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Chapter 1

Modeling by tearing and zooming

A typical systemconsistsof an interconnectionof subsystems.The very first
picture that comesto mind whenthinking abouta model is that of a black box
with anumberof terminals, say � . Terminalscorrespondphysicallyto theway in
which thesubsystemis interfacedwith its environment.
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Figure1.1: Blackbox

This canbe formalizedmathematically, by associatingto the ! -th terminala
variable "$# which takes its value in a set %&# . The set of all terminal variables%(')%+*-,.%0/1,�232324,.%65 wecanthink of asthesystem’s terminalsignalspace.

We aremainly interestedin dynamicalsystems,in which casethe terminal
variable " evolvesasa functionof independentvariables,suchastime andspace,
which we indicateby a set 7 , the so called indexing setof our model. So " is a
function from 7 to % . A priori all functions "(897;: % , denotedby %&< , canoccur
at the terminals. We canthink of % < as the universumof our model, the setof
all possibleoutcomes.The internal laws of the systemrestrictsthis set to a set= > %6< . This set

=
representsthe setof signalsthat actuallycanoccurandis

calledthe terminalbehavioror full behavior.

An interconnectedsystemis viewed asa collectionof moduleswith termi-
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nals, interconnectedthroughan interconnectionarchitecture. Thesemodules,the
building blocksof aninterconnectedsystem,aresubsystemswith terminals.One
cannotconnectterminalsthatarenotof adaptedtype, i.e. thatarenotconnectable.
For instance,let usconsideraphysicalsystem.In thiscase,connectabilitysimply
meansthattheterminalshaveto possessthesamephysicalnature(e.g.youcannot
connectanoutletof a tankto anelectricalwire). But we do not have to constrict
ourselvesto physicalsystems!Seealso[4].
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Figure1.2: Interconnectedsystem

A modulebelongsto a particularmoduleclass, which is definedby thenum-
berof terminals,thetypeof eachof its terminals,its behavioral representationand
by parameters.Thearchitectureimposesrelationsbetweenthevariablesat these
terminals.Examplesof modulesclasses:

module class Terminals Typeof terminals
resistor (terminal1,terminal2) (electrical,electrical)

transistor (collector, emitter, base) (electrical,idem,idem)
2-inlet vessel (inlet1, inlet2) (fluidic, fluidic)

Examplesof terminals:

Typeof terminal Variables Universum
electrical (voltage,current) MN,.M

1-D mechanical (force,position) MN,.M
2-D mechanical (position,attitude,force,torque) M / ,O% * ,.M / ,.M

thermal (temperature,heatflow) MQP�,.M
After interconnection,thearchitectureleavessometerminalsavailablefor in-

teractionwith theenvironmentof theoverall system.Theseterminalsaretheso
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calledexternal terminals.Theconnectedterminalsarecalledinternal terminals.

A specificmoduleis definedby giving its moduleclassand the numerical
valuesof theparameters;thefull behavior of bothinternalandexternalterminals
is thenalsodefined.However, only someof thesevariablesareof interestfor the
specificapplicationat hand.We call thesevariablesthemanifestvariablestaking
valuesin asignalspaceR . Theremainingvariablesarecalledthelatentvariables
takingvaluesin anothersignalspaceS (seee.g.[5], [1]). Usually, thevariableson
theexternalterminalsareconsideredto bemanifest;thevariableson the internal
terminalsareconsideredto belatent.Now definethemanifestbehavior

= 'NTVU�WOR X thereexists YZWOS suchthat[\U^]_Y\`aW = full b
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Figure1.3: Electricalmodule

For instance,consideranelectricalmodule,shown in figure1.3. Theinteraction
with theenvironmenttakesplacethroughits wires.Sothewiresaretheterminals.
With eachterminalweassociatetwo realvariables,thepotentiali andthecurrentj

(agreedto bepositive whenelectricalcurrentflows into thedevice). The laws
of thedevicespecifythebehavior, which is a subsetk of lnm where l�oqpsrQtvuxw is
thesignalspaceand y denotesthenumberof terminals.

Pairing of terminalsby the interconnectionarchitectureimplies an interconnec-
tion law. Examples:

5



Pair of Variables Variables Inter connection
terminal terminal 1 terminal 2 constraints
electrical [{zn*|]~}�*�` [\��/3]~}$/_` z9*�'�z4/�]~}V*6��}$/a'��

1-D mechanical [\�1*�]~�V*�` [\�Z/3]~��/|` ��*&���Z/a'���]~�V*1'��$/
thermal [\��*�]��&*�` [��;/3]���/|` ��*6���;/a'���]��&*1'��n/
fluidic [��n*|]|��*�` [��4/�]|�V/|` �n*�'���/�]|�
*9���V/�')�

informationprocessing m-input � m-output � �	')�
Example: considertheelectricalcircuit shown in figures1.4and1.5.
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Figure1.4: RLC circuit
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Figure1.5: RLC circuit aftertearing

Thiscircuit consistsof thefollowing modules:
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Module From module class Terminals Parameter½¿¾
resistor (1,2)

½
in ohms½¿À

resistor (3,4)
½

in ohmsÁ
capacitor (5,6)

Á
in faradÂ

inductor (7,8)
Â

in henry
Connector1 3-terminalconnector (9,10,11)
Connector2 3-terminalconnector (12,13,14)

Theinterconnectionarchitectureconsistsof thepairingof theterminals: TÄÃ3��]3Ã b ,TÄÃ�Ã�]|Å b ]�TvÆÇ]|È b ]$T�ÉÇ]_Ê b ]$T�Ë�]$Ã�Ê b ]$TVÌ�]$Ã$Ì b . The external terminalsare T�ÍÇ]3ÃVÆ b . The
otherterminalsareinternalterminals. This leadsto the following equationsfor
thefull behavior:

