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1 Introduction

In systems and control, traditionally control has been almost invariably associated
with the concepts of input, output and feedback. The mechanism of feedback
involves observations, is able to adapt to its environment, and decides on the basis
of the observed sensor outputs what the actuator inputs should be. In other words,
the typical features of feedback are the presence of sensing and generating control
inputs on the basis of the sensed observations. This principle, often called intelligent
control, is depicted in Figure 1 below.
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Figure 1: Intelligent control

It has been argued in [20] and [26] that for many practical control devices it is
hard, or even impossible, to give an interpretation as feedback controllers. Con-
sider, for example, passive vibration-control systems consisting of special bracings
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and oil dampers to protect large buildings against earthquakes, or passive suspen-
sion applied by springs and dampers in automobiles. Such control mechanisms do
certainly not act as feedback controllers in the sense that control inputs are gen-
erated on the basis of sensed measurement outputs. Rather, from a physical point
of view, the action of such passive controllers can best be understood using the
concepts of interconnection and variable sharing. Many other devices act as con-
trollers, but not as feedback controllers. Examples are strips mounted on objects
to improve aerodynamic properties, stabilizers for ships, etc.

The behavioral point of view provides a natural framework for this more general
way of looking at control. In the behavioral approach, control means restricting the
behavior of a system, for example the plant, by interconnecting it with another
system, the controller. In this paper, we will explain the basic idea of control in the
framework of behaviors, which allows a general interconnection stucture between
plant and controller. This will be the subject of Section 2.

Although there is an increasing body of literature on control of multi-dimensional
linear systems, in particular of behaviors represented by constant coefficient, linear,
partial differential equations, in the present paper we will restrict ourselves to one-
dimensional linear differential systems. These are systems represented by ordinary,
constant coefficient, linear differential equations. In Section 3 we will review the
basic concepts and results for this class of systems.

In section 4, we discuss the implementability problem. This problem may actu-
ally be considered as a basic question in control: given a plant behavior, together
with some ’desired’ behavior, the latter is called implementable (sometimes called:
achievable) if it can be achieved as controlled behavior by interconnecting the plant
with a suitable controller. In this section, for a given plant, we give a complete char-
acterization of all implementable behaviors. We also discuss the issues of regular
interconnection and regular implementability.

Next, in Section 5, we turn to the most basic of control problems: the problems
of finding stabilizing controllers and finding controllers that assign the poles of the
controlled behavior. We give behavioral, representation-free, formulations of these
problems, and give necessary and sufficient conditions for the existence of stabilizing
controllers, and for pole placement. These conditions will turn out to involve the
behavioral versions of the notions of controllability, observability, stabilizability and
detectability.

Section 6 then deals with the natural problem of controller parametrization:
given a plant behavior and an implementable desired behavior, we give a parametriza-
tion of all controllers that regularly implement this desired behavior. We also
parametrize all controllers that stabilize a given stabilizable plant, thus establish-
ing a behavioral analogue of the well-known Youla parametrization.

In Section 7, we return to the stabilization problem. We study the problem of
finding, for a given plant, stabilizing controllers with the property that pre-specified
components of the interconnection variable are free in these controllers. In this
problem we embed classical feedback thinking into the behavioral control framework
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by realizing that the controller should not be allowed to constrain interconnection
variables that correspond to, for example, measured plant outputs. These variables
should obviously remain free in the controller: the controller should ’respect’ the
values that these variables take.

Finally, in Section 8, we look at robust control in a behavioral framework, and
study the problem of finding, for a given nominal plant, controllers that stabilize (in
the behavioral sense) all plants in a given ball around the nominal plant. This prob-
lem is closely related to behavioral H∞-control, and we formulate the appropriate
behavioral ’small gain argument’ to formalize this.

1.1 Notation and nomenclature

To conclude this section, we will spend a few words on the notation and nomencla-
ture used. We use the standard symbols for the fields of real and complex numbers
R and C. We use Rn, Rn×m, etc. for the real linear spaces of vectors and matrices
with components in R. Often, the notation Rw, Rd, Rc ... is used if w, d, c ... de-
note typical elements of that vector space, or typical functions taking their values
in that vector space. Vectors are understood to be column vectors in equations, in
text, however, we sometimes write them as row vectors. Sometimes, we also use the
notation col(w1, w2) to represent the column vector formed by stacking w1 over w2.

C∞(R, Rw) will denote the set of infinitely often differentiable functions from R to
Rw. The space of all measurable functions w from R to Rw such that

∫ ∞

−∞
‖w‖2dt <

∞ is denoted by L2(R, Rw). The L2-norm of w is ‖w‖2 := (
∫ ∞

−∞
‖w‖2dt)1/2.

