one of the arrays d; log(n;)/n; and k; /n,;.

The second subject of this paper is a significant simplification
of the proof of the following theorem by Conway and Sloane,
in the special case of cyclic self-dual codes.
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Theorem 1.2 (Conway and Sloane): LetC be a [n, k, d] binary
self-dual code, with n & {2,8,12,22,24,32,48 72}. Then

Q<2 {n + GJ .

The special properties of cyclic codes allow us to circumvent
the rather deep analysis that was needed in the original proof.
An upper bounds for d in the finite set of exceptions is in fact
2L”1—J56J + 2; see [2] and also [3]. For cyclic self-dual codes,
there is no need to consider a finite set of exceptions: the only
assumption we use on the length n of the cyclic code is that

n # 2.

We note that stronger general bounds on d are known for gen-
eral self-dual codes; see [9] and [11].
In particular, for binary self-dual [n, n/2, d]-codes, one has

4 [EJ +4, ifn#22mod 24
a<{
4 [—J +6, ifn=22mod 24.
24
Whether even stronger bounds exist, when one restricts to the
special case of self-dual cyclic codes, seems unknown. Our ex-
position in Section IV indicates that at least some arguments are
simpler for this subclass.

II. NOTATION AND DEFINITIONS

An [n, k, d]-code (or [n, k]-code) is as usual in coding theory
as k-dimensional linear subspace of F™. Here F is a finite field.
Moreover, d is the minimal distance of the code.

A code C is cyclic if it is invariant under the shift operator.

Note: We allow n to be divisible by the characteristic of .
Under the identification F* = F[X]/(X™ — 1) cyclic codes
correspond to ideals in the principal ideal ring F[X]/(X" —
1). We will use this identification freely in this text. A monic
generator f|(X™ — 1) of such an ideal is called the generating
polynomial of the code.

Let C be a code then the dual code C* of C is the code given
byCt = {x € F* : x-¢c = 0 Ve € C}. Here - denotes
the standard bilinear form. A code satisfying C = C* is called
self-dual. If C is an [n, k] code, then C* is an [n,n — k] code,
hence obviously a necessary condition for the existence of a
self-dual code is that n = 2k is even.

If C is a cyclic code with generating polynomial f(X)|X™ —
1, then C'* is cyclic with generating polynomial g*, where X" —
1 = f(X)g(X). Here g* stands for the reciprocal polynomial
of g.

As an immediate consequence, one observes the following.
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Proposition 2.1: Cyclic self-dual codes only exist in charac-
teristic 2.

Proof: Suppose that C is a cyclic self-dual code of length
n over a finite field F with char(F) = p. This means that the
generating polynomial f of C satisfies f* - f = X™ — 1. Since
f*(X) = X*f(1/X) (for k = n/2 = deg(f)), the multiplicity
w of the factor (X — 1) is the same in f and in f*. So 2y is the
multiplicity of (X — 1) in X" — 1.

Now write n = p®m for integers ¢ > 0 and m, with
ged(p,m) = 1. One has X" — 1 = (X™ — 1)?" over F and
(Xm—1)=(X —1)(X™ P+ X™ 24 ... 4+ X 4+ 1). Since
m # 0 in F, this shows that the multiplicity of (X — 1) in
X™ — 1 equals 1, and therefore, the multiplicity of (X — 1) in
X™ — 1 equals p°. As a consequence, 24 = p° which implies
that p = 2. O

From now on we will assume F = 5.

III. ARBITRARY LARGE DISTANCE

One of the few general tools to find information on the min-
imal distance of cyclic codes is the BCH-bound. This bound is
usually proven under the condition ged(n, char(F)) = 1 (see,
for example, [5]). Since this condition is not satisfied for cyclic
self-dual codes, we will use a slight adaption of the BCH-bound.

Proposition 3.1: Let C be a cyclic [n, k,d]-code defined
over Fo, with generating polynomial f and n = 2 mod 4. Fix
¢ € Fs a primitive n/2th root of unity. Assume that we have
a,b, and § such that ¢*, (**1, ... (%52 are zeroes of f and
¢, vt ., ¢bFe=2 are zeroes of f with multiplicity 2. Then,
d > min{é,2¢}.