Modules Constitutiveequations½�¾ }�*9��}�/�'Î� zn*+ÏÐzÑ/a' ½�¾ }V*½¿À }$ÒZ��}�ÓÔ'Î� z4Ò1Ï�z4Ó�' ½ÕÀ }$ÒÁ }$ÖZ��}�×�'Î� Á�ØØÚÙ [{z4ÖQÏ�z4×�`�')}�ÖÂ }3Û0��}�Ü�'Î� z�Û�Ï�z4Ü�' Â ØØÚÙ }3Û
Connector1 }�Ý+��}�*\Þ-��}V*Ú*1'�� z4Ý�'�z9*\Þa'�zn*Ú*
Connector2 }�*\/-��}V*\Ò-��}�*ßÓÔ')� z9*\/a'�zn*\ÒÔ')z9*ßÓ

Inter connectionpair Inter connectionequationsTÄÃ3��]3Ã b zn*\Þ�'�zn* }V*\Þ+��}�*�'��TÄÃàÃ�]|Å b zn*Ú*1'�zÑÛ }V*Ú*&��}3ÛQ'��TvÆÇ]|È b zÑ/a'�z4Ö }$/Z��}�Ö�')�T�É�]_Ê b zÑÜa'�z4Ò }$ÜZ��}�Ò�')�T�ËÇ]3Ã�Ê b z4×�')z9*\Ò }�×+��}�*\Òa'��TVÌ�]3Ã3Ì b z�ÓÔ')z9*ßÓ }�Ó���}�*ßÓ�'��
Now we have=

full 'NTÇ[�z9*_]~}�*|]$23232$]_z9*ßÓV]~}V*ßÓ b X theaboveequationsaresatisfiedb 2
Supposethat the variablescorrespondingto the external terminals9 and12 are
themanifestvariables.DenoteUÎ'á[{z4Ý3]~}�Ý�]|z9*\/$]~}�*\/|` andY6'â[{zn*|]~}V*|]3232$2$]|z4Ü3]~}�Ü3]|zn*\Þ�]~}�*\Þ3]_z9*Ú*|]�}�*Ú*�]|zn*\Ò3]~}V*\Ò3]|zn*ßÓV]~}�*ßÓ�` . Thisyields= '�TVU�W.M Ó X thereexists Y-W.M /xÓ suchthat [\U^]_Y\`aW = full b
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Examplewith anhigherdimensionalindex set:

ãä å åæ(x,y) u(x,y)

Figure1.6: Elasticmembrane

The interactionof this modulewith its environmenttakesplacethroughthe
wholemodule.Soit hasoneterminal.Indicateby �Z[ßç&]~��]�è�`+'á[\�4éê[ëç&]~��]�è�`�]~�4ìv[ßç&]���]�è�`�`
thedisplacementat time è of a point at position [ëç&]~��` whenthemembraneis not
deformed.Denoteby � theexternalforceappliedto thepoint of themembrane
in position [ßç&]~��` at time è . The systemis regardedasa distributedmechanical
terminalwith terminalvariables[\�4é
]��ÑìV]~�0é
]_�&ì$` . Theequationof motionis

íïî /î è / �ð'á[{ñò��ó&`�ôO[{ô�õÔ�n`n��ó&ô / �ò���
with parametersí , themassdensity, andconstantsñ and ó (lamé constants),de-
scribingtheelasticbehavior of themembrane.Thisyieldsthebehavior= 'NTÇ[\�4é�]~�4ìV]_�&é
]_�&ì3`�8�M Ò :öM Ó X aboveequationsholdb 2
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Chapter 2

SystemsTheory and The Behavioral
Toolbox

In thischapterwe introducetheessentialmathematicalconceptsthatareinvolved
with modelingsystemsasdonein thepreviouschapter. We only concentrateon
systemswhosetrajectoriescanbe describedassolutions(mostgenerallyin the
senseof distributions)to asetof linear(partial)differentialequations.

Definition 2.0.1 A dynamicalsystemis a triple ÷�'ø[\7
]�R�] = ` with R thesignal
space, 7 the index setand

= > RÐ< thebehaviorof thesystem,i.e. thesetof all
trajectoriesallowedby thesystem.

Therearetwo crucialaspectsconcerningthis definition. First of all, it aban-
donstheideaof asystemasinput/outputmap(signalprocessor)andall thequanti-
tiesfor whichnohierarchicalor cause/effect structureis apriori given.Secondly,
thereis a cleardistinctionbetweenthefeasibletrajectoriesandits representation
(equations,graphs,grammarrules,...).
Classicalnotionssuchas linearity andshift-invarianceareat this abstractlevel
alreadydefined.A dynamicalsystemis calledlinear if R is avectorspaceand

=
is a linearsubspaceof R < , andis calledshift-invariant if 7 is a semigroupunder
additionand ù Ù = ' =

for all èðWN7 , where ù Ù is the shift operatordefinedby[\ù Ù U�`$[ßç�`�'ÎU�[ßçò��è�` .

9



Example: Maxwell’s equationsdescribethe possiblerealizationsof the fieldsúû 8�Má,üM Ò : M Ò , úý 8ÇMø,þM Ò : M Ò , úÿ 8�Má,þM Ò : M Ò and í 8ÇM�, M Ò : M .
Theseequationsare

ô�õ úû ' Ã� Þ í
ô , úû ' Ï îî è

úý
ô�õ úý ' �� / ô , úý ' Ã� Þ úÿ � îî è

úû
with � Þ the dielectric constantof the mediumand � the speedof light in the
medium.They definea dynamicalsystem÷�'q[ßM�,.M Ò ]�M Ò ,.M Ò ,þM Ò ,þM ] = `
with behavior

=
thesetof all fields [ úû ] úý ] úÿ ] í `Ô8êM�,.M Ò : M Ò ,.M Ò ,þM Ò ,.M

thatsatisfyMaxwell’sequations.