R[ξ] denotes the ring of polynomials in the indeterminate ξ with real coefficients,
and R(ξ) denotes its quotient field of real rational functions in the indeterminate
ξ. A polynomial r ∈ R[ξ] is called monic if the coefficient of its highest degree
monomial is equal to 1. We use Rn[ξ], Rn×m[ξ], Rn(ξ), Rn×m(ξ), etc. for the spaces
of vectors and matrices with components in R[ξ] and R(ξ), respectively. Elements
of Rn×m[ξ] are called real polynomial matrices, elements of Rn×m(ξ) are called real
rational matrices.

det(A) denotes the determinant of a square matrix A. A square, nonsingular real
polynomial matrix R is called Hurwitz if all roots of the polynomial det(R) lie in the
open left half complex plane C−. A proper real rational matrix G is called stable if
all its poles are in C−. A proper stable real rational matrix G is called left prime if
it has a proper stable right inverse, i.e. if there exists a proper stable real rational
G† such that GG† = I. A proper stable real rational matrix G is called co-inner if
GG∼ = I, where G∼ is defined by G∼(ξ) := G>(−ξ). Finally, If G is a proper stable
real rational matrix, then its H∞ norm is defined as ‖G‖∞ := supλ∈C̄+‖G(λ)‖.

2 Control in a behavioral setting

In this section we will first explain the basic elements of control in the context of
the behavioral approach to dynamical systems.
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In the behavioral approach, a dynamical system is a triple, Σ = (T, W, B)
with T a set called the time axis, W a set called the signal space, and B ⊂ W T the
behavior. The behavior consists of a family of admissible functions w : T → W . The
dynamical system aimes at specifying which functions of time t ∈ T of the variable
w can occur. This variable is called the manifest variable of the system. Since T and
W are often apparent from the context we identify the system Σ = (T, W, B) simply
with its behavior B. For a basic introduction to dynamical systems in a behavioral
framework, we refer to the textbook [12], and for background information to [24]
or [25].

The basic idea of control in this framework is very simple. If Σ1 = (T, W, B1)
and Σ2 = (T, W, B2) are two dynamical systems with the same time axis and the
same signal space, then the full interconnection Σ1∧Σ2 of Σ1 and Σ2 is defined as the
dynamical system (T, W, B1∩B2), i.e. the system whose behavior is equal to the set-
theoretic intersection of the behaviors B1 and B2. We speak of full interconnection
since the entire variable w of B1 is shared with B2 in the interconnection.

More often, the interconnection can only take place through pre-specified com-
ponents of the manifest variable. In that case, we speak of partial interconnection.
Let Σ1 = (T, W1 × C, B1) and Σ2 = (T, W2 × C, B2) be two dynamical systems
with the same time axis. We assume that the signal spaces W1 × C and W2 × C

of Σ1 and Σ2, respectively, are product spaces, with the factor C in common. Cor-
respondingly, trajectories of B1 are denoted by (w1, c) and trajectories of B2 by
(w2, c). We define the interconnection of Σ1 and Σ2 through c as the dynamical
system

Σ1 ∧c Σ2 := (T, W1 × W2 × C, B)

with interconnected behavior

B = {(w1, w2, c) : T → W1 × W2 × C | (w1, c) ∈ B1 and (w2, c) ∈ B2}.

The behaviors B1 and B2 in this case only share the variable c, which is called
the interconnection variable. Often, we denote the interconnected behavior B by
B1 ∧c B2. This interconnection is illustrated in Figure 2.

B1 B2

B1 B2

w2w1

w2w1

c

Figure 2: Interconnection of Σ1 and Σ2
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In this context, control is formalized as follows. Assume that the plant, a dy-
namical system Σp = (T, W × C, Pfull) is given. It has two types of terminals:
terminals carrying to-be-controlled variables w and terminals carrying interconnec-
tion variables c. Therefore, the signal space of the plant is given as the product
space W × C, where W is the space in which w takes its values, and C denotes
the space in which c takes its values. The behavior of the plant is denoted by Pfull,
called the full plant behavior, and consists of all (w, c) : T → W × C that are
compatible with the laws of the plant.

In the classical controller configuration, the to-be-controlled variables combine
the exogenous disturbance inputs and the to-be-controlled outputs, while the in-
terconnection variables combine the sensor outputs and the actuator inputs. A
feedback controller may be viewed as a signal processor that processes the sensor
outputs and returns the actuator inputs. It is the synthesis of such feedback proces-
sors that is traditionally viewed as control design. However, we will look at control
from a somewhat broader perspective, and we consider any law that restricts the
behavior of the interconnection variables as a controller.

Thus a controller for the plant Σp is a dynamical system Σc = (T, C, C) with
controller behavior C. The interconnected system Σp ∧c Σc is called the controlled
system. A control problem for the plant Σp is now to specify a set of admissible
controllers, to describe what desirable properties the controlled system should have,
and, finally, to find an admissible controller Σc such that Σp ∧c Σc has the desired
properties. In this framework, control is nothing more than general interconnection
through the interconnection variables (see Figure 3).