Proof: Write f = g*h for coprime polynomials ¢, k. From
[7, Th. 1], it is known that C = (g?h) is equivalent to the |u|u +
v| sum of the cyclic codes C1,Cs of length n/2, with generator
g and gh, respectively. This implies that

d(C) = min{2d(C;), d(C2)}.

Since (%, (%!, ..., (*t%=2 are zeroes of gh, the classical
BCH-bound applied to Cy yields d(C2) > 6. Similarly,
¢bL oY L ¢t 2 are zeroes of g, and therefore, d(Cy) > e.
The result follows. O

Remark 3.2: In practice, Van Lint’s result used in the proof of
Proposition 3.1 is very useful for determining the actual distance
of certain binary cyclic codes of length = 2 mod 4. Namely,
write the generator as g2h for coprime ¢, h. The distance d1, do
of the codes of length n/2 generated by g and by gh is easier
to find, and the distance we look for equals min{2d;,ds}. We
exploited this idea to find the minimal distance of some cyclic
codes of length roughly 600, using MAGMA.

We will now use Proposition 3.1 in the proof of Theorem 1.1.
Proof (of Theorem 1.1): The main idea is to construct a
cyclic self-dual code with such properties that the BCH-bound
will give us the desired bound on the distance. Take any integer
6 > 2 (the case of smaller § is trivial). Fix @ € 7 minimal
such that 2¢t1 > § and put k := 22¢*! — 1. Fix ( a root of
unity of order k. In order to apply the BCH-bound, we construct
f and g such that X* — 1 = ff*gand f(¢) = f(?) =
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--- = f(¢°~1) = 0. Then, applying Proposition 3.1 to the cyclic
code of length 2k generated by f2g (using a = 0,b = 1, and
e = 6 — 1), one concludes d > §. Clearly, this code is self-dual
and has length n = 2k < 46% — 2.

As groups, (¢) = Z/kZ. Take the subset G = {1,...,2¢+1 —
2} of Z/kZ and put S = |J;5,2'G.

Claim: f := [[,cs(X — (%) € Fa[X] satisfies ged(f, f*) =
1. Moreover, clearly (* is a zero of f forall1 < i < § — 2.

The fact that S = 25 implies that indeed f € F»[X]. Next,
we need to show that there is a ¢ such that X* —1 = f f*¢. This
is equivalent to proving that f and f* have no common zeroes.
Since the zeroes of f and f* are (° and (~°, respectively, we
have to show S N —S = 0.

This can be seen as follows. An element in Z/kZ is repre-
sented in binary as

o412+ -+ 2,22

with all ¢; € {0,1}. Moreover, this representation is unique
except for 0 = k = 142422 +- - .4 22¢ In this notation, mul-
tiplication by 2 equals a shift. So multiplying a nonzero element
of Z/kZ by 2 fixes the number of nonzero ¢;’s. Similarly, mul-
tiplying a nonzero element by —1 corresponds to ¢; — 1 — ¢;
for all 7. Observe that any element in G has > a + 1 coefficients
¢; = 0. Hence, the same is true for the elements of S. It fol-
lows that the elements of —S have < a coefficients ¢; = 0. So
Sn-5=040.

Note that 0 ¢ S U —S, hence X" — 1 = f - f* . g with
g(1) = 0. This shows that f2g has ¢°,¢*, ..., (72 as zeroes,
which finishes the proof. O

Remark 3.3: The proof presented here constructs a sequence
of cyclic self-dual [2k, k, d(k)]-codes Cy, such that

lim su @ > lim L =
el 2k = amoo \/2%a¥2 — 3

Remark 3.4: The code constructed in our proof of Theorem
1.1 depends only on (the Gal(F5 /F5)-orbit of) the chosen prim-
itive kth root of unity (. A different choice results in an equiv-
alent code, with the equivalence given by an automorphism of
rings

Fo[X]/(X" = 1) = Fo[X]/(X"=1):  Xm+— X"

for some integer m with ged(m,n) = 1.

Example 3.5: For a = 1,2,3, we discuss the binary cyclic
self-dual codes constructed above.

The case a = 1 yields a [14, 7]-code. It is shown in [6] that
there is (up to equivalence) a unique self-dual code of length 14,
and this code has distance 4. This implies that the BCH-bound
0 = 4, which we have in this case, is sharp.

