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Abstract In this paper we study a number of problems in the context of rational
representations of behaviors. In that context, a given proper real rational matrix can
represent three behaviors. In the first place it can represent an input-output behavior.
Secondly it can represent the kernel behavior of the rational ’differential operator’
associated with the rational matrix. Thirdly, it can represent the image behavior aso-
ciated with the rational matrix. On the other hand, every proper real rational matrix
admits a realization as a finite dimensional linear state space system. Such realiza-
tion can represent three system behaviors: an input-state-output behavior, an output
nulling behavior, or a driving variable behavior. In this paper we will study the re-
lation between the three external behaviors of these state representations, and the
behaviors given by the three rational representations associated with the underly-
ing rational matrix. Preliminary results from [5] will be complemented to obtain
necessary and sufficient conditions such that the respective external behaviors are
equal.

1 Introduction

Arjan and I (the first author) met around thirty-five years ago. Arjan had already
been a PhD student with Jan Willems in Groningen for a longer time, and I had just
started. In those days it was still allowed to smoke inside university buildings, and I
recall a particular instant that I entered Jan’s office while Arjan was undergoing his
supervision by Jan. Apart from the fact that the blackboard was filled with Hamil-
tonian systems, he and Jan were staring in the direction of this blackboard, with
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thick clouds of cigar smoke circling around. I instantly realised that I witnessed real
science here: staring at the board, trying to get somewhere, cigars firmly held in the
hand. At that time, Arjan developed scientifically into one of the leaders in the area
of nonlinear control, in particular working on the differential geometric approach to
nonlinear systems. Together with other Dutch experts in that area he had founded an
unofficial society, called the Dutch Nonlinear Systems Group. I myself worked on
the almost version of the linear geometric approach. One of the major achievements
in my research career is that I was declared an ’almost’ member of that illustrious
society as a present after my PhD defense.

After a long period at different universities, Arjan and I finally ended up together
in Groningen again, as colleagues in the same research group. While writing this ar-
ticle on representations of behaviors, a typically Groningen subject indeed, I would
like to congratulate him on the occasion of his sixtieth birthday.

As is well known, behaviors of linear differential systems admit different kinds
of representations. Although the key idea of the behavioral approach to systems and
control is that a mathematical model of a dynamical system is essentially formed by
its set of trajectories, called the behavior of the system, it also offers the flexibility
that this behavior can be represented in many different ways, as, for example, the
kernel or image of a polynomial differential operator, or as the external behavior of
a polynomial latent variable representation, see [11].

Another class of representations of behaviors consists of several forms of state
representations, which involve a latent variable having the property of state, see [11].
State representations of behaviors are, for example, the classical input/state/output
(ISO) representations, driving variable representations, and output nulling represen-
tations, see [16], [6].

A more classical concept in modeling linear input-output systems is that of trans-
fer matrix. In the context of causal, linear, finite dimensional, time invariant systems,
transfer matrices are proper real rational matrices. In an attempt to further bridge
the gap between the behavioral time domain approach and the transfer matrix, fre-
quency domain, approach, in [17], the concepts of rational kernel and image repre-
sentation were elaborated. One of the highlights of this work is that, for the proper
real rational transfer matrix of any given linear input-output system, it gives a sound
and simple time domain interpretation of the representation y(t) = G( d

dt )u(t) as an
alternative for the mathematically unsatisfactory frequency domain representation
ŷ(s) = G(s)û(s).

From classical realization theory, see [2], it is well known that every proper
real rational matrix G(s) admits a realization. In particular, a quadruple of matri-
ces (A,B,C,D) is called a realization of G(s) if G(s) = C(sI − A)−1B+D. This
raises a number of questions on the relationship between rational kernel and im-
age representations on the one hand, and input-state-output, driving variable, and
output nulling representations on the other. In particular, given a proper real ratio-
nal matrix G(s) with realization (A,B,C,D), the natural question arises: what is the
relation between the behavior represented by y = G( d

dt )u and the input-output be-
havior of the representation ẋ = Ax+Bu, y = Cx+Du ? Under what conditions
are these behaviors equal? A similar question arises for output nulling representa-
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tions: what is the relation between the behavior represented by the rational kernel
representation G( d

dt )w = 0 and the external behavior of the output nulling represen-
tation ẋ = Ax+Bw, 0 =Cx+Dw ? For driving variable representations: under what
conditions is the external behavior represented by the rational image representa-
tion w = im G( d

dt )l equal to external behavior of the driving variable representation
ẋ = Ax+Bv, w =Cx+Dv ? Partial answers to these questions have been obtained
in [5]. In the present paper we will present new results that complement these ear-
lier ones, and a complete answer to the questions posed will be given. In order to
address the above questions, we will first review results from [5] on the problem
of elimination of the state variable from input-state-output, driving variable, and
output nulling representations. This problem consists of finding polynomial kernel
representations of the external behaviors associated with these state representations.

The outline of this paper is as follows. In the next section, Section 2, we will
give some preliminaries and introduce the notation used in this paper. In Section 3,
we will review various representations of behaviors of linear differential systems.
In Section 4, we will review results from [5] on the problem of eliminating the state
from a given input-state-output representation, and, likewise, from a given output
nulling representation. In the case of driving variable representations we will discuss
how to eliminate both the state and the driving variable. Section 5 contains the main
results of this paper. Here, in three subsequent subsections, we will give complete
answers to the problems posed above. We will conclude this paper with some final
remarks in Section 6.

