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Chapter 1

Modeling by tearing and zooming

A typical systemconsistsof an interconnectiorof subsystems.The very first
picture that comesto mind whenthinking abouta modelis that of a bladk box
with anumberof terminals say7'. Terminalscorresponghysicallyto thewayin
which the subsystenis interfacedwith its ernvironment.

Figurel.1: Black box

This canbe formalizedmathematicallyby associatingo the i-th terminala
variable s; which takesits valuein a setS;. The setof all terminal variables
S =81 xS, x ... x Srwe canthink of asthe systemsterminal signalspace

We are mainly interestedn dynamicalsystemsjn which casethe terminal
variables evolvesasafunctionof independentariables suchastime andspace,
which we indicateby a setl, the so calledindexing setof our model. Sos is a
functionfrom I to S. A priori all functionss : T — S, denotedby S!, canoccur
at the terminals. We canthink of S! asthe univeisumof our model, the setof
all possibleoutcomes.The internallaws of the systemrestrictsthis setto a set
B C S This set®B representshe setof signalsthat actually canoccurandis
calledtheterminalbehavioror full behaviot

An interconnectedystemis viewed as a collection of moduleswith termi-



nals interconnectedhroughaninterconnectiorarchitectue. Thesemodulesthe

building blocksof aninterconnectedystemaresubsystemsvith terminals.One

cannotconnecterminalsthatarenotof adaptedype i.e. thatarenotconnectable.
For instancelet usconsidera physicalsystem.In this case connectabilitysimply

meanghattheterminalshaveto possesthesamephysicalnature(e.g.youcannot
connectanoutletof atankto anelectricalwire). But we do not have to constrict

oursehesto physicalsystems!Seealso[4].

External terminal Internal
terminal

External terminal

External terminal

Figurel.2: Interconnectegystem

A modulebelongsto a particularmoduleclass which is definedby the num-
berof terminals thetypeof eachof its terminalsjts behaioral representatioand
by parametersThe architecturamposegelationsbetweerthe variablesat these
terminals.Examplesof modulesclasses:

module class Terminals Type of terminals
resistor (terminallterminal2) | (electrical,electrical)
transistor | (collector emitter base)| (electrical,idem,idem)
2-inletvessel (inletl,inlet2) (fluidic, fluidic)

Examplesof terminals:

Type of terminal Variables Universum
electrical (voltage,current) R xR
1-D mechanical (force, position) R xR
2-D mechanical | (position,attitude force,torque)| R? x S! x R? x R
thermal (temperatureheatflow) R, xR

After interconnectionthe architecturdeavessometerminalsavailablefor in-
teractionwith the ernvironmentof the overall system.Theseterminalsarethe so
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calledexternalterminals.The connectederminalsarecalledinternal terminals.

A specificmoduleis definedby giving its module classand the numerical
valuesof the parametersthefull behaior of bothinternalandexternalterminals
is thenalsodefined.However, only someof thesevariablesareof interestfor the
specificapplicationat hand.We call thesevariablesthe manifestvariablestaking
valuesin asignalspaceW. Theremainingvariablesarecalledthelatentvariables
takingvaluesin anotheisignalspacedL (seee.qg.[5], [1]). Usually, thevariableson
the externalterminalsareconsideredo be manifestjthe variableson theinternal
terminalsareconsideredo belatent. Now definethe manifestoehaior

B={weW | thereexists/ € L suchthatfw,) € Bg }

Vs 1y)

(Vis 1)

(V21 |2)

Figurel.3: Electricalmodule

For instance consideran electricalmodule,showvn in figure 1.3. Theinteraction
with theenvironmenttakesplacethroughits wires. Sothewiresaretheterminals.
With eachterminalwe associatéwo realvariablesthepotentiall” andthecurrent
I (agreedo be positive whenelectricalcurrentflows into the device). Thelaws
of the device specifythebehaior, whichis a subsets of S whereS = (R?)" is
the signalspaceandn denotegshe numberof terminals.

Pairing of terminalsby the interconnectiorarchitecturamplies an interconnec-
tion law. Examples:



Pair of Variables | Variables Inter connection
terminal terminal 1 | terminal 2 constraints
electrical (1, Ih) (v, I5) Vi=Vo, [ +1,=0

1-D mechanical (Fl, CI1) (FQ, QQ) Fi+F = 0, Q1 =q>
thermal (Q1,T1) (Qe,Ty) | Q1 +Qe=0,T, =T,
fluidic (p1, f1) (p2, f2) pL=p2fit =0

informationprocessing m-inputu | m-outputy u=1y

Example: considertheelectricalcircuit shovn in figuresl.4and1.5.