For a = 2, we obtain a code of length 62. The minimal dis-
tance of any binary self-dual code of length 62 is bounded by
12, and examples of such [62, 31, 12]-codes were constructed by
Harara [4]. Harara’s example is not a cyclic code, and in fact,
it follows from the calculations in [10] that the largest minimal
distance of a binary cyclic self-dual [62, 31]-code is 10. Using
MAGMA, we found that our example has distance d = 8, which
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is not best possible, but which equals the BCH-bound § = 8 in
the present case.

For a = 3, our construction yields a code of length 254, and
the BCH-bound gives d > § = 16. Using MAGMA and the
idea sketched in Remark 3.2, it turns out that in fact the code
obtained here is [254, 127, 28]. In particular, the BCH-bound is
far from optimal in this example.

The results are summarized in the following table.

a |1 2 3
k|7 |31]127
n | 14 | 62 | 254
4 |8 16
d|4 |8 |28

The ideas used above can be used to construct more general
(binary) cyclic codes with reasonably large minimal distance.
The precise result is as follows.

Proposition 3.6: There exist cyclic [n;, k;, d;]-codes such
that (n;);>1 is strictly increasing and neither of d; log(n;)/n;
and k; /n; has 0 as a limit point.

Proof: Take an integer a > 1 and put n := 2% — 1 and
§ := [2%71/a]. Let ¢ € F5 be a primitive nth root of unity
and identify () = Z/nZ.In Z/nZ, we consider the subset
G = {bmod nlboddand 1 < b < §} andput S = |J,;5,2'G
as before. By the choice of n, the order of 2 in the group of
units (Z/nZ)* equals a. It follows that #S < a - [§/2] <
292 We let C, be the binary cyclic code with generator f :=
[I,es(X = ¢°) € F2[X]. The classical BCH-bound (see, for
example, [5]) implies that the distance of C, is d > 6 + 1. The
dimension & = n — deg(f) = n — #.5S of this code is then at
least n — 2¢=2 = 3-2%=2 _ 1, From this, the result follows. (]

Example 3.7: Using MAGMA, we tested the construction
in the preceding proof, for 2 < a < 9. Note that for a =
3, the cyclic code obtained in this way is the classical [7, 4, 3]
Hamming code. The results are presented in the following table.

aln=2*"—1|0= LQ”’I/aJ k| d
2 3 1 1 3
3 7 1 4 3
4 15 2 11 | 3
5 31 3 21 | 5
6 63 5 45 | 7
7 127 9 92 | 11
8 255 16 191 | 17
9 511 28 385 | 29

The table shows that for these particular examples the BCH-
bound is very close to the actual minimal distance. In the cases
with n < 255, MAGMA calculated this distance essentially
instantaneously; for n = 511, it took a few hours.

IV. UPPER BOUND

In this section, we prove Theorem 1.2 in the special case of
binary cyclic self-dual codes. Basically, we follow the original
argument presented in [2]; however, we exploit the extra condi-
tion that our codes are cyclic.

Every codeword cin a self-dual code satisfies c-c = 0. Hence,
in a binary self-dual code, wt(c) is even for all c.
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Lemma 4.1: A binary cyclic self-dual code is of type [; i.e.,
it contains a word ¢ with wt(c) = 2 mod 4.
Proof: Let C be a binary cyclic self-dual code. The gener-
ator f = Z?:o a;j X7 satisfies f - f* = X?* + 1. Considering
all terms of degree < k in the product f - f*, this implies

E aiank'H_] =1.
0<i<j<k

Write w := wt(f), which is an even number since f generates a
self-dual code. In the sum above, w(w—1)/2 products a;a; = 1
appear, and since the sum equals 1, it follows that w(w — 1)/2
is odd. Hence, w = 2 mod 4. O

The lemma implies that for a binary cyclic self-dual
[2k, k]-code C, the map

C — 27/47 = F,, ¢ — wt(c) mod 4
is surjective. In fact, it is well-known and easily seen that this
map is linear. Its kernel is denoted as C'°). This is by construc-
tion a binary cyclic [2k, &k — 1]-code contained in C, so its gen-
erator equals (X — 1) - f with f the generator of C. Recall that
the shadow S of C is defined as S := C(®)+ \ C. The shadow
is cyclic, but not linear. Since C(1 is the cyclic code with
generator f/(X — 1), the shadow consists of all multiples of
f/(X — 1), which are not multiples of f.