Pfull C

Pfull C

w

w

c

Figure 3: Σp controlled by Σc

The main motivation for this alternative formulation of control is a practical
one: many controllers, for example, physical devices as dampers, heat insulators,
matched impedances, etc., simply do not act as signal processors. For a more elab-
orate discussion of this point of view, we refer to [20]. As a comment related to our
motivation to view a controller as any law that restricts the behavior of the control
variables, we emphasize our misgivings regarding the omni-presence of signal flow
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graph thinking in systems modeling. The point of view that system interconnection
should, or even can, be viewed as identifying inputs of one system with outputs of
another, simply does not agree with physical reality. When interconnecting two
systems, certain variables of one system are indeed identified with certain variables
of another. There is no reason for these variables to act as inputs, respectively out-
puts. When connecting two wires of two electrical circuits, we impose the equality
of two voltages and the equality of a current into one circuit with the current out
of another. Nothing requires that one circuit should be current controlled, and the
other voltage controlled. When connecting two pins of two mechanical systems,
we impose the equality of two generalized positions and of the generalized force on
one system with (the negative of) the generalized force on another. If the intu-
itive classification of forces as inputs is tenable, then this interconnection results in
equating two inputs and two outputs, and not equating inputs with outputs. For
thermal connections, we identify temperatures, and the heat flow into one system
with that out of another. Typically again, this results in equating inputs and (not
with) outputs. Pressures and flows: same story.

3 Linear differential systems

In this paper we will discuss control in a behavioral framework for linear differential
systems. We will first review the basic concepts and ideas. For more detailed
information we refer to [12].

As explained in Section 2, in the behavioral approach a dynamical system is
given by a triple Σ = (T, W, B), where T is the time axis, W is the signal space,
and the behavior B is a subset of W T , the set of all functions from T to W . A
linear differential system is a dynamical system with time axis T = R, and whose
signal space W is a finite dimensional Euclidean space, say, Rw. Correspondingly,
the manifest variable is then given as w = col(w1, w2, . . . , ww). The behavior B is
a linear subspace of C∞(R, Rw) consisting of all solutions of a set of higher order,
linear, constant coefficient differential equations. More precisely, there exists a
positive integer g and a polynomial matrix R ∈ Rg×w[ξ] such that

B = {w ∈ C
∞(R, Rw) | R( d

dt
)w = 0}.

The set of linear differential systems with manifest variable w taking its value in
Rw is denoted by Lw.

We make a clear distinction between the behavior as defined as the space of all
solutions of a set of (differential) equations, and the set of equations itself. A set of
equations in terms of which the behavior is defined, is called a representation of the
behavior. Let R ∈ Rg×w[ξ] be a polynomial matrix. If the behavior B is represented
by R( d

dt
)w = 0 then we call this a kernel representation of B. Further, a kernel

representation is said to be minimal if every other kernel representation of B has
at least g rows. A given kernel representation, R( d

dt
)w = 0, is minimal if and only

if the polynomial matrix R has full row rank. We speak of a system as the behavior
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B, one of whose representations is given by R( d
dt

)w = 0 or just B = ker(R). The
‘ d
dt

’ is often suppressed to enhance readability.

We will also encounter behaviors B with manifest variable w, that are rep-
resented by equations of the form R( d

dt
)w = M( d

dt
)`, in which an auxiliary, latent

variable ` appears. Here, R and M are polynomial matrices with the same number of
rows. Through such an equation, we can consider the subspace of all w ∈ C∞(R, Rw)
for which there exists an ` ∈ C∞(R, Rl) such that the equation holds:

B = {w ∈ C
∞(R, Rw) | ∃ ` ∈ C

∞(R, Rl) such that R( d
dt

)w = M( d
dt

)` }.

By the elimination theorem (see [12], Chapter 6, Theorem 6.2.6), B ∈ Lw, i.e., B

is again a linear differential system. We call R( d
dt

)w = M( d
dt

)` a latent variable
representation of B

Let B ∈ Lw. Let R( d
dt

)w = 0 be a kernel representation. Assume rank(R) < w

(which also means that it is under-determined: the number of variables is strictly
larger than the number of equations). Then, obviously, some components of w =
col(w1, w2, . . . , ww) are unconstrained by the requirement w ∈ B. These components
are said to be free in B. The maximum number of such components is called the
input cardinality of B (denoted as m(B)). Once m(B) free components are chosen,
the remaining w−m(B) components are determined up to a finite dimensional affine
subspace of C∞(R, Rw−m(B)). These are called outputs, and the number of outputs
is denoted by p(B), called the output cardinality of B. Thus, possibly after a
permutation of components, w ∈ B can be partitioned as w = (u, y), with the
m(B) components of u as inputs, and the p(B) components of y as outputs. We
say that (u, y) is an input/output partition of w ∈ B, with input u and output y.

The input/output structure of B ∈ Lw is reflected in its kernel representations
as follows. Suppose R( d

dt
)w = 0 is a minimal kernel representation of B. Partition

R = (Q P ), and accordingly w = (w1, w2). Then w = (w1, w2) is an i/o partition
(with input w1 and output w2) if and only if P is square and nonsingular. In
general, there exist many input/output partitions, but the integers m(B) and p(B)
are invariants associated with a behavior. It can be verified that p(B) is equal to the
rank of the polynomial matrix in any (not necessarily minimal) kernel representation
of B (for details see [12]).