2 Preliminaries and notation

In this paper we will use the standard notation R and C for the fields of real and
complex numbers. We use Rn, Rn×m, etc. for the real linear spaces of vectors and
matrices with components in R. The space of all infinitely often differentiable func-
tions from R to Rw will be denoted by C∞(R,Rw). The field of real rational functions
in the indeterminate s will be denoted by R(s). The ring of real polynomials in the
indeterminate s will be denoted by R[s]. R(s)p will denote the ring of proper rational
functions in the indeterminate s with real coefficients. We will use R(s)n,R(s)n×m,
R[s]n,R[s]n×m, etc. for the spaces of vectors and matrices with components in R(s)
and R[s], respectively. If the dimensions are clear from the context, we will use the
notation R(s)•×m, R(s)n×•, R[s]•×• or R(s)•×•, etc. A square non-singular polyno-
mial matrix U is called unimodular if it has an inverse which is again a polynomial
matrix. F ∈ R(s)n×n is biproper if det(F) 6= 0 and F,F−1 are both proper. A poly-
nomial matrix P ∈ R[s]•×• is called left prime over R[s] if it has a polynomial right
inverse, i.e. if there exists a polynomial matrix Q such that PQ = I, the identity ma-
trix. Left primeness is equivalent with the condition that P(λ ) has full row rank for
all λ ∈ C.

For a given finite dimensional linear system ẋ = Ax+Bu, y =Cx+Du, we will
denote its reachable subspace by R. This is the smallest A-invariant subspace con-
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taining im B. The unobservable subspace will be denotesd by N , and is the largest
A-invariant subspace contained in ker C.

3 Representations of behaviors

In this section we will review the basic material on representations of behaviors
of linear differential systems. A linear differential system is defined as a system
Σ = (R,Rw,B) whose behavior B is the solution space of given finite set of higher
order constant coefficient linear differential equations. By representing the given
set of linear differential equations in terms of a polynomial matrix, for any linear
differential system Σ = (R,Rw,B) there obviously exists a real polynomial matrix
R with w columns, i.e. R ∈ R[s]•×w, such that

B= {w ∈ C∞(R,Rw) | R( d
dt )w = 0}. (1)

The representation (1) is called a polynomial kernel representation of B, and we
often write B= ker R( d

dt ). For a detailed exposition on polynomial representations
of behaviors we refer to [11].

In addition to polynomial representations, behaviors admit rational representa-
tions. Rational representations were formally introduced in [17]. Earlier work on
rational representations for L2-behaviors can be found in [15], and was later ex-
tended in [8], [9]. In order to introduce rational representations, we need the con-
cept of left coprime factorization of a rational matrix over R[s]. A factorization of
G ∈ R(s)•×• as G = P−1Q with P,Q ∈ R[s]•×• is called a left coprime factorization
if
[

P Q
]

is left prime over R[s] and det(P) 6= 0. Following [17], if G = P−1Q is a
left coprime factorization over R[s] then we define w to be a solution of G( d

dt )w = 0
if it is a solution of the differential equation Q( d

dt )w = 0. Likewise, we define

ker G( d
dt ) := ker Q( d

dt ). (2)

If G is a rational matrix, we call a representation of B as G( d
dt )w = 0 a rational

kernel representation of B and sometimes write B = ker G( d
dt ). For additional

material on rational representations we refer to [4] and [5].
In addition to kernel representations, which are in terms of the variable w to be

modeled only (called the manifest variable or external variable), behaviors admit
representations in which auxiliary variables may appear. The most general form of
such representation of a behavior B is the so called latent variable representation,
which has the following form:

R( d
dt )w = M( d

dt )l. (3)

In the above differential equation, w is the manifest variable and l is called the latent
variable. The (w, l)’s satisfying (3) are given by ker

[
R( d

dt ) −M( d
dt )
]
=: Bfull, and



A Complement on Elimination and Realization in Rational Representations 5

Bfull is called the full behavior. The manifest behavior is given by (Bfull)w, which is
the projection of the full behavior onto the behavior of the external variable w. The
matrices R and M can be polynomial matrices or rational matrices. If (3) involves
polynomial matrices only then we call it a polynomial latent variable representation.
In general, we call it a rational latent variable representation.

A special class of latent variable representations consists of the so called state
representations. These are latent variable representations in which the latent vari-
able has the property of state, see [16], [14], [6], [7]. In the following, we will
briefly review the basics of the three most important kinds of state representa-
tions, namely, input-state-output representations, driving variable representations,
and output nulling representations.

Let A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, D ∈ Rp×m, and consider the equations

d
dt x = Ax+Bu, y =Cx+Du. (4)

The full behavior represented by these equations is given by

BISO(A,B,C,D) := {(u,y,x) ∈ C∞(R,Rm)×C∞(R,Rp)×C∞(R,Rn) | (4) holds }.

In (4), we interpret (u,y) as manifest variable and x as latent variable. Thus, BISO is
a latent variable representation of its external behavior given by

BISO(A,B,C,D)ext = {(u,y) | ∃x such that (u,y,x) ∈BISO(A,B,C,D)}.

In fact, in (4), x is a state variable, u has the property of input, and y the property
of output, see [11]. Further, if B=BISO(A,B,C,D)ext then we call BISO an input-
state-output representation of B.

Next, let A ∈ Rn×n, B ∈ Rn×v, C ∈ Rw×n, D ∈ Rw×v, and consider the equations

d
dt x = Ax+Bv, w =Cx+Dv. (5)

The full behavior represented by these equations is given by

BDV (A,B,C,D) := {(w,x,v) ∈ C∞(R,Rw)×C∞(R,Rn)×C∞(R,Rv) | (5) holds }.