As seenin chapter1, alsosystemswith latentvariablesshouldbeconsidered:

Definition 2.0.2 A dynamicalsystemwith latentvariablesis a quadruple ÷ À '[\7
]�R ]�SÕ] =������	� ` , with 7 the index set, R the manifestsignal space, S the latent
signalspaceand

=������	��> R < ,�S < thefull behaviorof thesystem

Notethatif wewrite

R = Rq,aS , then ÷ À 'á[\7
] 
R ] =������	� ` is adynamicalsystemas

in definition2.0.1.A dynamicalsystemwith latentvariablesinducesadynamical
systemin thesenseof definition2.0.1asfollows:

Definition 2.0.3 Let ÷ À ' [ß7
]�R�]�SÕ] =������	� ` be a dynamicalsystemwith latent
variables. Themanifestdynamicalsysteminducedby ÷ À is the dynamicalsys-
tem ÷�'â[ß7�]�R�] = ` , with behavior

=
definedas:= '�TVU�8
7Q:öR X thereexist YZWOS suchthat [ßUï]_Y\`aW =������	� b
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2.1 Differ ential systems

Whatwearereallyafterin modelingasystem,is its behavior
=

, thesetof admis-
sible trajectories.Althougha behavior canbedescribedin variousways,thereis
oneclassof systemsthatplaysa prominentrole: thedifferential systems. A dif-
ferentialsystemis defined,with 7�'�M 
 and R '�M � , asasystemwhosebehavior=

is describedby all solutionsof afinite setof partialdifferentialequationsof the
form:

�+[ßç&]�U�[ßç�`|]323232�]V[ îî ç ` � U�[ëç�`�`�'��
Herewe usethemulti-index notation [ �� é ` � ' ����������� � � �������� é ����! 	 	 � é �"�� with

# ' [ # *|]323232�] # 
 ` .
We alsoassumethatonly a finite numberof suchpartialderivativesareinvolved.
This classof differentialsystemshasanimportantsubclass,theclassof differen-
tial systemswith constantcoefficients. Thesearesystemswhosebehavior consists
of all solutionsof equationsof theform:

½ [ îî ç9* ]3232$2�] îî ç 
 `�UÎ'��
where

½ W�M%$'& �)( * *|]32$232$] * 
,+ is a polynomialmatrix in - indeterminateswith w
columnsand an arbitrary (finite) numberof rows. For obvious reasons,

= '.0/21 [ ½ [ �� é � ]32$232$] �� é � `�` is calleda kernelrepresentationwith kernel
½

.
Of course,onehasto specifywhatkind of solutionsoneis looking for. In thefol-
lowing, we areonly concernedwith smoothsolutionsor solutionsin the sense
of distributions. The set of distributions with respectto a test-functionspace3 [ßM 
 ]�M54 ` is denotedby

376 [ëM 
 ]�M54;` .
First we have to introducesomenotation. A module 8 > M 4 ( * *�]32$232�] * 
�+ , gen-
eratedby a finite numberof elementsç9*�]32$232$]�ç 
 W98 (a noetherianmodule), is
denotedas 8)';:�ç9*�]323232�]�ç 
=< or by 8Î'>:@? < with ? 'BA7CED3[ßç9*�]32$232$]�ç 
 ` the
matrixwhich hasç9*�]$23232$]�ç 
 asits columns.

A fundamentalquestionis: supposewe have two kernel representations,when
do they definethesamebehavior? This is answeredin thefollowing theorem:

Theorem 2.1.1 Let
½ * , ½ /þW�M%$'& �F( * *|]$23232$] * 
,+ . Thenker[ ½ *$[ �� é � ]323232�] �� é � `�` '.0/21 [ ½ /�[ �� é � ]323232�] �� é � `�`HG : ½ 5 * < ';: ½ 5 / <

This theoremestablishesthecorrespondencebetweenbehaviors andsubmod-
ulesof M �F( * *|]32$232$] * 
,+ . But thisdependsonthesolutionspaceunderconsideration:
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it holds for IKJ or
3L6

solutions. It also reflectsthe fact that a behavior admits
many representations.A consequenceof the theoremis, sincewe cantransform
a polynomialmatrix in one indeterminatein a matrix of full row rank and that
accordingto thetheoremthecorrespondingbehavior will notchange,thatwecan
always find a full row rank kernel representationfor a kernel behavior involv-
ing one indeterminate.This resultwasalsoderived in [5]. This is a so called
minimalrepresentation. For systemsinvolving morethanoneindeterminate,it is
morecomplicated.Example:supposewe have a behavior definedby

�� é U¿* 'â� ,�� ì U¿*ò' � with manifestvariablesU¿*|]~UÔ/ . Obviously, the correspondingkernel
matrix doesn’t have independentrows. But we cannot replacethesetwo equa-
tions by a singleoneandstill maintaina kernelbehavior. This exampleshows
thatthingswork really differentfor ND-systems.

In the Behavioral Toolbox:

A minimal kernelrepresentationis calculated,with the useof the m-file of The
PolynomialToolboxprowred.m. Sotheresultis in factstronger:it is row proper
or rowreduced. Thismeansfor apolynomialmatrix

½
thatthematrix

½NM'O
, which

consistsof thecoefficientsof theentriesof
½

correspondingto thehighestdegree
of eachrow, hasfull row rank. Them-file interfacingMatlabandBTB (shortfor
Behavioral Toolbox)is iprowred.m.

2.2 The elimination problem

Supposethebehavior of a system,with manifestvariablesU andlatentvariablesY , admitsa kernelrepresentationwith kernelmatrix
½ W M $'&QP � PSR'T (	* *|]3232$2$] * 
E+ . In

this casewehave:=������	� '�TÇ[\U^]_Y\`Q8�M 
 : R ,�SNX ½ [ �� é � ]32$232$] �� é � ` U U YWV 'Î� b= 'NTVU�8�M 
 : R X thereexists Y-WOS suchthat [ßUï]_Y\`aW =����X�	� b
A naturalquestionarises:is therealsoadifferentialrepresentationof thebehavior
whichdoesnot involveany latentvariables?As wewill see,sucharepresentation
exists.

Definition 2.2.1 Let � WøMHY &[Z ( * *|]32$232$] * 
,+ . Theset of Sygygiesof � is the set
SYZ( � ) = TE\�WOM Z (	* *|]3232$2$] * 
�+ XV�N\ ')� b
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It is easily seenthat SYZ(� )
> M Z ( * *|]32$232$] * 
,+ is a moduleover M ( * *�]3232$2$] * 
�+ .