Definition 3.1 A behavior whose input cardinality is equal to 0 is called au-
tonomous. An autonomous behavior B is said to be stable if for all w ∈ B we
have w(t) → 0 as t → ∞.

In the context of stability, we often need to describe regions of the complex plane
C. We denote the closed right-half of the complex plane by C̄+ and the open left-
half complex plane by C−. A polynomial matrix R ∈ Rw×w[ξ] is called Hurwitz if
rank(R(λ)) = w for all λ ∈ C

+ (equivalently, det(R) has no roots in C
+). If B ∈ L

w

is represented by the minimal kernel representation R( d
dt

)w = 0 then B is stable if
and only if R is Hurwitz (see [12], Chapter 7).

For autonomous behaviors, we also speak about poles of the behavior. Let B ∈
Lw be autonomous. Then there exists an R ∈ Rw×w[ξ] such that B is represented
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minimally by R( d
dt

)w = 0. Obviously, for any non-zero α ∈ R, αR also yields a
kernel representation of B. Hence we can choose R such that det(R) is a monic
polynomial. This monic polynomial is denoted by χB and is called the characteristic
polynomial of B. χB depends only on B, and not on the polynomial matrix R

we used to define it: if R1, R2 both represent B minimally then there exists a
unimodular U such that R2 = UR1 (see [12], Chapter 3). Hence, if det(R1) and
det(R2) are monic then det(R1) = det(R2). The poles of B are defined as the roots
of χB. Note that χB = 1 if and only if B = 0. A behavior is stable if and only if
all its poles are in C−.

Next, we review the concept of controllability in the behavioral approach.

Definition 3.2 A behavior B ∈ Lw is controllable if for all w1, w2 ∈ B, there exists
a T ≥ 0 and a w ∈ B such that w(t) = w1(t) for t < 0 and w(t + T ) = w2(t) for
t ≥ 0.

Often, we encounter behaviors B ∈ Lw that are neither autonomous nor control-
lable. The controllable part of a behavior B is defined as the largest controllable
subbehavior of B. This is denoted by Bcont. A given B ∈ Lw can always be decom-
posed as B = Bcont ⊕Baut, where Bcont is the (unique) controllable part of B, and
Baut is a (non-unique) autonomous subbehavior of B. For details we refer to [12].

Definition 3.3 A behavior B ∈ L
w is called stabilizable if for all w1 ∈ B, there

exists a w ∈ B such that w(t) = w1(t) for t < 0, and w(t) → 0 as t → ∞.

Thus every trajectory in a stabilizable behavior B can be steered to 0, asymptot-
ically. Conditions for controllability and stabilizability in terms of the polynomial
matrix appearing in any kernel representation of B are well-known. Indeed, if
B = ker(R) then B is controllable if and only if rank(R(λ)) = rank(R) for all
λ ∈ C. B is stabilzable if and only if rank(R(λ)) = rank(R) for all λ ∈ C̄+.

We shall also deal with systems in which the signal space comes as a product
space, with the first component viewed as an observed, and the second as a to-be-
deduced variable. We talk about observability (in such systems).

Definition 3.4 Given B ∈ Lw1+w2 with manifest variable w = (w1, w2), w2 is said
to be observable from w1 if (w1, w

′
2), (w1, w

′′
2) ∈ B implies w′

2 = w′′
2 .

If R1(
d
dt

)w1 + R2(
d
dt

)w2 = 0 is a kernel representation of B, then observability of w2

from w1 is equivalent to R2(λ) having full column rank for all λ ∈ C. The weaker
notion of detectability is defined along similar lines:

Definition 3.5 Given B ∈ L
w1+w2 , w2 is said to be detectable from w1 if (w1, w

′
2),

(w1, w
′′
2) ∈ B implies w′

2(t) − w′′
2(t) → 0 as t → ∞.

In the above kernel representation, detectability of w2 from w1 is equivalent to R2(λ)
having full column rank for all λ ∈ C̄+. For details, we refer to [12].

To conclude this section, we review some facts on elimination of variables. Let
B ∈ Lw1+w2 with system variable w = (w1, w2). Let Pw1

denote the projection onto
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the w1-component. Then the set Pw1
B consisting of all w1 for which there exists

w2 such that (w1, w2) ∈ B is again a linear differential system. We denote Pw1
B

by Bw1
, and call it the behavior obtained by eliminating w2 from B.

If B = ker(R1 R2), then a representation for Bw1
is obtained as follows: choose

a unimodular matrix U such that UR2 =

(

R12

0

)

, with R12 full row rank, and

conformably partition UR1 =

(

R11

R21

)

. Then Bw1
= ker(R21) (see [12], section

6.2.2).

4 Implementability

We now turn to the question what controlled behaviors can be achieved by intercon-
necting a given plant with a controller. This problem may actually be considered
as a basic question in engineering design: a behavior is prescribed, and the question
is whether this ”desired” behavior can be achieved by inserting a suitably designed
subsystem into the over-all system. Details on the implementability problem can
be found in [22].