In (5), we interpret w as manifest variable and (x,v) as latent variables. Thus, BDV
is a latent variable representation of its external behavior given by

BDV (A,B,C,D)ext = {w | ∃(x,v) such that (w,x,v) ∈BDV (A,B,C,D)}.

In fact, in (5), x is a state variable and v is an auxiliary variable, called the driving
variable. Further, if B = BDV (A,B,C,D)ext then we call BDV a driving variable
representation of B.

Finally, let A ∈Rn×n, B ∈Rn×w, C ∈Rp×n, D ∈Rp×w and consider the equations

d
dt x = Ax+Bw, 0 =Cx+Dw. (6)
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The full behavior represented by these equations is given by

BON(A,B,C,D) := {(w,x) ∈ C∞(R,Rw)×C∞(R,Rn) | (6) holds }.

In (6), we interpret w as manifest variable and x as a latent variable. Thus, BON is a
latent variable representation of its external behavior given by

BON(A,B,C,D)ext = {w | ∃x such that (w,x) ∈BON(A,B,C,D)}.

Also in (6), x is a state variable. Further, if B = BON(A,B,C,D)ext then we call
BON an output nulling representation of B.

An important concept in the behavioral approach is the property of controlla-
bility. By now, the definition of controllability of behaviors of linear differential
systems is well known, and for its definition we refer to [11]. It was shown in [11]
that controllable behaviors admit yet another special kind of latent variable repre-
sentations called image representations. Consider the differential equation

w = M( d
dt )`, (7)

where M ∈ R[s]w×l. The w’s that satisfy (7) are given by

B= {w ∈ C∞(R,Rw) | ∃` ∈ C∞(R,Rl) such that w = M( d
dt )`}. (8)

A representation of B as in (8) is called a polynomial image representation. Like for
polynomial kernel representations previously in this paper, this can be extended to
rational image representations as well, see [17]. Let M ∈ R(s)w×l. Then a meaning
to the equation w = M( d

dt )` can be given by interpreting it as

[
I −M( d

dt )
][w

`

]
= 0. (9)

Then, if M =P−1Q is a left coprime factorization over R[s],
[

I −M
]
=P−1

[
P −Q

]
clearly is a left coprime factorization of

[
I −M

]
, and therefore, by the definition in

(2), equation (9) holds if and only if P( d
dt )w = Q( d

dt )`. Thus w = M( d
dt )` should be

interpreted as P( d
dt )w = Q( d

dt )` and

B := {w | ∃` such that w = M( d
dt )`}= {w | ∃` such that P( d

dt )w = Q( d
dt )`}. (10)

This representation of B is called a rational image representation.

4 Elimination from state representations

In this section we will review results on the elimination problem for state representa-
tions from [5]. For a given state representation, the elimination problem is to obtain
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a polynomial kernel representation of its external behavior, thus ’eliminating’ the
state variable from the original representation. Before addressing this problem, we
will first review some basic material on the general elimination problem in the poly-
nomial representation context. First, recall the notion of minimal left annihilator of
a polynomial matrix (see [19]).

Definition 1. Let M ∈R[s]m×•. Then X ∈R[s]•×m is called a minimal left annihilator
of M if :

1. X has full row rank,
2. X is left annihilator of M, i.e. XM = 0, and
3. any left annihilator of M is a multiple of X , i.e. X1M = 0 implies X1 = RX for

some polynomial matrix R.

The following well known result gives a rank characterization of the minimal left
annihilator of a given polynomial matrix. For a proof we refer to [5].

Proposition 1. Let M ∈ R[s]p×q. Then X ∈ R[s]n×p is a minimal left annihilator of
M if and only if X is left prime over R[s], XM = 0 and rank(X) = p− rank(M).

Using the above characterization of a minimal left annihilator, we have the following
proposition that plays a crucial role in the rest of this section. The result is well
known and has appeared in various forms in the literature before (see [11], Theorem
6.2.6, [3], [10]).

Proposition 2. Let Bfull ∈ Lw+l be represented by the polynomial latent variable
representation R( d

dt )w = M( d
dt )`, where R ∈ R[s]p×w, M ∈ R[s]p×l. Then the mani-

fest behavior (Bfull)w has kernel representation (XR)( d
dt )w = 0, where X is a mini-

mal left annihilator of M.

An immediate consequence of Proposition 1 is the following:

Lemma 1. Let G∈R(s)p×w. Let G = AB−1 be a factorization such that A∈R[s]p×w
and B ∈ R[s]w×w. Let L−1

2 L1 be a left coprime factorization of G over R[s]. Then[
L1 −L2

]
is a minimal left annihilator of

[
B
A

]
.

Also the following easy result will be instrumental in the sequel:

Lemma 2. Let M ∈ R[s]p×q be partitioned as M =
[

M1 M2
]
. If X1 is a minimal

left annihilator of M1, and X2 is a minimal left annihilator of X1M2 then X2X1 is a
minimal left annihilator of M.

We will now address the problem of eliminating the state in an input-state out-
put representation of a given behavior. This problem was considered before in
[11] for the single input, single output case. Consider the input-state output rep-
resentation d

dt x = Ax+Bu, y = Cx+Du, and as before denote its full behavior by
BISO(A,B,C,D). Our aim is to find a polynomial kernel representation of the exter-
nal behavior BISO(A,B,C,D)ext. Obviously, by choosing a basis of the state space
Rn adapted to the decomposition Rn = X1⊕X2, with X1 := R, we may assume
that the matrices A,B,C are in the form
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A =

[
A11 A12
0 A22

]
, B =

[
B1
0

]
, and C =

[
C1 C2

]
, (11)

such that (A11,B1) is a controllable pair. The dimensions of A11 and A22 are assumed
to be n1×n1 and n2×n2 respectively.