Connector 1

Connector z

Figurel.4: RLC circuit

Rc RL C
1@ 2 R 5+ 6
9 12

Xnnector 1 /‘()nnector 2
10

11 13 14

Figurel.5: RLC circuit aftertearing

This circuit consist=f the following modules:

—@—38



Module From moduleclass | Terminals | Parameter

Re resistor (1,2) Rinohms
Ry resistor (3,4) R inohms
C capacitor (5,6) C infarad
L inductor (7,8) L in henry

Connectorl| 3-terminalconnector| (9,10,11)
Connector2| 3-terminalconnector| (12,13,14)

Theinterconnectiorarchitectureconsistof the pairing of theterminals:{10, 1},

{11,7},{2,5}, {8,3},{6,13}, {4,14}. The externalterminalsare{9,12}. The
otherterminalsareinternalterminals. This leadsto the following equationgor
thefull behaior:

Modules Constitutive equations
R¢ L+1,=0 Vi = Vo= Rcly
Ry Is+1,=0 Vs —Vi=Ryl3
c Isi+1=0 Ca(Vs—Vs) =TI
L I:+1I3=0 Vi—Vs=LLI;
Connectorl| Ig+ I1g+ I;; =0 Vo = Vip = Vi1
Connector?| Iy + 13+ 11y =0 | Vipo=Viz =V

Inter connectionpair | Inter connectionequations
{10,1} Vio=W1 Lo+, =0
{11,7} V=V | In+1I;=0
{2,5} Vo=Vs Ih+1s=0
{8,3} Vs=Vs Is+13=0
{6, 13} ‘/6 = V13 I6 + 113 == 0
{4, 14} V;; = V14 I4 + Il4 =0

Now we have
By = LV, I, ..., Vig, 114} | theabove equationsaresatisfied.

Supposehat the variablescorrespondingo the externalterminals9 and12 are
the manifestvariables Denotew = (Vy, Iy, V12, I12) and
[ = (‘/17 Il? RIS ‘/éa IB) ‘/107 IlO7 ‘/117 Illa ‘/137 Il3a ‘/147 114)' Thlsylelds

B = {w € R* | thereexists! € R** suchthat(w, ) € By }



Examplewith anhigherdimensionaindex set:

(x.y)

Figurel.6: Elasticmembrane

The interactionof this modulewith its ervironmenttakes placethroughthe
wholemodule.Soit hasoneterminal.Indicateby u(z, y, t) = (uz(x, y,t), uy(z,y, 1))
the displacemenéttime ¢ of a pointat position(z, y) whenthe membranes not
deformed.Denoteby F' the externalforce appliedto the point of the membrane
in position (z,y) attime ¢. The systemis regardedasa distributed mechanical
terminalwith terminalvariables(u,, u,, F;, F},). Theequationof motionis

92
Por

with parameter, the massdensity andconstants\ andu (lamé constants)de-
scribingthe elasticbehaior of themembraneThisyieldsthe behaior

u=\+p)V(Veu)+uVu+F

B = {(ug, uy, Fy, F) : R* - R* | above equationshold}.



Chapter 2

SystemsTheory and The Behavioral
Toolbox

In this chaptemwe introducethe essentiamathematicatonceptghatareinvolved
with modelingsystemsasdonein the previous chapter We only concentraten
systemswhosetrajectoriescan be describedas solutions(mostgenerallyin the
senseof distributions)to a setof linear (partial) differentialequations.

Definition 2.0.1 A dynamicalsystems a triple > = (I, W, B) with W thesignal
spaceI theindex setand B ¢ W! the behaviorof the systemj.e. the setof all
trajectoriesallowedby the system.

Therearetwo crucial aspectsoncerninghis definition. First of all, it aban-

donstheideaof asystemasinput/outputmap(signalprocessorandall thequanti-
tiesfor which no hierarchicalor cause/dect structures a priori given. Secondly
thereis a cleardistinctionbetweernthe feasibletrajectoriesandits representation
(equationsgraphsgrammarules,...).
Classicalnotionssuchaslinearity and shift-invarianceare at this abstractevel
alreadydefined.A dynamicalsystemis calledlinear if W is avectorspaceandB
is alinear subspacef W!, andis calledshift-invariant if I is a semigroupunder
additionand o8 = B for all ¢t € I, wherec! is the shift operatordefinedby
(c'w)(z) = w(z +1).



Example Maxwell's equationsdescribethe possiblerealizationsof the fields
E:RxR R, B:RxR - R, j:RxR - Randp: Rx R® - R
Theseequationsare

VeE = —
[ ) 8OI[)
— a —
EF = ——B
V x 5
VeB = 0
— 1—; a —
2 B
VxB = — —F
¢ X 60'7+at

with ¢y the dielectric constantof the mediumand ¢ the speedof light in the
medium.They defineadynamicalsystem® = (R x R*,R? x R® x R x R, B)
with beharior B the setof all fields (E, B, j,p) : Rx R® —» R3 x R® x R3 x R
thatsatisfyMaxwell’s equations.