We first consider the full interconnection case, in which the interconnection
variable c coincides with the to be controlled variable w. In that case we have a
plant behavior P ∈ L

w, and a controller for P is also a behavior C ∈ L
w. The full

interconnection of P and C is the system whose behavior is the intersection P ∩ C.
This controlled behavior is again a linear differential system. Indeed, if P = ker(R)

and C = ker(C), then P ∩ C = ker(
R

C
) ∈ Lw.

Definition 4.1 Let K ∈ Lw be a given behavior, to be interpreted as a desired
behavior. If K can be achieved as controlled behavior, i.e., if there exists C ∈ Lw

such that K = P ∩ C, then we call K implementable by full interconnection (with
respect to P).

Obviously, a given K ∈ Lw is implementable by full interconnection w.r.t. P if and
only if K ⊂ P. Indeed, if K ⊂ P, then with ”controller” C = K we have K = P∩C.

Next we consider the case that not all variables are available for interconnection,
but in which interconnection can only take place through prespecified interconnec-
tion variables c, i.e., the case of partial interconnection.

Before the controller acts, there are two behaviors of the plant that are rele-
vant: the behavior Pfull ∈ Lw+c (the full plant behavior) of the variables w and c

combined, and the behavior (Pfull)w of the to-be-controlled variables w (with the
interconnection variable c eliminated). Hence

Pfull = {(w, c) ∈ C
∞(R, Rw×c) | (w, c) satisfies the plant equations},

(Pfull)w = {w ∈ C
∞(R, Rw) | ∃ c ∈ C

∞(R, Rc) such that (w, c) ∈ Pfull}.

By the elimination theorem, (Pfull)w ∈ L
w. The controller restricts the interconnec-

tion variables c and (assuming it is a linear differential system) is described by a
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controller behavior C ∈ Lc. Hence,

C = {c ∈ C
∞(R, Rc) | c satisfies the controller equations}.

The full controlled behavior Pfull∧c C is obtained by the interconnection of Pfull and
C through the variable c and is defined as:

Pfull ∧c C = {(w, c) | (w, c) ∈ Pfull and c ∈ C}.

Eliminating c from the full controlled behavior, we obtain its restriction (Pfull∧c C)w

to the behavior of the to-be-controlled variable w, defined by

(Pfull ∧c C)w = {w ∈ C
∞(R, Rw) | ∃ c ∈ C such that (w, c) ∈ Pfull}.

Note that, again by the elimination theorem, (Pfull ∧c C)w ∈ Lw.

Definition 4.2 Given Pfull ∈ Lw+c, we say that C ∈ Lc implements K ∈ Lw through
c if K = (Pfull ∧c C)w.

We now discuss the following problem:

The implementability problem: Given Pfull ∈ Lw+c, give a characterization of
all K ∈ Lw for which there exists a C ∈ Lc that implements K through c.

This problem has a very simple and elegant solution: it depends only on the pro-
jected full plant behavior (Pfull)w and on the behavior consisting of the plant trajec-
tories with the interconnection variables put equal to zero. This behavior is denoted
by Nw(Pfull), and is called the hidden behavior. It is defined as

Nw(Pfull) = {w | (w, 0) ∈ Pfull}.

Theorem 4.3 (Sandwich theorem) Let Pfull ∈ Lw+c be the full plant behavior.
Then K ∈ Lw is implementable by a controller C ∈ Lc acting on the interconnection
variable c if and only if

Nw(Pfull) ⊂ K ⊂ (Pfull)w.

Theorem 4.3 shows that K can be any behavior that is wedged in between the
given behaviors Nw(Pfull) and (Pfull)w. The necessity of this condition is quite in-
tuitive: K ⊂ (Pfull)w states that the controlled behavior must be part of the plant
behavior. Logical, since the controller merely restricts what can happen. The
condition K ⊃ Nw(Pfull) states that the behavior Nw(Pfull) must remain possible,
whatever be the controller. This is quite intuitive also, since the subbehavior of the
plant behavior that is compatible with c = 0, hence when the controller receives
no information on what is happening in the plant, must remain possible in the
controlled behavior, whatever controller is chosen. This observation has important
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consequences in control: in order for there to exist a controller that achieves ac-
ceptable performance, the hidden behavior must already meet the specifications,
since there is simply no way to eliminate it by means of control. The fact that the
hidden behavior must meet the control specifications has been observed before in a
H∞-control context for example in [7] and [9, 11].

Theorem 4.3 reduces control problems to finding the controlled behavior K di-
rectly. Of course, the problem of how to actually implement K needs to be addressed
at some point. This problem was studied in [5], [14] and [13]. In particular, the
question when a particular controlled behavior can be implemented by a feedback
processor remains a very important one, and was discussed e.g. in [20] and [16].

4.1 Regular implementability

As discussed above, the implementability problem is to characterize all behaviors
that can be achieved as controlled behavior by interconnecting the plant with some
controller. It turns out that in control problems in a behavioral framework one
often has to require that the interconnection of plant and controller is a regular
interconnection. In this subsection we will discuss the issue of implementability by
regular interconnection. Detailed material can be found in [1]. Furthermore, in
subsection 5.3 some remarks on the relevance of regular interconnections can be
found. We now first deal with the full interconnection case.