Therefore,it is alsoreferredto asSygygymoduleof � . Since M Z (	* *|]3232$2�] * 
E+ is
a noetherianmoduleandSYZ(� )

> M Z ( * *|]32$232$] * 
,+ , thereexist a polynomialma-
trix ] suchthat :^] < ' SYG(� ). Now westatethefollowing result:

Theorem 2.2.2 Let
=

bethemanifestbehaviorcorrespondingto thelatentvari-
able representation_�[ �� é � ]323232�] �� é � ` U 'a`ø[ �� é � ]323232�] �� é � `�Y . Thenthe following
areequivalent:

(i) U�W =
(ii) \OWcbedgf [�` 5 `ih \ 5 [ �� é � ]$23232$] �� é � `j_ [ �� é � ]3232$2�] �� é � `�UÎ'��

This resultdependsagainon thesolutionspacechoosen!The theoremholdsforI J or distributionsbut, for example,not for solutionsthatare k *�	ljm .
A consequenceof thistheoremandthethefactthataSygygymoduleis noetherian
is thefollowing corollary:

Corollary 2.2.3 (Elimination theorem) Let
=

be the manifestbehaviorcorre-
spondingto thelatentvariablerepresentation_ [ �� é � ]323232�] �� é � ` UÎ'`â[ �� é � ]3232$2$] �� é � `�Y . Thenthereexistsa polynomialmatrix ] such that

= ' .0/21 [�] 5 [ îî ç9* ]$23232$] îî ç 
 `j_ [ îî ç9* ]323232�] îî ç 
 `�`
This corollary is referredto as the elimination theorem. In order to computea
kernelrepresentationof themanifestbehavior, wehave to find asetof generators
of the Sygygy moduleof ` 5 . For systemswith a onedimensionalindex set,
in Matlab’s PolynomialToolbox thereis an implementationfor finding a setof
generators.

In the Behavioral Toolbox:

ThePolynomialToolboxcommandxab is used.This commandsolvesthepoly-
nomialmatrix equation?onq' ý

. If
ý

is a zeromatrix of any size,it computes
a basisfor the left nullspaceof n . BTB usesthem-file ieliminate.m, interfacing
BTB andMatlab
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2.3 Observability and Controllability

Two centralconceptsin systemstheoryarethenotionsof observabilityandcon-
trollability. Classically, for statespacesystems(seesection2.4.2),observability is
definedasthepossibilityof deducingthestatefrom anobservedoutput.Control-
lability is definedasthepossibilityof transferringthestatefrom any initial state
to any final statevalue. In behavioral systemstheory however, see[5],[1] and
referencestherein,thesenotionsareextendedto moregeneralmodelclassesof
systemsanddonotdependapriori on a input/state/outputstructurebeinggiven.

2.3.1 Observability

In behavioral systemstheory, observability meansthe possibility of deducing
somevariableswhile observingthe other ones. However, we restrict attention
to observability of latentvariables:

Definition 2.3.1 Let ÷�'ø[ß7
]�R�]�S¿] =����X�	� ` bea dynamicalsystemwith latentvari-
ables.Thelatentvariable Y is observablefrom U if

[\U^]_Y\`aW =������	� and [\U^]_Y 6 `�W =������	� h Y6')Y 6
If thefull behavior is linear, thenthisdefinitionis equivalentto thecondition

[���]~Y�`�W =����X�	� h Y6'Î�
For a hybrid representation_�[ �� é � ]323232�] �� é � ` U 'p`â[ �� é � ]32$232$] �� é � `�Y , askingfor
observability is thusequivalentwith askingfor `â[ �� é � ]$23232$] �� é � ` to beaninjective
map.

Theorem 2.3.2 Let
=����X�	�

bethelinear differentialbehaviorgivenby

=����X�	� '�TÇ[\U^]_Y\`aWqI J X�_�[ îî ç9* ]$23232$] îî ç 
 `�UÎ'r`ø[ îî ç9* ]323232�] îî ç 
 `�Y holdsb
with ` W.M $s& R (	* *|]323232�] * 
,+ . Thenthefollowingareequivalent:

1. Y is observablefrom U
2. :t` 5 < '�M R ( * *_]323232�] * 
,+
3. rank[�`â[{ñn*�]3232$2$]|ñ 
 `�`�'�Y for all ñ4#0Wvu

Condition2 of theabove theoremgivesusthepossibilityof verifying observabil-
ity.
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In the Behavioral Toolbox:

In [1], analgorithmfor checkingobservability is deduced(algorithm90). Short
descriptionof thealgorithm:theideais to extractrowsfrom ` of degreezeroby
looking at thematrix ` M'O , which consistsof the coefficientsof entries(polyno-
mials)of ` correspondingto thehighestdegreeof every row. If therowsof ` M'O
arenot independent,selectthecorrespondingrow of highestdegreeof therowsof` andreplaceit by thepreviously foundlinearcombinationof theserows. This
degreereductioncorrespondsto multiplying with a unimodularmatrixandhence
the behavior doesnot change,see[5] andtheorem2.1.1. If the rows of degree
zerospanM5w thencondition2 of theorem2.3.2holds. For a detaileddescription
of thealgorithm,thereaderis referredto [1].
BTB usesthem-file iobservability.mastheinterfacingfile with Matlab. This file
primarily usesthem-file observability.m

2.3.2 Controllability

We introducea definition, see[5] and [1], of controllability which only relies
on the system’s trajectories,and not on specificpropertiesof specialvariables
chosento representit. This in contrastto theclassicaldefinitionof controllability
involving statevariables.

Denoteby xy theclosureof aset
y

.