As seenin chapterl, alsosystemswith latentvariablesshouldbe considered:

Definition 2.0.2 A dynamicalsystenmwith latentvariablesis a quadrupleX; =
(I, W, L, B,y ), with T the index set, W the manifestsignal space L the latent
signalspaceand B, ¢ W' x LT thefull behaviorof the system

Notethatif wewrite W =WxL, thenX; = (]I,%;V, Bra) isadynamicakystemas
in definition2.0.1.A dynamicalsystemwith latentvariablesnducesadynamical
systemin the senseof definition2.0.1asfollows:

Definition 2.0.3 Let X;, = (I, W, L, B¢,;;) be a dynamicalsystemwith latent
variables. The manifestdynamicalsystemnducedby X; is the dynamicalsys-
tem> = (I, W, 98), with behavior3 definedas:

B ={w:I— W |thereexist! € L suchthat(w,!) € B}
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2.1 Differential systems

Whatwe arereally afterin modelinga system|s its behaior 98, thesetof admis-
sibletrajectories.Although a behaior canbe describedn variousways,thereis
oneclassof systemdhat playsa prominentrole: the differential systemsA dif-

ferentialsystems definedwith I = R* andW = R", asasystemwhosebehaior

B is describedy all solutionsof afinite setof partialdifferentialequationf the
form:

Flew(a), ., () w(a) = 0

Herewe usethe multi-index notation(2)* = % with k = (ky, ..., kn).

We alsoassumehatonly a finite numberof suchbartial derivativesareinvolved.
This classof differentialsystemsasanimportantsubclassthe classof differen-
tial systemsvith constantoeficients Thesearesystemavhosebehaior consists
of all solutionsof equationf theform:

0 0

Oz’ Oxy,

R( Yw =10

whereR € R**¥[¢y,...,&,] is apolynomialmatrix in n indeterminatesvith w
columnsand an arbitrary (finite) numberof rows. For obvious reasonsB =

ker(R(32-, ..., 52)) is calledakernelrepresentatiorwith kernel R.

Of coursepnehasto specifywhatkind of solutionsoneis looking for. In thefol-

lowing, we are only concernedvith smoothsolutionsor solutionsin the sense
of distributions. The set of distributions with respectto a test-functionspace

D (R",R™) is denotedoy ' (R*, R™).

First we have to introducesomenotation. A moduleX C R™[y,...,&,], gen-
eratedby a finite numberof elementsey, ..., z, € X (a noetherianmodulg, is
denotedasX =< z1,...,2z, > 0orby X =< X > with X = mat(z4,...,z,) the
matrixwhich haszy, . .., z, asits columns.

A fundamentaluestionis: supposewve have two kernelrepresentationsyhen
dothey definethe samebehaior? This is answeredn the following theorem:

Theorem2.1.1 Let Ry, Ry € R™¥[&y,...,&,]. Thenkern( R, (3%, ..., ;%)) =
ker(Ro(52-, ..., 52-)) © < R >=< R} >

Thistheoremestablisheshe correspondencleetweerbehaiors andsubmod-
ulesof R¥[¢1, .. ., &,]. Butthisdepend®nthesolutionspaceunderconsideration:
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it holdsfor € or ®' solutions. It alsoreflectsthe fact that a behaior admits
mary representationsA consequencef the theoremis, sincewe cantransform
a polynomial matrix in oneindeterminatan a matrix of full row rank andthat
accordingo thetheoremhe correspondingpehaior will notchangethatwe can
alwaysfind a full row rank kernelrepresentatiorior a kernel behaior involv-
ing oneindeterminate. This resultwas alsoderivedin [5]. Thisis a so called
minimalrepresentation For systemsnvolving morethanoneindeterminateit is
morecomplicated.Example:supposeve have a behaior definedby %wl =0,
a%wl = 0 with manifestvariablesw,, w;. Obviously, the correspondingernel
matrix doesnt have independentows. But we cannot replacethesetwo equa-
tions by a single one andstill maintaina kernelbehaior. This exampleshows
thatthingswork really differentfor ND-systems.

I n the Behavioral Toolbox:

A minimal kernelrepresentatiois calculatedwith the useof the m-file of The
PolynomialToolbox prowred.m Sotheresultis in factstronger:it is row proper
or rowreduced Thismeandor apolynomialmatrix R thatthematrix Ry, which
consistf the coeficientsof theentriesof R correspondindo thehighestdegree
of eachrow, hasfull row rank. The m-file interfacingMatlabandBTB (shortfor
Behavioral Toolbox)is iprowred.m

2.2 The elimination problem

Supposehe behaior of a systemwith manifestvariablesw andlatentvariables
1, admitsa kernelrepresentatiowith kernelmatrix R € R*>*¢+1[g, .. &.]. In
this casewe have:

Ban = {(w,]) : R* > WxL|RGZ,... 8)[}”] =0}

oxr1’ ) Oxy

B = {w:R* - W | thereexists! € L suchthat(w,!) € B}

A naturalquestiorarisesis therealsoa differentialrepresentatioonf thebehaior
which doesnotinvolve ary latentvariables?As we will see sucharepresentation
exists.