Let P ∈ Lw be a plant behavior, and let C ∈ Lw be a controller.

Definition 4.4 The interconnection of P and C is called regular if

p(P) + p(C) = p(P ∩ C),

in other words, if the output cardinalities of the plant and the controller add up
to the output cardinality of the controlled behavior. In that case, we also call the
controller C regular (with respect to P).

In terms of kernel representations this condition can be expressed as follows. Let
P = ker(R) and C = ker(C) be minimal kernel representations of plant and con-

troller, respectively. Then P ∩ C = ker(
R

C
) is a kernel representation of the con-

trolled behavior. Since the output cardinality of a behavior is equal to the rank of
the polynomial matrix in any of its kernel representations, the interconnection of P

and C is regular if and only if (
R

C
) has full row rank, equivalently yields a minimal

kernel representation of P ∩ C.

Definition 4.5 Given P ∈ Lw, a given behavior K ∈ Lw is called regularly imple-
mentable with respect to P by full interconnection if there exists a regular controller
C ∈ Lw that implements K.

We now formulate the problem of regular implementability by full interconnection:
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The problem of regular implementability by full interconnection: Given
P ∈ Lw, give a characterization of all K ∈ Lw for which there exists a regular
controller C ∈ Lw that implements K by full interconnection.

The following theorem from [1] gives such characterization. Recall from Section 3
the definition of controllable part of a behavior.

Theorem 4.6 Let P ∈ L
w. Let Pcont be its controllable part. Let K ∈ L

w. Then
K is regularly implementable with respect to P by full interconnection if and only if
K + Pcont = P.

Next, we turn to the partial interconnection case. Here, the problem is to find,
for a given Pfull and a given desired behavior K, a controller C such that the manifest
controlled behavior is equal to K. Again, often we shall restrict ourselves to C’s
such that the interconnection of Pfull and C is regular. A motivation for this is
provided in subsection 5.3.

Definition 4.7 Let Pfull ∈ Lw+c and C ∈ Lw. The interconnection of Pfull and C

through c is called regular if

p(Pfull ∧c C) = p(Pfull) + p(C),

i.e., the output cardinalities of Pfull and C add up to that of the full controlled
behavior Pfull ∧c C. In that case we also call the controller C regular.

Definition 4.8 A given K ∈ Lw is called regularly implementable if there exists a
C ∈ Lc such that K is implemented by C, and the interconnection of Pfull and C is
regular.

Similar to plain implementability, an important question is under what conditions
a given subbehavior K of P is regularly implementable:

The problem of regular implementability by partial interconnection:
Given Pfull ∈ Lw+c, give a characterization of all K ∈ Lw for which there exists a
controller C ∈ Lc that implements K by regular interconnection through c.

The following theorem from [1] provides a solution to this problem:

Theorem 4.9 Let Pfull ∈ L
w+c. Let (Pfull)w and Nw(Pfull) be the corresponding

projected plant behavior and hidden behavior, respectively. Let (Pfull)w,cont be the
controllable part of (Pfull)w. Let K ∈ Lw. Then K is implementable w.r.t. Pfull

by regular interconnection through c if and only if the following two conditions are
satisfied:

• Nw(Pfull) ⊂ K ⊂ (Pfull)w

• K + (Pfull)w,cont = (Pfull)w
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The above theorem has two conditions. The first one is exactly the condition for
implementability through c (as in the Sandwich theorem). The second condition
formalizes the notion that the autonomous part of (Pfull)w is taken care of by K.
While the autonomous part of (Pfull)w is not unique, (Pfull)w,cont is. This makes
verifying the regular implementability of a given K computable. As a consequence
of this theorem, note that if (Pfull)w is controllable, then K ∈ Lw is regularly imple-
mentable if and only if it is implementable.

We conclude this section with an example.

Example 4.10 Consider the plant behavior Pfull with manifest variable w = (w1, w2)
and control variable c = (c1, c2) represented by

w1 + ẇ2 + ċ1 + c2 = 0,

c1 + c2 = 0.

Clearly, the projected plant behavior (Pfull)w is equal to C
∞(R, R2). For the desired

behavior K we take K = {(w1, w2) | w1 + ẇ2 = 0}. The following controller
regularly implements K through c: C = {(c1, c2) | ċ1+c2 = 0}. Also every controller
represented by kc1 + c2 = 0, with k 6= 1, regularly implements K.

5 Pole placement and stabilization

In this section we will discuss the problems of pole placement and stabilization
from a behavioral point of view. Given a plant behavior, the stabilization problem
is to find a regular controller such that the controlled behavior is stable. In the pole
placement problem it is required to find a regular controller such that the controlled
behavior is autonomous and has a given desired polynomial as its characteristic
polynomial.