Theorem 1. Let BISO(A,B,C,D) be the full behavior induced by the input-state-
output representation d

dt x = Ax+Bu, y = Cx+Du. Assume that A,B,C have the
form (11). Let L−1

2 L1 = C1(sI−A11)
−1 and K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1

be left coprime factorizations over R[s]. Then

BISO(A,B,C,D)exr = ker[ K2(L1B1 +L2D)( d
dt ) − (K2L2)(

d
dt )].

Proof. Clearly, the full behavior is represented by R( d
dt )w = M( d

dt )x, where

M =
[

M1 M2
]
=

 sI−A11 −A12
0 sI−A22

C1 C2

 and R =

 B1 0
0 0
−D I

 . (12)

Note that X1M1 = 0 and X2X1M2 = 0, where X1 =

[
L1 0 −L2
0 I 0

]
and X2 =

[
K2 K1

]
.

It follows from Lemma 1 that X1 and X2 are minimal left annihilators of M1 and
X1M2, respectively. Using Lemma 2, we then have that X2X1 is a minimal left an-
nihilator of M. Then, by Proposition 2 it is evident that the external behavior, i.e.,
BISO(A,B,C,D)ext, is given by

ker(X2X1R)( d
dt ) = ker [K2(L1B1 +L2D)( d

dt ) − (L2K2)(
d
dt )].

The case of output nulling representations was treated in detail in [5], see also
[13]. We will confine ourselves here to formulating the result. The proof follows the
same limes as the proof of Theorem 1.

Theorem 2. Let BON(A,B,C,D) be the full behavior induced by the output nulling
representation d

dt x = Ax + Bw, 0 = Cx + Dw. Assume that A,B,C have the form
(11). Let L−1

2 L1 =C1(sI−A11)
−1 and K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1 be left

coprime factorizations over R[s]. Then

BON(A,B,C,D)ext = ker K2(L1B1 +L2D)( d
dt ).

Finally, we turn to elimination in driving variable representations. Here the problem
is to eliminate both the state variable as well as the driving variable, and obtain
a polynomial kernel representation of the external behavior. This problem is dealt
with in the following theorem, which was proven in [5].

Theorem 3. Let BDV (A,B,C,D) be the full behavior induced by the driving vari-
able representation d

dt x = Ax+Bv, w =Cx+Dv. Assume that A,B,C are as in (11).
Let L−1

2 L1 = C1(sI−A11)
−1 and K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1 be left co-

prime factorizations over R[s]. Then
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BDV (A,B,C,D)ext = ker (QK2L2)(
d
dt ),

where Q is any minimal left annihilator of K2(L1B1 +L2D).

5 Rational representations and realizations

In this section we will formally state, and address the problems announced in the
introduction to this paper. The following problems will be considered:

1. Let G(s) be a proper real rational matrix and let (A,B,C,D) be a realization of
G, i.e. G(s) = C(sI−A)−1B+D. Consider the input-output behavior {(u,y) |
y = G( d

dt )u} associated with G, where y = G( d
dt )u should be interpreted as the

rational kernel representation [G( d
dt ) − I]

[
u
y

]
= 0. The problem is to obtain

necessary and sufficient conditions such that

BISO(A,B,C,D)ext = {(u,y) | y = G( d
dt )u}. (13)

2. Let G(s) be a proper real rational matrix and let (A,B,C,D) be a realization of
G. The problem is to find necessary and sufficient conditions such that

BON(A,B,C,D)ext = ker G( d
dt ).

3. Let G(s) be a proper real rational matrix and let (A,B,C,D) be a realization of
G. The problem is to obtain necessary and sufficient conditions such that

BDV (A,B,C,D)ext = im G( d
dt ).

In the remainder of this section we will subsequently address all three problems
stated here.

We start off with a lemma that will be instrumental in solving the first of these
problems. The result states that condition (13) is equivalent with the condition that
a particular rational matrix obtained from the triple (A,B,C) is polynomial.

Lemma 3. Let G ∈ R(s)•×•p . Let (A,B,C,D) be a realization of G such that (11)
holds. Let L−1

2 L1 =C1(sI−A11)
−1 be a left coprime factorizations over R[s]. Then

the following statements are equivalent:

1. BISO(A,B,C,D)ext = {(u,y) | y = G( d
dt )u},

2. (L1A12 +L2C2)(sI−A22)
−1 is a polynomial matrix.

Proof. (1⇒ 2) Assume that condition 1. holds. We know that

ker [G( d
dt ) − I]

= ker [(C1(sI−A11))B1 +D)( d
dt ) − I]

= ker L−1
2 [L1B1 +L2D −L2](

d
dt ).
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It is easily verified that L−1
2 [L1B1 +L2D −L2]) is also a left coprime factorization

over R[s]. From the definition in (2) it then follows that

ker [G( d
dt ) − I] = ker [L1B1 +L2D −L2](

d
dt ). (14)

Let K−1
2 K1 = (L1A12 +L2C2)(sI−A22)

−1 be a left coprime factorization over R[s].
Then, from Theorem 1 we have

BISO(A,B,C,D)exr = kerK2[L1B1 +L2D −L2](
d
dt ). (15)