Definition 2.2.1 LetT € RP**[¢y,...,&,]. Thesetof Sygygief T is the set
SYZ(T) = {h € R°[&y,...,&] | Th =0}
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It is easily seenthat SYZ(T)C R*[(y,...,&,] is a moduleover R[¢y, ..., &,].
Therefore,it is alsoreferredto as Sygygymoduleof 7. SinceR®[¢y,...,&,] IS
anoetheriarmoduleandSYZ(T)C R°[¢y, . . ., &,], thereexist a polynomialma-
trix H suchthat< H >=SYG(T"). Now we statethefollowing result:

Theorem 2.2.2 Let®B bethe manifestbehaviorcorrespondingo the latentvari-
ablerepresentationV (%, ..., 722 )w = M(;2, ..., ;Z)l. Thenthe following

. *7 Oxy 6_.’1317 ° Oxn
are equivalent:
(i) weB
(i) he SYG(M™) = h"(3%, ..., 32 )N (32, ., 32)w =0

This resultdependsagainon the solutionspacechoosen!The theoremholdsfor
¢ or distributionsbut, for example,not for solutionsthatare ;. .

A consequencef thistheoremandthethefactthata Sygygymoduleis noetherian
is thefollowing corollary:

Corollary 2.2.3 (Elimination theorem) Let ®8 be the manifestbehavior corre-

spondingto theIatentvariablerepresentatiorﬂ\f(%, cee %)w =
M(a%, e %)l. Thenthere existsa polynomialmatrix H sud that
0 0 0 0
B=ker(H'(=—,...,=—)N(=—,..., —
er( (ax17 Y ax”) ax17 Y axn))

This corollary is referredto asthe eliminationtheoem In orderto computea
kernelrepresentationf the manifestbehaior, we have to find a setof generators
of the Sygygy moduleof M”. For systemswith a one dimensionalindex set,
in Matlab’s Polynomial Toolboxthereis an implementationfor finding a set of
generators.

I n the Behavioral Toolbox:

The PolynomialToolbox commandxabis used. This commandsolvesthe poly-

nomial matrix equationX A = B. If B is azeromatrix of ary size,it computes
a basisfor theleft nullspaceof A. BTB usesthe m-file ieliminatem, interfacing
BTB andMatlab
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2.3 Obsenvability and Controllability

Two centralconceptsn systemgsheoryarethe notionsof observabilityandcon-
trollability. Classicallyfor statespacesystemgseesection?.4.2),o0bsenability is
definedasthe possibility of deducingthe statefrom anobsenedoutput. Control-
lability is definedasthe possibility of transferringthe statefrom ary initial state
to ary final statevalue. In behaioral systemstheory however, see[5],[1] and
referencegherein,thesenotionsare extendedto more generalmodel classesof
systemsanddo notdependa priori on ainput/state/outpustructurebeinggiven.

2.3.1 Observability

In behaioral systemstheory obsenrability meansthe possibility of deducing
somevariableswhile observingthe other ones. However, we restrict attention
to obsenrability of latentvariables:

Definition 2.3.1 LetY = (I, W, L, ®By,;) bea dynamicalsystenwith latentvari-
ables.Thelatentvariable! is observabldromw if

(w,1) € Bpy and(w, ') € By = 1 =1
If thefull behaior is linear, thenthis definitionis equialentto the condition

(O,Z) € %fu]] =[=0

For a hybrid representationV (3%, ..., 322 )w = M(z%, ..., ;2)I, askingfor
obserability is thusequivalentwith askingfor M (;2-, ..., 52-) to beaninjective
map.

Theorem 2.3.2 Let By, bethelinear differential behaviorgivenby

0 0 0 0
%full = {(’LU,Z) € €OO | N(a—l‘l,’aT)w = M(a—l‘l”%)l h0|dS}

with M € R***[&, . .., &,]. Thenthefollowing are equivalent:
1. [ is observabldromw
2. < MT >=REy, ..., &)
3. rank M (A, ..., \)) =Iforall \; € C

Condition2 of theabove theorenmgivesusthe possibility of verifying obsenrabil-
ity.
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I n the Behavioral Toolbox:

In [1], analgorithmfor checkingobsenrability is deducedalgorithm90). Short
descriptionof the algorithm:theideais to extractrows from M of degreezeroby

looking at the matrix M., which consistsof the coeficientsof entries(polyno-
mials)of M correspondingo the highestdegreeof every row. If therows of M,

arenotindependentselecthecorrespondingow of highestdegreeof therows of

M andreplaceit by the previously found linear combinationof theserows. This

degreereductioncorresponds$o multiplying with a unimodularmatrix andhence
the behavior doesnot change see[5] andtheorem2.1.1. If the rows of degree
zerospanR’ thencondition2 of theorem2.3.2holds. For a detaileddescription
of thealgorithm,thereadeliis referredto [1].