Using the MacWilliams identity and some invariant theory,
the following formula for the weight enumerators W, W of a
binary self-dual [n, k]-code of type I and its shadow are derived.

Lemma 4.2: There are integers ao, . .., a|z| such that
2] | |
WC(X, Y) _ Z Gq',(XZ T Y?)k—41(X2y2(X2 _ Y2)2)7,
i=0
and
[3] . . .
Ws(X,Y) =Y 20, (Xy)F=4(y* — x*)”.
i=0
Proof: See [2] or [13]. O

We now prove Theorem 1.2 for cyclic codes. So suppose C is
a binary cyclic self-dual [n, k, d]-code with n > 2. Fix integers
£ and 6 such that n = 10/ + 26, with —3 < § < 1. Note that
n > 2 implies £ > 0. Our aim is to show that d < 2/, so assume
this is not the case. Since d is even, this implies d > 2¢ + 2.
Hence

n—20—2
We=X"+Y"+ Z A; XYl
i=20+42
Applying Lemma 4.2 yields integers a; such that
n—20—2
i=2142
L3 ‘ ‘
— ai(Xz +Y2)k—4Z(X2y2(X2 _ YZ)Z)Z.

[I—

Q
I
=)
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To simplify notation take X = 1 and Y'? = y. Modulo y*! the
above equality reads

| ]
1=
i=0

a;i(1+y)* " *(y(1 — y)*) mod y**+'.

The Biirmann—Lagrange formula (see [15]) implies in particular

ay = —% - (coeff - ofy* L in (1 — y?) 70 1(1 — ) tHoHL),
For d = 2, the code C equals the binary repetition code with gen-
erator X* — 1; in this case, the bound follows since we assume
n > 2. We now assume d > 2. Then, the binary cyclic self-dual
codes such that ¢ < 4 are easily determined (compare [10]) and
the theorem holds in these cases. Now assume ¢ > 5, which im-
plies that —¢ — § — 1 and —¢ + § + 1 are negative. Since the
Taylor coefficients of ﬁ are nonnegative and of ﬁ strictly
positive, it follows that a, < 0.
Write

Ws(X,Y) = Z B; XY
1=0

Observe that B; = 0 if ¢ < d/2 since otherwise adding a
nonzero word of the shadow of weight < d/2 to its shift would
give a word in C of weight < d.

We now distinguish two possibilities. First, if d > 2/ + 2,
then we have shown By = By = -++ = By41 =0, s0

Ws = 0 mod X ‘2.

In particular, using the formula for Ws given in Lemma 4.2
and the fact that k — 4¢ < ¢ + 1, it follows that a, = 0. This
contradiction shows that d = 2¢ + 2.

A word in S of weight d/2 would give, by shifting and using
that C has minimal distance d, a partition of n in pairwise dis-
joint subsets of cardinality d/2. So if such a word exists, then
d/2 = £+ 1 divides n = 10£ + 26. This is not the case if
n > 144 and so we get By = 0 whenever n > 144. So also
in this case, one obtains By = By = --- = By41 = 0, which as
is shown above yields the contradiction a, = 0.

It remains to consider the cases where 10¢ 4+ 26 = n < 144
is a multiple of ¢ + 1, which is easily done; in fact, all but the
cases n = 144 and n = 126 are given in [10]. For n = 144, the
only binary cyclic self-dual code is the repetition code which
has d = 2. In case n = 126, we have used MAGMA to verify
the result (compare the example below). O

Example 4.3: For length n = 126, any binary cyclic self-dual
code has a generator f2g in which f - f* - g = X% 4 1. This
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condition implies that f has degree 3m with 0 < m < 9. Up
to isomorphisms of Fo[X]/(X*2¢ — 1) given by X — X for
some a with ged(a, 126) = 1, this yields 86 codes. All these
codes turn out to have minimal distance < 14, and all even
numbers d with 2 < d < 14 appear as minimal distance for
at least one of these codes.
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