Since L2 is nonsingular [L1B1 + L2D − L2] has full row rank. Also, since K2 is
nonsingular, K2[L1B1 +L2D −L2] has full row rank. Since

ker K2[L1B1 +L2D −L2](
d
dt ) = ker [L1B1 +L2D −L2](

d
dt ),

it follows from Theorem 3.6.2 in [11] that there exists a unimodular matrix U such
that

[L1B1 +L2D −L2] =UK2[L1B1 +L2D −L2] (16)

We prove now that K2 is unimodular. Rewriting equation (16) we have

(I−UK2)[L1B1 +L2D −L2] = 0. (17)

Since the second factor in this equation has full row rank, it follows that UK2 = I
and hence K2 is unimodular. It follows that K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1 is

a polynomial matrix.
(2⇒ 1) Assume (L1A12+L2C2)(sI−A22)

−1 is a polynomial matrix. Let K2 = I and
K1 = (L1A12 +L2C2)(sI−A22)

−1. Then K−1
2 K1 = (L1A12 +L2C2)(sI−A22)

−1 is a
left coprime factorization over R[s]. Then the result follows from Theorem 1 and
the fact that (14) holds.

A similar result as Lemma 3 will be instrumental to treat the case of output
nulling representations:

Lemma 4. Let G ∈ R(s)•×•p have full row rank. Let (A,B,C,D) be a realization of
G in the form (11). Let L−1

2 L1 =C1(sI−A11)
−1. Then the following statements are

equivalent:

1. BON(A,B,C,D)ext = ker G( d
dt ).

2. (L1A12 +L2C2)(sI−A22)
−1 is a polynomial matrix.

Proof. (1⇒ 2) Assume that condition 1. holds. We have

ker G( d
dt ) = ker (C1(sI−A11))B1 +D)( d

dt ) = ker L−1
2 (L1B1 +L2D)( d

dt ).

Obviously, L−1
2 (L1B1 +L2D) is also a left coprime factorization over R[s]. By defi-

nition we then have

ker G( d
dt ) = ker L−1

2 (L1B1 +L2D)( d
dt ) = ker (L1B1 +L2D)( d

dt ). (18)
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On the other hand, after taking left coprime factorisation

K−1
2 K1 = (L1A12 +L2C2)(sI−A22)

−1,

from Theorem 2 we obtain

BON(A,B,C,D)ext = ker K2(L1B1 +L2D)( d
dt ). (19)

Since G = L−1
2 (L1B1+L2D) and G has full row rank, we must have that L1B1+L2D

has full row rank. Since ker K2(L1B1 + L2D)( d
dt ) = ker (L1B1 + L2D)( d

dt ) it then
follows from Theorem 3.6.2 in [11] that

L1B1 +L2D =UK2(L1B1 +L2D) (20)

for some unimodular matrix U . Again we prove now that K2 is unimodular. Rewrit-
ing equation (20) we get

(I−UK2)(L1B1 +L2D) = 0. (21)

Since L1B1 +L2D has full row rank we must have UK2 = I, so K2 is unimodular.
Hence K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1 is a polynomial matrix.

(2⇒ 1) Assume (L1A12 + L2C2)(sI−A22)
−1 is a polynomial matrix. Let K2 = I

and K1 = (L1A12 +L2C2)(sI−A22)
−1. Then K−1

2 K1 = (L1A12 +L2C2)(sI−A22)
−1

is a left coprime factorization over R[s]. Then the result follows from Theorem 2
together with (18).

In order to proceed now, we will need a finer decomposition of the state space
than the one used in (11), namely the classical Kalman decomposition of linear
state space systems. This will be reviewed now. For a given triple (A,B,C) with
A ∈ Rn×n, B ∈ Rn×m, and C ∈ Rp×n, let R be the reachable subspace, and N the
unobservable subspace. Now define X1 := R ∩N , and let X2 be a subspace such
that X1⊕X2 = R. Let X3 be such that X1⊕X3 = N . Finally, let X4 be such
that X1⊕X2⊕X3⊕X4 = Rn.

Then, with respect to a basis adapted to this decomposition, A, B and C have the
form

A =


A11 A12 A13 A14
0 A22 0 A24
0 0 A33 A34
0 0 0 A44

 , B =


B1
B2
0
0

 , and C =
[

0 C2 0 C4
]
. (22)

The lines in the matrices above indicate that, in fact, the system can be interpreted
to be in the form (11). Note that R +N = X1⊕X2⊕X3. It is well known that
the following properties hold:

1. (A22,B2,C2) is controllable and observable.

2.

([
A11 A12
0 A22

]
,

[
B1
B2

]
,
[
0 C2

])
is controllable.
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3.

([
A22 A24
0 A44

]
,

[
B2
0

]
,
[
C2 C4.

]
,

)
is observable.

In the following three subsections, we will now resolve the three problems posed in
the introduction to this section.

5.1 Realization and input-state-output representation

The following theorem is one of main results of this paper. It states that the external
behavior of an input-state-output representation is equal to the input-output behavior
associated with its associated transfer matrix if and only if the sum of the reachable
subspace and the unobservable subspace is equal to the entire state space.

Theorem 4. Let G ∈ R(s)p×mp . Let (A,B,C,D) be a realization of G with A ∈
Rn×n,B ∈ Rn×m,C ∈ Rp×n,D ∈ Rp×m. Then

BISO(A,B,C,D)ext = {(u,y) | y = G( d
dt )u}

if and only if R+N = Rn.