Again, we distinguish between the full interconnection and the partial inter-
connection case. A detailed treatment of pole placement and stabilization in a
behavioral framework for the full interconnection case can be found in [20]. The
partial interconnection case has been described extensively in [1]

5.1 Full interconnection

We first introduce the pole placement problem. Given a plant behavior, the problem
is to find conditions under which for every a ’desired’ real monic polynomial, there
exists a regular controller such that the controlled behavior is autonomous and has
the desired polynomial as its characteristic polynomial:

13



Pole placement by full interconnection: Given P ∈ Lw, find conditions under
which there exists, and compute, for every monic r ∈ R[ξ], a C ∈ L

w such that:

• the interconnection of P and C is regular,

• the controlled behavior P ∩ C is autonomous and has r as its characteristic
polynomial.

Suppressing the controller C from the problem formulation, the problem can be
stated alternatively as: given P ∈ Lw, find conditions under which there exists,
and compute, for every monic r ∈ R[ξ], an autonomous behavior K ∈ Lw that is
regularly implementable by full interconnection, and such that χK = r.

A solution to this problem is given below:

Theorem 5.1 Let P ∈ Lw. For every monic r ∈ R[ξ], there exists a regular con-
troller C ∈ Lw such that P∩C is autonomous and its characteristic polynomial χP∩C

is equal to r if and only P is controllable and m(P) ≥ 1 (i.e. P has at least one input
component).

Next, we consider the problem of stabilization by full interconnection.

Stabilization by full interconnection: Given P ∈ L
w, find conditions for the

existence of, and compute C ∈ Lw such that

• the interconnection of P and C is regular,

• the controlled behavior P ∩ C is autonomous and stable.

Again, suppressing the controller C from the formulation, the stabilization problem
can be restated as: given P, find conditions for the existence of, and compute a
behavior K ∈ L

w that is autonomous, stable and regularly implementable by full
interconnection.

A necessary and sufficient condition for the existence of a regular stabilizing
controller for P is stabilizability of P as defined in Section 3:

Theorem 5.2 Let P ∈ Lw. There exists a regular controller C ∈ Lw such that P∩C

is autonomous and stable if and only P is stabilizable.

A regular controller that stabilizes a given plant is said to regularly stabilize this
plant. In Section 6 we will deal with the problem how to compute regularly sta-
bilizing controllers. In fact there we will establish a parametrization of all such
controllers.

5.2 Partial interconnection

Again, we first introduce the pole placement problem. Given a full plant behavior
the problem is to find conditions under which, for every monic real polynomial,
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there exists a regular controller such that the projected controlled behavior has this
polynomial as its characteristic polynomial:

Pole placement by partial interconnection: Given Pfull ∈ Lw+c, find condi-
tions under which there exists, and compute, for every monic r ∈ R[ξ], a C ∈ Lc

such that:

• the interconnection of Pfull and C is regular,

• the projected full controlled behavior (Pfull ∧c C)w is autonomous and has r

as its characteristic polynomial.

Suppressing the controller C from the problem formulation, the problem can al-
ternatively be stated as: given Pfull, find conditions under which there exists, and
compute, for every monic r ∈ R[ξ] a regularly implementable, autonomous K ∈ Lw

such that χK = r.

Necessary and sufficient conditions for pole placement are given in the following
theorem, and involve observability of the to-be-controlled variable from the inter-
connection variable, and controllability of the projected full plant behavior:

Theorem 5.3 Let Pfull ∈ Lw+c. For every monic r ∈ R[ξ], there exists a regular
controller C ∈ Lc such that the characteristic polynomial of (Pfull ∧c C)w is equal to
r if and only

• in Pfull, w is observable from c,

• (Pfull)w is controllable and m((Pfull)w) ≥ 1.

Note that, by definition, observability of w from c means that if (w1, c), (w2, c) ∈
Pfull, then w1 = w2, or equivalently, (w, 0) ∈ Pfull implies w = 0. Thus w is
observable from c in Pfull if and only if the hidden behavior Nw(Pfull) is equal to
{0} ∈ Lw.

Next we formulate the stabilization problem, which deals with finding a regular
controller for the full plant such that the projected behavior is autonomous and
stable:

Stabilization by partial interconnection: Given Pfull ∈ Lw+c, find conditions
for the existence of, and compute C ∈ Lc such that

• the interconnection of Pfull and C is regular,

• the projected full controlled behavior (Pfull∧c C)w is autonomous and stable.

Again, suppressing the controller C from the formulation, the stabilization problem
can be restated as: given Pfull, find conditions for the existence of, and compute a
behavior K ∈ Lw that is autonomous, stable and regularly implementable.
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A solution to this problem involves both the notions of stabilizability and de-
tectability in a behavioral framework (see Section 3):

Theorem 5.4 Let Pfull ∈ Lw+c. There exists a regular controller C ∈ Lc such that
the projected behavior (Pfull ∧c C)w is autonomous and stable if and only if

• in Pfull, w is detectable from c,

• (Pfull)w is stabilizable.

Since, by linearity, detectability of w from c in Pfull is equivalent with: (w, 0) ∈ Pfull

implies w(t) → 0 (t → ∞), detectability is equivalent with: the hidden behavior
Nw(Pfull) is stable.