Definition 2.3.3 A behavior
=

with 7 '�M 
 is controllable if for all U¿*|]~UÔ/ W =
andopensubsets

y *|] y / > M 
 with xy *gz xy /�'W{ , there exists U W = such thatUÎ')U¿* on
y * and UÎ'ÎUÔ/ on

y / .
Soa behavior is controllableif solutionsarepatchable.
In particular, if the index set 7 is equalto M , onecaneasilyshow that theabove
condition is equivalentwith the following: for all U¿*�]�UÔ/þW =

and è~*�]�è /üWNM ,è~*|:�è / , thereexists U�W = suchthat

U�[ßè�`�'W} U¿*�[ßè�` è�~ è~*UÔ/�[ßè�` è�� è /
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Figure2.1: N-D controllability
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Figure2.2: 1-D controllability

In thegeneralcasethat 7�'áM 
 , the following theoremrelatesthecontrollability
of
= ' .0/�1 [ ½ [ �� é � ]323232�] �� é � `�` with propertiesof thesyzygymoduleof

½
:

Theorem 2.3.4 Let
½ W M%$'& �S( * *_]323232�] * 
,+ and ` W M � &[$ (	* *|]3232$2$] * 
�+ be such

that SYZ [ ½ `�';: ` < . Moreover, let
½ *�W M%$'& �)(	* *|]3232$2$] * 
�+ be such that

SYZ [�` 5 `1'>: ½ 5 * < . Then

= ' .0/21 [ ½ [ îî ç9* ]3232$2$] îî ç 
 `�` is controllable G�: ½ 5 < ';: ½ 5 * <
In thespecialcasethat -O'áÃ , thereholds:
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Theorem 2.3.5 Given
½ WþM $s& � (	* + . Thefollowingareequivalent:

1.
= ' .0/�1 [ ½ [ �� Ù `�` is controllable

2. rank[ ½ [{ñ�`�` is thesamefor all ñOWvu
3. If _ is any polynomialmatrix whosecolumnsform a minimal generating

setfor themodule: ½ 5 < , then _ WþM%$'& O (	* + andrank["_�[{ñ�`�`1' � for anyñ.Wvu where � ' 1 CE� . [ ½ `
Theorem 2.3.6 Let

½ W�M Y & �F(	* + bea full row rankpolynomialmatrix. Thefol-
lowing areequivalent:

1.
= ' .0/�1 [ ½ [ �� Ù `�` is controllable

2. Thecolumnsof
½

spanthewholemoduleM Y (	* +
3. rank[ ½ [{ñ�`�`1'�� for all ñ.Wou
Comparingthis theoremandtheorem2.3.2,onesseesthat theconditionsfor

controllability aredual to theconditionfor observability only in case
½

is of full
row rank.Obviously, youcannotobserve“too many” variables( ` doesnothave
full columnrank,excludedin theorem2.3.2),whereas“too many” equations(

½
doesnothavefull row rank,excludedin theorem2.3.6)maystill defineacontrol-
lablebehavior.

In the Behavioral Toolbox:

This duality implies that we canusethe observability algorithmin case
½

is of
full row rank. In general,observability of

½ 5 checkscondition2 of theorem2.3.6
andoutputsadegreereducedmatrix

½
whosecolumnsgeneratethesamemodule

astheoriginal
½

. If truecomesout, thenwearedone.If not, then,asalreadydis-
cussed,the behavior couldstill be controllable.The algorithmextractsconstant
columnsof

½
until they spanthe properspaceor until no more degreelower-

ing is possible.In thelastcasethecolumnsof nonzerodegreeareindepentof the
othercolumns.In general,onecannotexpectthattheseobtainedconstantcolumns
areindependent.If they indeedarenot independent,replacethesecolumnswith
columnsthatareindependentandthatspanthesamespace.Them-file reduce.m
doesthecomputation.Sincethecolumnsof degreemorethenzeroarealreadyin-
dependentof theothercolumns,thenumberof columnsof thetransformedmatrix½

is equalto its rank. In casethe rank equalsthe row dimensionof
½

, thenby
theorem2.3.6,thetestperformedby theobservability algorithmis necessaryand
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sufficient for controllability. Otherwise,weapplycondition3 of theorem2.3.5to
checkcontrollability; usetheobservability algorithmagainwith thetransformed½

asinput. BTB usesthem-file controllability.mandinterfacefile icontrollabil-
ity.m .

2.4 Inputs, Outputs and States

Classically, mostmodelsof a physicalsystemaregiven in input/outputform or
input/state/outputform. However, thesedescriptionarenot a very naturalthing
to startwith. First of all, modelsfrom physicsdo not occurin eitheroneof these
forms. Secondly, interconnectedsystemsarenot describedby input/outputpair-
ing.

Of coursetheseconceptsarevery useful,for instancefor simulation. But these
structuresaretoo restrictive asa startingpoint in a moregeneralframework. In-
put/outputrepresentationsor input/state/outputrepresentationshow up naturally
a posteriori insteadof a priori .

2.4.1 Inputs and Outputs

Equationsthatusuallyappearin textbooksareof theform:

� [��� è `��	'�� [K�� è `��
with � and � polynomialmatricessuchthat � x * � , the transfermatrix of the
system,is a matrix of properrationalfunctionsi.e. thedegreeof � is at mostthe
degreeof � . In this case,� is calledthe input, yielding an output � . We begin
with theconceptof freevariablesof adifferentialsystem:

Definition 2.4.1 Let ÷�'â[\7à]�RÐ] = ` bea differentialsystem.Variables � aresaid
to befreeif thereexistsa permutationmatrix � such that for all �þWqIKJ�[ßM 
 ]�Mi�à`
there exist a �.W�I J [ëM 
 ]�Mi�à` yielding U�'��ò[\�&]~��`ÕW = . Variables � are called
maximallyfreein

=
if � doesnotcontainanyfurther freecomponents.

Thisdefinitionalsoholdsfor distributions.

Lemma 2.4.2 Let
= ' .0/21 [ ( � [ �� é � ]$23232$] �� é � ` Ï�� [ �� é � ]$23232$] �� é � ` + ` . Let U '[\�&]~��` bepartitionedaccording to the � and � matrix. Then � is freeif andonly

if bedg �[�� 5 `1'�bedg �[ ( ��Ï¡� + 5 `
18



However, which variablesamongthevariablesactuallycanberegardedasmax-
imally free is not unique. In fact,many possiblesubsetsof the U ’s canplay this
role. What is uniqueis the numberof maximally free variables.The following
theoremtellsuswhatthis numberis.