Proof. (⇐) Assume R +N = Rn. Without loss of generality we can assume that
(A,B,C,D) is of the form

A =

A11 A12 A13
0 A22 0
0 0 A33

 ,B =

B1
B2
0

 ,C =
[

0 C2 0
]
. (23)

The idea is now to apply Lemma 3 and check that condition 2. in that lemma holds.
As stated in Lemma 3 take a left coprime factorization

L−1
2 L1 =

[
0 C2

][Is−A11 −A12
0 sI−A22

]−1

=
[
0 C2(sI−A22)

−1
]
. (24)

Since L2 is nonsingular we can split up L1 into blocks of appropriate sizes: L1 =[
0 L12

]
. We now check that

(
[
0 L12

][A13
0

]
+L2 ·0)(sI−A33)

−1 =
[
0 0
]
. (25)

Since this is a polynomial matrix it follows that condition 2. in Lemma 3 holds.
From this the claim follows.
(⇒) Assume R +N 6= Rn. Without loss of generality assume that the system is
in the form (22), with A11 ∈ Rn1×n1 ,A22 ∈ Rn2×n2 ,A33 ∈ Rn3×n3 ,A44 ∈ Rn4×n4 and
B,C with appropriate dimensions. Note that by our assumption the matrix A44 is non
void, i.e. n4 > 0. Likewise, the corresponding 0-matrix in B and the matrix C4 are
really present. Recall that the subsystem
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A22 A24
0 A44

]
,

[
B2
0

]
,
[
C2 C4.

]
,D

)
(26)

is observable. Define

O(s) :=

A22− sI A24
0 A44− sI

C2 C4


By observability we have rank(O(λ )) = n2 +n4 for all λ ∈ C.

Note again that the system (22) is obviously of the form (11). Let

L−1
2 L1 =

[
0 C2

][sI−A11 −A12
0 sI−A22

]−1

=
[
0 C2(sI−A22)

−1
]

(27)

be a left coprime factorization over R[s]. Let L1 =
[
0 L12

]
be split up into appropri-

ate sized blocks. Then L−1
2 L12 =C2(sI−A22)

−1 is also a left coprime factorization
over R[s].

Since
[
L12 L2

]
has full row rank for all λ ∈ C, there exist polynomial matrices

M1 ∈ R[s]n2×n2 ,M2 ∈ R[s]n2×p such that the matrix

U1 =

L12 0 L2
0 I 0

M1 0 M2

 (28)

is unimodular. By premultiplying O(λ ) by U1(λ ), with λ ∈ C, we obtain

U1(λ )O(λ )=

L12 0 L2
0 I 0

M1 0 M2

A22−λ I A24
0 A44−λ I

C2 C4

=

 0 L12A24 +L2C4
0 A44−λ I

M1A24 +M2C2 M1A24 +M2C4


(29)

and rank(U1(λ )O(λ )) = n2 +n4 for all λ ∈ C. In this formula we have suppressed
some of the lambda’s. Now consider the rational matrix

R(s) :=

([
0 L12

][A13 A14
0 A24

]
+L2

[
0 C4

])[sI−A33 −A34
0 sI−A44

]−1

=
[
0 L12A24 +L2C4

][sI−A33 −A34
0 sI−A44

]−1

=
[
0 (L12A24 +L2C4)(sI−A44)

−1
]
. (30)

Since, BISO(A,B,C,D)ext = {(u,y) | y = G( d
dt )u}, Lemma 3 says that R(s) given by

(30) is a polynomial matrix. Define a polynomial matrix K by

K(s) := (L12A24 +L2C4)(sI−A44)
−1.
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Since
[
−I K(λ )

]
also has full row rank for all λ ∈ C there exist polynomial ma-

trices N1 ∈ R[s]n4×p,N2 ∈ R[s]n4×n4 such that the matrix

U2 =

−I K 0
N1 N2 0
0 0 I

 (31)

is unimodular. Now define O1(s) :=U2(s)U1(s)O(s). Then

O1(s) =

 0 0
0 (N1K +N2)(A44− sI)

M1A24 +M2C2 M1A24 +M2C4

 . (32)

We know that rank(O1(λ )) = rank(O(λ )) = n2 +n4 for all λ and hence

rank
[

0 (N1K +N2)(A44−λ I)
M1A24 +M2C2 M1A24 +M2C4

]
= n2 +n4

for all λ . The latter is however equivalent with

det(M1A24 +M2C2)det(N1K +N2)det(A44−λ I) 6= 0 for all λ ∈ C.

This leads to a contradiction, so X4 can not be present in the direct sum decompo-
sition, and hence R+N = Rn.

The above theorem settles the first problem posed in this section. We will now turn
to the second one, on driving variable representations.

5.2 Realization and output nulling representation

In [5] it was shown that if G is a proper rational matrix and (A,B,C,D) is a realiza-
tion, then controllability of the pair (A,B) is a sufficient condition for the equality
BON(A,B,C,D)ext = ker G( d

dt ) to hold. It was also shown in [5] that the controlla-
bility condition is not necessary. The following theorem is the second main result
of this paper. It sharpens the result from [5] and gives necessary and sufficient con-
ditions:

Theorem 5. Let G ∈ R(s)p×mp . Let (A,B,C,D) be a realization of G. If R +N =
Rn then BON(A,B,C,D)ext = ker G( d

dt ). Moreover, if G has full row rank then
BON(A,B,C,D)ext = ker G( d

dt ) if and only if R+N = Rn.