BTB usesthe m-file iobservabilitymasthe interfacingfile with Matlah Thisfile

primarily usesthe m-file observabilitym

2.3.2 Controllability

We introducea definition, see[5] and [1], of controllability which only relies
on the systems trajectories,and not on specific propertiesof specialvariables
choserto represenit. Thisin contrasto the classicaldefinition of controllability
involving statevariables.

Denoteby I the closureof asetU.

Definition 2.3.3 A behaviors with T = R" is controllable if for all wq, w, € B

and opensubsetd/;, U, € R™ with Ijl N I}Q: 0, there existsw € B sud that
w = w; onU; andw = wy onUs.

Soabehaior is controllableif solutionsarepatdable

In particular if theindex setl is equalto R, onecaneasilyshov thatthe above
conditionis equialentwith the following: for all w,,w, € B andt,t, € R,
t1 < t9, thereexistsw € B suchthat

w(t):{ wi(t) t<t

UJQ(t) t 2 tg

15



time

W

Figure2.2: 1-D controllability

In the generalcasethatl = R, thefollowing theoremrelatesthe controllability

of B = ker(R(z%, . . ., 52)) with propertiesof thesyzygymoduleof R:

Theorem2.3.4Let R € R**¥[&y,...,&] and M € R¥™**[&,...,&,] be sud

that SYZ(R) =< M >. Moreover, let Ry € R*¥¥[¢y,...,&,] be sud that

SYZ(M™) =< RT >. Then
0

=k — ...
B er(R(axl, ' Ba.

)) is contollable << R" >=< R >

In the specialcasethatn = 1, thereholds:
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Theorem 2.3.5 GivenR € R**¥[¢]. Thefollowing are equivalent:
1. B = ker(R(2)) is controllable
2. rank(R(\)) isthesamefor all A € C

3. If N is any polynomialmatrix whosecolumnsform a minimal genesmting
setfor themodule< RT >, thenN € R**¢[¢] andrank N ())) = ¢ for any
A € Cwheec = rank(R)

Theorem2.3.6 Let R € RP*¥[¢] bea full row rank polynomialmatrix. Thefol-
lowing are equivalent:

1. B = ker(R(£)) is controllable
2. Thecolumnsof R spanthewholemoduleR? [¢]

3. rankR()\)) =pforall A e C

Comparingthis theoremandtheorem?2.3.2,onesseeshatthe conditionsfor
controllability aredualto the conditionfor obsenability only in caseR is of full
row rank. Obviously, you cannotobsere “too mary” variableg M doesnothave
full columnrank, excludedin theorem?2.3.2),whereas'too mary” equationg R
doesnothave full row rank,excludedin theoren2.3.6)may still definea control-
lable behaior.

I n the Behavioral Toolbox:

This duality implies that we canusethe obsenability algorithmin caseR is of
full row rank. In generalpbsenability of RT checkscondition2 of theoren?.3.6
andoutputsa degreereducedmatrix R whosecolumnsgeneratéhe samemodule
astheoriginal R. If truecomesout,thenwe aredone.If not,then,asalreadydis-
cussedthe behaior couldstill be controllable. The algorithm extractsconstant
columnsof R until they spanthe properspaceor until no more degreelower-
ing is possible.In the lastcasethe columnsof nonzerodegreeareindepentof the
othercolumns.In generalpnecannotexpectthattheseobtainedconstantolumns
areindependentlf they indeedarenotindependentreplacethesecolumnswith
columnsthatareindependenandthat spanthe samespace.The m-file reducem
doesthecomputation Sincethe columnsof degreemorethenzeroarealreadyin-
dependenof theothercolumnsthe numberof columnsof thetransformednatrix
R is equalto its rank. In casethe rank equalsthe row dimensionof R, thenby
theorem?2.3.6,thetestperformedby the obsenability algorithmis necessarand
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sufficientfor controllability. Otherwise we apply condition3 of theorem?2.3.5to
checkcontrollability; usethe obsenrability algorithmagainwith the transformed
R asinput. BTB usesthe m-file controllability.m andinterfacefile icontrollabil-
ity.m.

2.4 Inputs, Outputs and States

Classically mostmodelsof a physicalsystemare givenin input/outputform or
input/state/outputorm. However, thesedescriptionare not a very naturalthing
to startwith. Firstof all, modelsfrom physicsdo not occurin eitheroneof these
forms. Secondlyinterconnectedystemsare not describedoy input/outputpair-

ing.

Of coursetheseconceptsare very useful,for instancefor simulation. But these
structuresaretoo restrictve asa startingpointin a moregeneralframework. In-
put/outputrepresentationsr input/state/outputepresentatioshov up naturally
a posterioriinsteadof a priori.