Theorem 2.4.3 Let
½ W�M $s& � ( * *|]$23232$] * 
,+ . Thecardinality of a setof maximally

freevariablesin
= ' .0/�1 [ ½ [ �� é � ]323232�] �� é � `�` equals¢òÏ 1 C0� . [ ½ `

This canbe interpretedas follows: the numberof maximally free variables
equalsthe numberof variables( ¢ ) minusthe numberof independentconstrains
imposed(rank[ ½ ` ). The following definition leadsto inputsandoutputsin the
classicalsense:

Definition 2.4.4 Variables � are said to be smoothlyfree in
=

if for all � WI � [ßM 
 ]�M � ` there exist �)W£I � [ëM 
 ]�M5�v` such that U '¤�ò[\�&]~��`�W =
with � a

permutationmatrix. They are maximallysmoothlyfree if � containsno further
smoothlyfreecomponents.

Now thetheoremthatestablishesthelink with theclassicalconceptof inputs:

Theorem 2.4.5 Let
= ' .0/21 [ ½ [ ØØÚÙ `�` bedescribedby

� [ �� è `��	'�� [ �� è `��
with U ' [\�&]~��` 5 and

½ ' ( � Ï¥� + of full row rank. Then � is maximally
smoothlyfree if and only if � is a nonsingularsubmatrixsuch that � x * � is a
matrixof properrational functions.

In the Behavioral Toolbox:

Theorem2.4.5 is used. Firsts
½

is row reducedusing the m-file prowred.mof
ThePolynomialToolbox,whereafter thematrix is sortedby descendingcolumn
degree. Then the matrix

½NM'O
is formed which consistsof the coeffients of

½
correspondingto the columnsof highestdegreeof

½
. Subsequently, a minor of½NM'O

is obtainedwith theuseof them-file minor.mwhich startlooking at thefirst
columns.Now stackthe correspondingcolumnsof

½
, defininga matrix � , and

stackthe remainingcolumnsof
½

, defining a matrix � . This guaranteesthat� x * � is a matrix consistingof properrational functions. The m-file that BTB
usesis io.mwith interfacefile iio.m
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2.4.2 StateRepresentations

Definetheconcatenationat è Þ , ¦ Ù¨§ , as

�©¦ Ù¨§«ª 'W} �-[ßè�` for è%:�è Þª [ßè�` for è%��è Þ
We begin by giving anabstractdefinitionof state:

Definition 2.4.6 Let ÷ À ' [ßM ]�RN]j¬ï] =����X�	� ` be a dynamicalsystemwith latent
variables ç�Wt¬ and manifestvariables U W�R . ÷ À is called a statesystemif[\U¿*|]�ç9*�`|]V[\UÔ/$]�çÑ/|`�W =������	� and ç9*$[ëè Þ|`1'ÎçÑ/V[ëè Þ�` imply [ßU¿*|]�ç9*�`­¦ Ù¨§ [ßUÔ/3]�çÑ/|`�W =����X�	� .
Thevariable ç is thencalledthestate.

Thisdefinitioncapturestheintuition of statevariablesasbeingthememoryof the
system.It summarizesall theinformationof thepastof thesystemwhichweneed
to know in orderto establishits futurebehavior.

Theorem 2.4.7 An ordinary differential system_�[ ØØÚÙ `�U '®`â[ ØØÚÙ ` ç with latent
variables ç andmanifestvariables U is a statesystemif andonly if there exists
real matrices

û ]_�Ô]¯] such that thebehavior
=������	�

is representedbyû �� è ç����;ç���].U�'�� (2.1)

Notethatequations2.1areof first orderin ç andof orderzeroin U .

Definition 2.4.8 Let
= ' .E/21 [ ½ [ ØØÚÙ `�` . A polynomialmatrix ? is said to be a

statemapfor
=

if thelatentvariablesystem½ [°�� è ` UÎ')�?�[ �� è `�UÎ'Îç
is a statesystem

Thefollowing resultshowsthateverykernelrepresentationadmitsastatemap.
First wedefinetheshift-and-cutoperatorù : M Y &0± ( * + : M Y &0± (	* + as�ZÞ-����* * �³²´²´²3��� À * À©µ: ��*6�¶�Z/ * �t²´²´²��¶� À * À x *
Theorem 2.4.9 Let

½ W.M Y & �F(	* + with deg [ ½ `�' Â . Thenthepolynomialmatrix·i¸ ' ¹º» ù�[ ½ `
...ù À [ ½ `

¼¾½¿
inducesa statemapfor

= ' .0/�1 [ ½ [ ØØ Ù `�` .
20



Of coursewecanusetheresultsfrom section2.4.1,in orderto obtainthefollow-
ing:

Theorem 2.4.10 Let
= ' .E/21 [ ½ [ ØØÚÙ `�` . Thenthereexistsrealmatricesnï] ý ] Á ]¯À

anda permutationmatrix � such that �ò[\�&]~��` 5 W = ,�� è çð'Bn ç � ý �� ' Á ç �¶À � (2.2)

definesa statesystemand variables � are smoothlyfree. Equations(2.2) are
calledan input/state/outputrepresentationfor

=
.

However, a staterepresentationis not unique. In fact, see[3], for a kernel
behavior

=
with kernel matrix

½
, all polynomial matrices ? suchthat

·i¸ 'n!? � ýò½ for a real matrix n anda polynomialmatrix
ý

, inducesa statemap
for

=
. Whatis unique,is thesmallestnumberof statevariablesassociatedto

=
.

Thisnumber, calleddynamicorderor McMillan degreeof
=

, is denotedby -+[ = ` .
Statemapswith exactly -�[ = ` rowsarecalledminimalstatemaps.In fact:

Proposition 2.4.11 Let
= ' .0/�1 [ ½ [ ØØ Ù `�` with

½
row reduced.Thenthepolyno-

mial matrix ? that consistsof the nonzero rowsof
·i¸

inducesa minimal state
mapfor

=
.