Proof. (⇐) Assume R +N = Rn. Again we may assume that (A,B,C) has the
form (23). As stated in Theorem 2, take take a left coprime factorization

L−1
2 L1 =

[
0 C2

][sI−A11 −A12
0 sI−A22

]−1

=
[
0 C2(sI−A22)

−1
]
. (33)
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Since L2 is nonsingular we can split up L1 into blocks of appropriate sizes: L1 =[
0 L12

]
. We now check that

(
[
0 L12

][A13
0

]
+L2 ·0)(sI−A33)

−1 =
[
0 0
]
. (34)

Note that

G(s) = L−1
2 (L1

[
B1
B2

]
+L2D).

Since this is also a left coprime factorization, by definition we have

ker G( d
dt ) = ker (L1

[
B1
B2

]
+L2D)( d

dt ). (35)

On the other hand, since (34) admits the trivial coprime factorization K−1
2 K1 with

K2 = I and K1 = 0, Theorem 2 confirms that (35) equals BON(A,B,C,D)ext.
(⇒) the proof of the second statement follows exacty the same reasoning as the
corresponding part of Theorem 4 and uses Lemma 4.

5.3 Realization and controllability of driving variable
representations

In this subsection we will resolve the third problem posed in this section, and es-
tablish necessary and sufficient conditions on the matrices A,B and C such that
BDV (A,B,C,D)ext = im G( d

dt ) for a given realization (A,B,C,D) of G.
It is obvious that if BDV (A,B,C,D)ext = im G( d

dt ), then BDV (A,B,C,D)ext must
be controllable, as it is then represented in terms of a (rational) image representation,
which always represents a controllable system. We will now prove a lemma that
states that also the converse holds:

Lemma 5. Let G ∈ R(s)•×•p . Let (A,B,C,D) be a realization of G. Then the follow-
ing statements are equivalent.

1. BDV (A,B,C,D)ext is controllable,
2. BDV (A,B,C,D)ext = im G( d

dt ).

Proof. (1. ⇒ 2.) Assume BDV (A,B,C,D)ext is controllable. From Theorem 3 it
follows that BDV (A,B,C,D)ext = ker (Q2K2L2)(

d
dt ), where Q2 is a minimal left

annihilator of K2(L1B1 + L2D). Since the external behavior BDV (A,B,C,D)ext is
controllable it follows that Q2(λ )K2(λ )L2(λ ) has full row rank for all λ ∈ C.
Therefore Q2(λ )K2(λ ) has full row rank for all λ ∈ C. Let Q1 be a minimal left
annihilator of L1B1 + L2D. Since obviously Q2K2 is an annihilator as well, we
must have Q2K2 = XQ1 for some polynomial matrix X . As Q2(λ )K2(λ ) has full
row rank for all λ ∈ C also X(λ ) has full row rank for all λ . From the fact that
rank(K2(L1B1 +L2D)) = rank(L1B1 +L2D) it follows that the number of rows of
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Q2 and Q1 are the same. Hence X is square, and therefore unimodular. This now
implies that BDV (A,B,C,D)ext = ker (Q2K2L2)(

d
dt ) = ker (Q1L2)(

d
dt ).

Finally, we will prove that ker (Q1L2)(
d
dt ) = im G( d

dt ). Indeed, we have G =

L−1
2 (L1B1 +L2D) is a left coprime factorization, so

im G( d
dt ) = {w | there exists l such that L2(

d
dt )w = (L1B1 +L2D)( d

dt )l}.

Clearly the full (w, l)-behavior of this is represented by the polynomial latent vari-
able representation L2(

d
dt )w = (L1B1 +L2D)( d

dt )l. Since Q1 is a minimal left anni-
hilator of L1B1+L2D, Proposition 2 then tells us that the result of eliminating l here
is represented by (Q1L2)(

d
dt )w= 0. This proves our claim. The converse implication

(2.⇒ 1.) is trivially true.

Thus, our third problem will be resolved if we can find necessary and sufficient
conditions for controllability of the external behavior of a driving variable represen-
tation. We will investigate this now.

It will turn out that this involves the notion of weakly unobservable subspace
associated with the system (A,B,C,D). This notion was studied in detail in [12].
We will review its definition and properties here. Originally, the weakly unobserv-
able subspace was studied in the context of the disturbance decoupling problem
for input-state-output systems. It consists of all initial states for which there exists
an input function that makes the corresponding output function identically equal to
zero:

Definition 2. Consider the system ẋ = Ax+Bu, y = Cx+Du, with state space Rn.
For given initial state x0 ∈Rn and input function u, denote the corresponding output
by yu(t,x0). Then the weakly unobservable subspace is defined as

V ∗(A,B,C,D) := {x0 ∈ Rn | there exists u such that yu(t,x0) = 0 for all t ≥ 0}

This subspace also plays a prominent role in a generalisation of the classical Kalman
decomposition, the so called nine-fold canonical decomposition, see [1]. It has the
following feedback characterisation: V ∗(A,B,C,D) is the largest subspace V of Rn

for which there exists an F such that (A+BF)V ⊂ V and (C+DF)V = {0}. It can
even be computed recursively from the data (A,B,C,D) in finitely many steps, see
[12], Chapter 7.

An important property that we will need is that the sum of the reachable subspace
and the weakly unobservable subspace is the so called output null controllable sub-
space (see Exercise 4.1 in [12]):

Lemma 6. Consider the system ẋ = Ax+Bu, y =Cx+Du. let R be the reachable
subspace. Then we have:

R+V ∗(A,B,C,D) =

{x0 ∈ Rn | there exists u and T > 0 such that yu(t,x0) = 0 for all t ≥ T}.