2.4.1 Inputs and Outputs

Equationghatusuallyappeain textbooksareof theform:

Q= P()y

with P and @ polynomial matricessuchthat P~1(QQ, the transfermatrix of the
systemjs amatrix of properrationalfunctionsi.e. the degreeof () is at mostthe
degreeof P. In this case,u is calledthe input, yielding an outputy. We begin
with the conceptof freevariablesof a differentialsystem:

Definition 2.4.1 LetY = (I, W, 8) bea differential systemVariablesu are said
to befreeif there existsa permutationmatrix IT sudh thatfor all v € €*°(R*, R*)
there existay € €*°(R",RY) yieldingw = II(u,y) € B. Variablesu are called
maximallyfreein B if y doesnot containanyfurther freecomponents.

This definitionalsoholdsfor distributions.

Lemma2.4.2LetB = ker(Q(z%,...,5%) — P(32,.-.,32)]). Letw =
(u,y) bepartitionedaccoding to the @ and P matrix. Thenu is freeif and only
if

SYZ(P™) = SYZ([Q — P]")

18



However, which variablesamongthe variablesactuallycanbe regardedas max-
imally freeis not unique. In fact, mary possiblesubsetf the w’s canplay this
role. Whatis uniqueis the numberof maximally free variables. The following
theoremtells uswhatthis numberis.

Theorem2.4.3 Let R € R**¥[¢,,...,&,]. Thecardinality of a setof maximally
freevariablesin B = ker(R(;2-, ..., %)) equalsw — rank(R)

oz’ } Oy

This canbe interpretedasfollows: the numberof maximally free variables
equalsthe numberof variables(w) minusthe numberof independentonstrains
imposed(rank(R)). The following definition leadsto inputsand outputsin the
classicakense:

Definition 2.4.4 Variables v are said to be smoothlyfreein B if for all u €
¢*(R",R*) there existy € ¢¥(R",R¥) suc thatw = Tl(u,y) € B with IT a
permutationmatrix. They are maximallysmoothlyfreeif y containsno further
smoothlyfreecomponents.

Now thetheoremthatestablisheghelink with the classicakconceptof inputs:

Theorem 2.4.5 LetB = ker(R(<Z)) bedescribecby

QU= P(5y

with w = (u,y)" and R = [Q — P] of full row rank. Thenu is maximally
smoothlyfreeif and only if P is a nonsingularsubmatrixsuc that P~1Q is a
matrix of properrational functions.

I n the Behavioral Toolbox:

Theorem2.4.5is used. Firsts R is row reducedusing the m-file prowred.mof
The PolynomialToolbox, whereafterthe matrix is sortedby descendingolumn
degree. Thenthe matrix R, is formedwhich consistsof the coefients of R
correspondingo the columnsof highestdegreeof R. Subsequentlya minor of
Ry is obtainedwith the useof the m-file minorm which startlooking at thefirst
columns. Now stackthe correspondingolumnsof R, defininga matrix P, and
stackthe remainingcolumnsof R, defininga matrix Q. This guaranteeshat
P~1Q is a matrix consistingof properrational functions. The m-file that BTB
usesds io.mwith interfacefile iio.m
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2.4.2 StateRepresentations
Definethe concatenatiomtty, A, as

 f(t)fort < tg
fAtOQ_{ g(t) for ¢ >t

We begin by giving anabstractdefinition of state:

Definition 2.4.6 Let ¥;, = (R, W, X, B,) be a dynamicalsystemwith latent
variablesz € X and manifestvariablesw € W. Y, is called a statesystemif
(w1, 1), (w2, x2) € Bn andz1 (o) = z2(to) IMPly (w1, 1) Agy (W2, Z2) € Bryn-
Thevariablez is thencalledthe state

This definitioncapturegheintuition of statevariablesasbeingthe memoryof the
system.It summarizesill theinformationof the pastof the systemwhichwe need
to know in orderto establishts future behaior.

Theorem 2.4.7 An ordinary differential systemN (4)w = M (4)z with latent
variablesz and manifestvariablesw is a statesystemif and only if there exists
real matricesk, F, H sudh thatthebehaviorBg, is representedy

E%x—i—Fx—}-Hw:O (2.2)
Notethatequationg.1areof first orderin x andof orderzeroin w.
Definition 2.4.8 Let B = ker(R(%)). A polynomialmatrix X is saidto bea
statemapfor B if thelatentvariable system

d
d
X(Z\w =
(dt)w x

Is a statesystem

Thefollowing resultshavsthateverykernelrepresentatioadmitsa statemap.
Firstwe definethe shift-and-cutoperators : RP*?7[¢] — RP*I[£] as

Po+Pé+---4 Pt = P+ P+ + P!
Theorem2.4.9 Let R € RP*¥[¢] with deg(R) = L. Thenthe polynomialmatrix
a(R)

1]

oM (R)

inducesa statemapfor B = ker(R(4)).
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Of coursawe canusetheresultsfrom section2.4.1,in orderto obtainthefollow-
ing:

Theorem 2.4.10 LetB = ker(R(%)). Thenthere existsreal matricesA, B, C, D
anda permutationmatrix IT suc thatIT(u, y)” € 9B,

d
asz:v-{-Bu

y=Cx+ Du (2.2)

definesa state systemand variables« are smoothlyfree Equations(2.2) are
calledan input/state/outputepresentatiorfor 8.