In the Behavioral Toolbox:

A minimalinput/state/outputrepresentationiscomputed,usingproposition2.4.11.
First,

½
is row reducedanda statemap ? is constructedfrom

·i¸
. Now theorem

2.4.10impliesthat: U ½ �? ÏÕ}vV Á U } Ï!À Ï Á� Ï ý } * Ï¡n£V (2.3)

for real matricesn^] ý ] Á and À , where
½ * Á ½ / meansthat thereexistsa uni-

modularmatrix
y

suchthat
½ *�' y¿½ / . This propertyis exploited in them-file

iso.mwith interfacefile iiso.m.
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2.5 Simulation

Obviously, onewantsto computetrajectoriesof the behavior of the dynamical
systembeingmodeled.In this sectionwewill discussbehaviorsof theform=����X�	� 'NTÇ[\Uï]_�9`QW 3 6 [ßM ]�M � PFÂ ` XBÃ [°�� è ` UÎ'�`â[«�� è `�� b (2.4)

We think of � asa vector-valueddistribution calledforcing functionsor external
functions, while U is a trajectoryto be computed.Togetherwith (2.4), we also
considerinitial conditions

[�Ä [°�� è `�U�`$[ßè Þ_` '³Å (2.5)

where Ä is apolynomialmatrixand Å a realvector.

Definition 2.5.1 Let
=������	� ' TÇ[\Uï]_�9`¿W 3 6 [ßM ]�M � PFÂ `�X­Ã [ ØØÚÙ `�Uá'Æ`â[ ØØÚÙ `�� b . Be-

havior
=������	�

is solvablefor a given � W 3 6 [ëMÕ]�M Â ` if thereexistsa U�W 3 6 [ßM ]�M � `
such that [\U^]|�9` W =������	� . If this holdsfor any ��W 3 6 [ßM ]�M Â ` , then

=������	�
is solv-

able.

Thisdefinitioncanberecastin thelanguageof latentvariablerepresentations.
Consider

=������	�
asa full behavior with latentvariablesU andmanifestvariables� , and

=
is themanifestbehavior. Thensolvability for a given � simply means�øW =

, while
=������	�

is solvable is equivalent to
= ' 3L6 [ßM ]�M Â ` . This directly

(theorem2.2.2)leadsto

Corollary 2.5.2
=������	�

asdefinedin (2.4) is solvablefor a given � W 3 6 [ßM ]�M Â ` if
andonly if - WcbedÇ �["Ã 5 `5hÈ- 5 [ �� è `j`â[ �� è `��ð'Î�=������	�

is solvableif andonly if- WvbedÇ �["Ã 5 `5hÈ- 5 ` 'Î�
In the Behavioral Toolbox:

Fromtheabove corollary it follows that if Ã of full row rank, thensolvability is
assuredfor any � . It alsoleadsto thefollowing:É Ã ` Ê Á U Ã 6 ` 6� ` Z V
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with Ã 6 of full row rank. Now
=����X�	�

is solvablefor given � if f ` Z [ ØØ Ù `�� 'â� and
solvableif f ` Z ' � . If we write ` Z 'W` Z Þ ��²��t` Z Ø * Ø then ` Z [ ØØÚÙ `���'q��G( ` Z Þt²´²´²>` Z Ø + ( �Ë²´²´²ï� P Ø T + 5 ' � . Thesederivativesarecalculatedwithin BTB
andaresendto theMatlabworkingspace.Caution,if thestepsizefor thesampled
time is not smallenough,it canleadto a falseanswer!!!

Now supposethat
=������	�

is solvablefor a given � . How smoothis a trajectoryU suchthat [\Uï]_�9`QW =������	� ? This relationshipleadsto the index of abehavior.

Definition 2.5.3 Let
=����X�	�

bedefinedasin 2.4.DefineÌ 'NTÇ[ ÿ *�]323232�] ÿ Â�` X for all � with �V#0WqI � P�Í�Î thereexists U�WÏI �
suchthat [ßUï]|�n`QW =������	� b

where I � for
# : � is definedas the setof all distributionswhose X # X -th prim-

itive is a continuousfunction. Let Ð be the partial ordering ["Ñ�*_]323232�]¯Ñ«Â|`9Ð["Òn*�]3232$2$]�Ò)Â�`�G Ñ&#H~9Ò�#{]�!Z'áÃà]323232�]�Ó . Definethemulti-index ó asthesmallestel-
ementof

Ì
with respectto sucha partial ordering, andtheindex Ô 'tALC�Õ�TVón#�XV!Z'Ã�]323232�]�Ó b .

Themulti-index establishestheminimaldifferentiabilityrequirementon each
componentof � which assuresthata sufficient differentiabletrajectory U canbe
found. Indeed,this multi-index is well defined:

Theorem 2.5.4 Let
=������	�

bedefinedasin (2.4)with ÃáW.MHY & � ( * + of full rowrank.
Let � bea squaresubmatrixof Ã of maximaldeterminantaldegree. Let Ö|#×Í bethe
differencebetweenthedegreeof thenumeratorandthedenominatorof ["� x * `�` #×Í .
Thenthemulti-index is givenby [\óZ*_]323232�]~óKÂ�` with ó)ÍÔ'³ØÙÅ�ç4#"Ö�#	Í .

In the Behavioral Toolbox:

Theorem2.5.4is implementedin them-file index.mwhichcalculatestheindex of
a behavior of theform (2.4). Theinterfacefile is iindex.m.