For this reason, if R +V ∗(A,B,C,D) = Rn, then the system is sometimes called
output null controllable.
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We will now proceed with stating the third main result of this paper, giving neces-
sary and sufficient conditions for controllability of the external behavior of a driving
variable representation. The result states that controllability is equivalent to output
null controllability, with the driving variable interpreted as input, and the manifest
variable as output.

Theorem 6. Let G ∈ R(ξ )p×mp . Let (A,B,C,D) be a realization of G. Then the fol-
lowing two statements are equivalent:

1. BDV (A,B,C,D)ext is controllable,
2. R+V ∗(A,B,C,D) = Rn.

Proof. (1.⇒ 2.) For a given initial state x0 and driving variable trajectory v, the
resulting external trajectory will be denoted by wv(t,x0). Now let let x0 ∈ Rn. Con-
sider the two external trajectories w1(t) := w0(t,x0) and w2(t) := 0. By control-
lability there exists a third external trajectory, say wv(t, x̄0), and T > 0 such that
wv(t, x̄0) = w1(t) for t ≤ 0 and wv(t, x̄0) = w2(t) = 0 for t ≥ T . We will now first
prove that, in fact, x̄0− x0 ∈ V ∗(A,B,C,D).

Indeed, by linearity we have wv(t, x̄0− x0) = 0 for all t ≤ 0. Now consider the
time-reversed system ẋ =−Ax−Bv, w =Cx+Dv. Let wvR(t, x̄0−x0) denote its ex-
ternal trajectory correponding to the time reversed driving variable vR(t) := v(−t)
and initial state x̄0− x0. It is easily seen that for all t ≥ 0 we have wvR(t, x̄0− x0) =
wv(−t, x̄0−x0)= 0. This implies that x̄0−x0 ∈V ∗(−A,−B,C,D), the weakly unob-
servable subspace associated with the time-reversed system. By their feedback char-
acterization, we have V ∗(−A,−B,C,D) = V ∗(A,B,C,D), which proves the claim
that x̄0− x0 ∈ V ∗(A,B,C,D).

Next, it follows from the characterisation in Lemma 6 that x̄0 ∈R+V ∗(A,B,C,D).
Wrapping things up then leads to x0 = x̄0− (x̄0− x0) ∈R +V ∗(A,B,C,D), which
proves condition 2.

(2.⇒ 1.) By linearity it suffices to prove that for every external trajectory w(t)
there exists T > 0 and an external trajectory w′(t) such that w′(t)=w(t) for t ≤ 0 and
w′(t) = 0 for t ≥ T . let w(t) = wv(t,x0). Since x0 ∈R+V ∗(A,B,C,D), by Lemma
6 there exists a driving variable trajectory v1(t) such that wv1(t,x0) = 0 for t ≥ T .
Define now v̄(t) := v(t) for t ≤ 0 and v̄(t) := v1(t) for t ≥ 0. Define w′(t) :=wv̄(t,x0).
Then w′(t) = w(t) for t ≤ 0 and w′(t) = 0 for t ≥ T . Hence BDV (A,B,C,D)ext is
controllable.

Thus we immediately obtain the following corollary:

Corollary 1. Let G ∈ R(ξ )p×mp . Let (A,B,C,D) be a realization of G. Then the fol-
lowing two statements are equivalent:

1. BDV (A,B,C,D)ext = im G( d
dt ),

2. R+V ∗(A,B,C,D) = Rn.

This result generalizes Theorem 4.5 in [5] that states that controllability of the pair
(A,B) is a sufficient condition for condition 1. to hold.

We note that the necessary and sufficient condition for our third problem differs
from the one that we established for the first two problems. It turns out, however,
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that the condition R +N = Rn does provide a necessary and sufficient condition
for controllability of the (w,v)-behavior associated with a driving variable repre-
sentation, so of the external behavior with only the state x eliminated. Denote this
behavior by

BDV (A,B,C,D)(v,w) := {(v,w) | there exists x such that (x,v,w)∈BDV (A,B,C,D)}

Then the final theorem of this paper states the following:

Theorem 7. Let BDV (A,B,C,D) be the full behavior of the driving variable repre-
sentation (5). Then the following statements hold:

1. BDV (A,B,C,D) is controllable if and only if R = Rn.
2. BDV (A,B,C,D)(v,w) is controllable if and only if R+N = Rn.
3. BDV (A,B,C,D)ext is controllable if and only if R+V ∗(A,B,C,D) = Rn.

Proof. 1. The full behavior of the driving variable representation is equal to ker R( d
dt ),

with

R(s) :=
[

sI−A −B 0
−C −D I

]
Obviously BDV (A,B,C,D) is controllable if and only if R(λ ) has full row rank for
all λ ∈ C. This is however equivalent with the condition that

[
λ I−A −B

]
has

full row rank for all λ ∈ C. This holds if and only if the pair (A,B) is controllable,
equivalently R = Rn.

2. This follows immediately from Theorem 4 by interpreting the (w,v)- behavior
as input output behavior of the representation ẋ = Ax+Bv, w =Cx+Dv with input
v and output w.

3. This is a restatement of Theorem 6.

6 Concluding remarks

In this paper we have considered three open problems on the relation between the
external behaviors of state representations associated with realizations of proper real
rational matrices, and the behaviors represented by these rational matrices. These
problems had been studied before in [5], where however only sufficient conditions
were obtained. In the present paper we have complemented the results in [5] by es-
tablishing necessary and sufficient conditions in terms of the reachability subspace,
the unobservable subspace and the weakly unobservable subspace associated with
the realization.
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