However, a staterepresentatioms not unique. In fact, see[3], for a kernel
behaior B with kernelmatrix R, all polynomial matricesX suchthat=p =
AX + BR for arealmatrix A anda polynomialmatrix B, inducesa statemap
for ®8. Whatis unique,is the smallesnumberof statevariablesassociatedo 5.
Thisnumber calleddynamicorder or McMillan degreeof 93, is denotedy n(%B).
Statemapswith exactly n(8) rows arecalledminimal statemaps.In fact:

Proposition2.4.11 Let B = ker(R(%)) with R row reduced.Thenthe polyno-
mial matrix X that consistsof the nonzeo rowsof =z inducesa minimal state
mapfor B.

I n the Behavioral Toolbox:

A minimalinput/state/outputepresentatiors computedyusingproposition2.4.11.
First, R is row reducedanda statemap X is constructedrom =z. Now theorem
2.4.10impliesthat:

R 0
X -1
for realmatricesA, B, C' and D, where R, ~ R, meansthatthereexists a uni-

modularmatrix U suchthat R, = UR,. This propertyis exploitedin the m-file
iIso.mwith interfacefile iiso.m

[ I -D -C 2.3)

0 —B I¢—A
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2.5 Simulation

Obviously, one wantsto computetrajectoriesof the behaior of the dynamical
systembeingmodeled.In this sectionwe will discussehaiors of theform

d d
%)w = (@)f} (2.4)

We think of f asa vectorvalueddistribution calledforcing functionsor external
functions while w is a trajectoryto be computed. Togetherwith (2.4), we also
consideinitial conditions

B = {(w, f) € D'(R,R*F) | G(

(S(yw)t0) = @25)

wheresS is apolynomialmatrix anda arealvector

Definition 2.5.1 Let By = {(w, f) € D'(R,R*™) | G(L)w = M(%)f}. Be-
havior By, is solvablefor agivenf € ©'(R, R?) if there existsaw € D'(R, R¥)
sud that (w, f) € Bpa. If this holdsfor any f € D'(R, RT), thenByy is solv-
able

This definitioncanberecasin thelanguageof latentvariablerepresentations.
ConsiderBy,; asa full behaior with latentvariablesw and manifestvariables
f, and®B is the manifestbehaior. Thensolvability for a given f simply means
f € B, while By, is solvableis equialentto B = D'(R,Rf). This directly
(theorem2.2.2)leadsto

Corollary 2.5.2 9By, asdefinedn (2.4)is solvablefor a givenf € @'(R, R?) if

andonlyif

n € SYZ(GT) = nT(%)M(%)f _ 0

By, IS solvableif andonly if

n € SYZ(GT) = n"M =0

I n the Behavioral Toolbox:

Fromthe above corollaryit follows thatif G of full row rank, thensolvability is
assuredor ary f. It alsoleadsto thefollowing:

G’ M']

[GM}N[OMS
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with G’ of full row rank. Now By, is solvablefor given f iff Ms(d%)f =0and
solvableiff M, = 0. If wewrite M, = My + - + My, thenM(4)f = 0 &

My - M|[f --- f@]" = 0. Thesederivativesare calculatedwithin BTB

andaresendto theMatlabworking space Caution,if thestepsizefor thesampled
timeis notsmallenoughjt canleadto afalseanswer!!!

Now supposehat B¢, is solvablefor a given f. How smoothis a trajectory
w suchthat (w, f) € Brn? Thisrelationshipeadsto theindex of abehaior.

Definition 2.5.3 Let By, bedefinedasin 2.4. Define

I={01,...,j7) | forall fwith f; € ¢**J thereexistsw € ¢*
suchthat (w, f) € Bgu}

whee ¢* for k < 0 is definedas the setof all distributionswhose|k|-th prim-
itive is a continuousfunction. Let = be the partial ordering (a4, ..., a¢) =
(Bi,...,B:) & a; < Bi,i = 1,...,£. Definethemulti-index x asthesmallestel-
emenbf J withrespecto sud a partial ordering andtheindexv = max{u; | i =
1,...,f}.

Themulti-index establisheshe minimal differentiabilityrequiremenbn each
componendf f which assureshata suflicient differentiabletrajectoryw canbe
found. Indeed this multi-index is well defined:

Theorem 2.5.4 LetBy,; bedefinedasin (2.4)with G € RP*¥[¢] of full rowrank.
Let P bea squae submatrixof G of maximaldeterminantatlegree Letd;; bethe
differencebetweerthedegreeof thenumeator andthedenominatoof (P~ M);;.
Thenthemulti-indexis givenby (p1, . . ., ug) With u; = max;d;;.