How to checkif thereis a solution U of thebehavior of the form (2.4), solvable
for a given � , thatsatisfies[�Ä [ ØØÚÙ `�U `�[ßè Þ~` 'BÅ ?
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In the Behavioral Toolbox:

Sincewealreadyhavecheckedthesolvability condition,wenow havearepresen-
tation Ã [ ØØ Ù ` Uø'Ú`â[ ØØÚÙ `�� with Ã of full row rank. Assumealsothat Ã is square
sothat Û / DV["Ãï`ÝÜ'�� , sincetherewill beno uniquesolutionif Ã is not square.We
canwrite ` 'rÃ ��� ½ with

½
suchthat

½ '�� or Ã x * ½ is strictly proper. This
is donewith theuseof them-file pdiv.m. In caseÃ is of degreezero,

½ '�� and
the initial conditions [�Ä+U�`$[ßè Þ_`^'ÞÅ yields [�Ä��^�9`$[ëè Þ|`^'ÞÅ . A degeneratedstate
spacerepresentationi.e. withoutstatevariablesis constructedandsimulatedwith
thecommandlsim.
Now considerthecasethat Ã is not of degreezero.SinceÃ;U ' `��' Ã �ï� � ½ � h Ã [\U Ï��^�ß à2á âã ä)å ` ' ½ �
and Ã x * ½ proper, wehaveastatesystem�� è çð'tnÕç�� ý � (2.6)æ ' Á çò��À(� (2.7)

This lastequationis equivalentto U)' Á ç �)[����¶À(`�� . Therefore,

[�Ä�U�`$[ëè Þ|`�'�ÅÝG [�Ä Á ç�`$[ßè Þ�`6�)[�Ä [�� ��À(`��9`$[ëè Þ|`1'BÅ42
Denote Ä [��á�rÀ(`	' Â

. We canrewrite Ä Á ç with the useof (2.6). SupposeÄ [ * ` ' ÄnÞ��çÄ0* * �W²´²´²Ñ�çÄ�è * è and
Â ' Â Þ �£²´²´²Ñ� Â w * w . If é�' � thenÄ�UÎ'�ÄnÞ�ç � ( Â Þ ²´²´² Â w + ( � ²´²´²N�«P�w T + 5 X Ù ä Ù¨§ . Otherwise,since

[°�� è ` 
 çð'tn 
 ç �¶n 
 x * ý � �t²´²´²V�¶n ý � P 
 x /�T � ý � P 
 x *�T
it follows thatÄ Á U X Ù ä Ù¨§ ' ÄnÞ Á ç��³²´²´²3�@Ä�è Á [��� è ` è ç�X Ù ä Ù¨§ � Â � X Ù ä Ù¨§' ( ÄnÞ ²´²´²�Ä�è + ( Á Á n ²´²´² Á n è + 5 ç�X Ù ä Ù¨§ �( Ä0*È²´²´²�Ä�è + ¹ººº»

Á � ²´²´² �Á n Á ²´²´² �
...

...
...Á n è x * Á n è x / ²´²´² Á
¼¾½½½¿ ¹º» ý �

...ý ��P è x *�T
¼ ½¿;êêêêêêê Ù ä Ù §� ( Â Þ ²´²´² Â w + ( � ²´²´²�� Pëw T + 5 X Ù ä Ù §' Å
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Rewrite this to anequationof the type �;çÑÞï'íì where çÑÞ�'�çZ[ëè Þ�` . Write � 'y ? z , theSVD-decompositionof � , yielding� çÑÞ�'³ì�G y x * � çÑÞ�' y x * ì
After removing thelastzeroequations,wehaveobtainedanequationfor çÑÞ :
� çÑÞ�' 
 ì
with


� of full row rank. If rank[ ( 
� 
 ì + ` < rank[ 
� ` , no solutionexists i.e. the

initial conditionsarenot well-posed.Otherwisewe take çÑÞ¿' 
� 5 [ 
� 
� 5 ` x * 
 ì . If�N'�� Þ-�³²´²´²3���ïî * î , thenwehavea statesystem�� è ç('BnÕçò� ( ý �|²´²´²1� + � �UÎ' Á ç � ( �;Þo²´²´²1�gî + � �
where � ��' ( ����P *�T ²´²´² �«P î�T + 5 . With the useof matlab’s commandlsim, a so-
lution U of this statespacerepresentationis computedwith çZ[ëè Þ�`Õ'áçÑÞ asinitial
condition.
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2.6 Things for futur e releasesof BTB

Of coursethereis muchmoredevelopedin behavioral systemstheory. Further
more,dueto time limitation, therearea numberof thingsthatshouldbesupple-
mentedor extended.

õ A statemapfor themanifestbehavior is calculatedby first calculatingthe
kernel representationof the manifestbehavior by elimination. It is also
possibleto calculatethisstatemapwith theuseof thehybridrepresentation.

õ A linear time-invariantdifferentialsystemis controllableif andonly if it
admitsan imagerepresentation.Computingimagerepresentationswould
beavaluableextensionof theprogram.

õ For nonlinearsystems,we wish to computethe stationarypointsand lin-
earizethesystemin oneof thesepoints.

õ Themoregeneraltheoryfor ND-kernelbehaviorsshouldbeimplementedas
well. This requirestheuseof Gröbnerbases, see[1] for moreinformation.

õ Implementstabilizabilityof akernelbehavior anddetectabilityof afull ker-
nelbehavior. For moreinformationaboutthesetopics,thereaderis referred
to [5].

õ As discussedin section2.4.1,an input/outputpartitionof a behavior is not
unique. Theprogrampicks just oneof themandthis partitionmaynot be
thepartitiononeis looking for.

õ A statemapfor thebehavior canbecomputed.But this statemapcannot
beusedfor theinitial conditionsin thesimulationautomatically.

õ Equationshasto be typedin with thecharacters# for variablesand@ for
parameters.This is not verydesirable.

õ In the simulationwindow, it would be convenientif the usercanseethe
impulsresponse,etcat anearlierstage.

õ Eventually, the programshouldbe autonomousi.e. doesnot needMatlab
for its computations.

õ Thereshouldbesupportfor Win9x platformsaswell.

õ A consequenceof thelimitation of thelanguageJAVA, whereBTB is writ-
tenin, andthetime limitation is thattheuserinterfacevisualizesthemodel
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of aninterconnectednot very clear. Particularly, theuseof a scratchof pa-
per andpencil to assistthe useris almostinevitable. A way to omit this
adventitiouscircumstanceis, for instance,theuseof iconsfor themodules
andconnectthemby draganddropprinciples.
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