I n the Behavioral Toolbox:

Theorem?2.5.4is implementedn the m-file index.mwhich calculategheindex of
abehaior of theform (2.4). Theinterfacefile is iindex.m

How to checkif thereis a solutionw of the behaior of theform (2.4), solvable
for agivenf, thatsatisfie .S (& )w)(to) = a?
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I n the Behavioral Toolbox:

Sincewe alreadyhave checledthe solvability condition,we now have arepresen-
tationG (4 )w = M(4)f with G of full row rank. Assumealsothat( is square
sothatdet(G) # 0, sincetherewill beno uniquesolutionif G is notsquare We
canwrite M = GQ + R with R suchthatR? = 0 or G~ R is strictly proper This
is donewith the useof the m-file pdivm. In caseG is of degreezero,R = 0 and
the initial conditions(Sw)(ty) = a yields (SQf)(ty) = a. A degeneratedstate
spaceaepresentatione. without statevariabless constructecindsimulatedwith
thecommandsim.

Now considerthe casethatG is notof degreezero. Since

Guw = Mf L Gw-Qf) = Rf
— GQf+Rf T

andG~! R proper we have a statesystem

%x = Az + Bf (2.6)

e=Czr+Df (2.7)
Thislastequations equivalentto w = Cz + (Q + D) f. Therefore,
(Sw)(to) = a & (SCz)(to) + (S(Q + D) f)(to) = a.

DenoteS(Q + D) = L. We canrewrite SCz with the useof (2.6). Suppose
SE) = Sy +S1E+ -+ S andL = Lo+ ---+ Lig . If s = 0 then
Sw=_S8x+ [Ly --- L][f --- f®"|=, .Otherwisesince

it followsthat

d
SCIU't:tO = S()C,T + -+ SSC(—)S$|t:t0 + Lf‘t:to

dt
= [Sy -+ SJI[C CA --- CA x|y, +
C 0 <o 0
CA C - 0 Bf
[S1 -+ 8] : | : :
: . . (s—1)
CAS—I C’AS—2 .. C Bf t=to
+ [Lo -+ LIf - fO) |z,
= a
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Rewrite this to an equationof thetype Pz, = b wherezy = x(t,). Write P =
UXYV,theSVD-decompositiof P, yielding

Pro=bs U 'Pzo=U""b
After removing thelastzeroequationsyve have obtainedanequationfor xg:
1; Lo =Z
with P of full row rank. If rank[P b]) > rank P), no solutionexistsi.e. the

~ ~ ~T ~
initial conditionsarenot well-posed.Otherwisewetakezo =P (PP ) ! b. If
Q = Qo + - - - + Q€% thenwe have a statesystem

ias=Aas—i—[BO--- 0]df

dt
w=Czr+[Qy - - Qgldf
wheredf = [f fO) ... f@]7, With the useof matlabs commandsim, a so-

lution w of this statespacerepresentatiois computedwith z(t,) = x, asinitial
condition.
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2.6 Things for futur erelease®»f BTB

Of coursethereis much more developedin behaioral systemsheory Further
more,dueto time limitation, therearea numberof thingsthatshouldbe supple-
mentedor extended.

e A statemapfor the manifestbehaior is calculatedoy first calculatingthe
kernel representatiorof the manifestbehaior by elimination. It is also
possibleto calculatethis statemapwith theuseof thehybrid representation.

e A lineartime-invariantdifferential systemis controllableif andonly if it
admitsanimagerepresentationComputingimagerepresentationg/ould
be avaluableextensionof the program.

e For nonlinearsystemswe wish to computethe stationarypointsand lin-
earizethe systemin oneof thesepoints.

e Themoregeneratheoryfor ND-kernelbehaiorsshouldbeimplementeds
well. Thisrequiresgheuseof Grobnerbasesseeg[1] for moreinformation.

e Implementstabilizabilityof akernelbehaior anddetectabilityof afull ker-
nelbehaior. For moreinformationaboutthesetopics,thereadelis referred
to [5].

e As discussedn section2.4.1,aninput/outputpartition of a behaior is not
unique. The programpicks just one of themandthis partition may not be
thepartitiononeis looking for.

e A statemapfor the behaior canbe computed.But this statemapcannot
beusedfor theinitial conditionsin the simulationautomatically

e Equationshasto betypedin with the characterst for variablesand @ for
parametersThisis notvery desirable.

e In the simulationwindow, it would be convenientif the usercanseethe
impulsresponseetcatanearlierstage.

e Eventually the programshouldbe autonomous.e. doesnot needMatlab
for its computations.

e Thereshouldbe supportfor Win9x platformsaswell.

e A consequencef thelimitation of thelanguagelAVA, whereBTB is writ-
tenin, andthetime limitation is thatthe userinterfacevisualizeshe model
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of aninterconnecteadhot very clear Particularly, the useof a scratchof pa-
per and pencil to assistthe useris almostinevitable. A way to omit this
adwentitiouscircumstancas, for instancethe useof iconsfor the modules
andconnecthemby draganddrop principles.
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