Example 5.5 Consider the full plant behavior Pfull with to-be-controlled variable
(w1, w2) and interconnection variable (c1, c2), represented by

w1 + ẇ2 + ċ1 + c2 = 0,

w2 + c1 + c2 = 0,

ċ1 + c1 + ċ2 + c2 = 0.

A stabilizing regular controller is given by C = {(c1, c2) | ċ2 + 2c1 + c2 = 0}.
Indeed, by eliminating c from the full controlled behavior Pfull ∧c C we find that
(Pfull ∧c C)w = ker(R), with

R(ξ) =

(

0 ξ + 1
−1 2

)

,

which is Hurwitz. Yet another class of stabilizing controllers is represented by
C(ξ) = (ξ(ξ + 1) + k, ξ + 1 + k), k ∈ R. In Section 6 we will find a parametrization
of all 1 × 2 polynomial matrices C(ξ) such that ker(C) is a stabilizing controller.

Neither in the problem formulations nor in the conditions of Theorems 5.3 and 5.4,
representations of the given plant appear. Indeed, our problem formulations and
their resolutions are completely representation free, and are formulated purely in
terms of properties of the behavior Pfull. Thus, our treatment of the pole placement
and stabilization problems is genuinely behavioral. Of course, Theorems 5.3 and
5.4 are applicable to any particular representation of Pfull as well. For example in
[1] is was illustrated how the classical results on pole placement and stabilization by
dynamic output feedback can be derived from the results in this section. Indeed, this
can be done starting with Pfull represented in input/state/output representation.

In both the stabilization problem and the pole placement problem, we have
restricted ourselves to regular interconnections. We give an explanation for this in
subsection 5.3. At this point we note that if in the above problem formulations
we omit the requirement that the interconnection should be regular, then in the
stabilization problem a necessary and sufficient condition for the existence of a
stabilizing controller is that Nw(Pfull) is stable (equivalently: in Pfull, w is detectable
from c). In the pole placement problem, necessary and sufficient conditions are that
Nw(Pfull) = {0} (i.e., in Pfull, w is observable from c) and that P is not autonomous.
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5.3 Disturbances and regular interconnection

In this section we have formulated the problems of stabilization and pole placement
for a given plant Pfull with to-be-controlled variable w and control variable c. In
most system models, an unknown external disturbance variable, d, also occurs. The
stabilization problem is then to find a controller acting on c such that whenever
d(t) = 0 (t ≥ 0), we have w(t) → 0 (t → ∞). Typically, the disturbance d is
assumed to be free, in the sense that every C∞ function d is compatible with the
equations of the model. As an example, think of a model of a car suspension
system given by R1(

d
dt

)w + R2(
d
dt

)c + R3(
d
dt

)d = 0, where d is the road profile as
a function of time. In the stabilization problem, one puts d = 0 and solves the
stabilization problem for the full plant Pfull represented by R1(

d
dt

)w + R2(
d
dt

)c = 0.
In doing this, one should make sure that the stabilizing controller C: C( d

dt
)c = 0,

when connected to the actual model, does not put restrictions on d. The notion of
regular interconnection captures this, as explained below.

Consider the full plant behavior Pfull ∈ Lw+c. An extension of Pfull is a behavior
P

ext
full ∈ L

w+c+d (with d an arbitrary positive integer), with variables (w, c, d), such
that

1. d is free in Pext
full,

2. Pfull = {(w, c) | such that (w, c, 0) ∈ P
ext
full}.

Thus, Pext
full being an extension of Pfull formalizes that Pfull has exactly those signals

(w, c) that are compatible with the disturbance d = 0 in P
ext
full. Of course, a given

full behavior Pfull has many extensions.

For a given extension Pext
full and a given controller C ∈ Lc, we consider the extended

controlled behavior given by

P
ext
full ∧c C = {(w, c, d) | (w, c, d) ∈ P

ext
full and c ∈ C}.

A controller C shall be acceptable only if the disturbance d remains free in Pext
full∧c C,

for any possible extension Pext
full. It turns out that this is guaranteed exactly, by the

regularity of the interconnection of Pfull and C ! Indeed the following was proven in
[1], Theorem 7.1:

Theorem 5.6 The following two conditions are equivalent.

1. The interconnection of Pfull and C is regular,

2. for any extension Pext
full of Pfull, d is free in Kext

full.

6 Parametrization of stabilizing controllers

In Section 4, both for the full information as well as the partial interconnection
case necessary and sufficient conditions have been given for a desired behavior to be

17



regularly implementable. In Section 5, conditions have been given for the existence
of regular, stabilizing controllers. The present section deals with the issue how to
find the required controllers. Both for the full interconnection case as well as for
the partial interconnection case the corresponding parametrization problems can be
formulated and have been resolved in [13]. We will however restrict ourselves here
to the full interconnection case. We will only briefly state the main results. Details
can be found in [13].

The first problem that we formulate is the problem of parametrizing all con-
trollers that regularly implement a given desired behavior.

Parametrization of regularly implementing controllers: Let P ∈ Lw be the
plant behavior, and let K ∈ Lw be a desired behavior. Let P = ker(R) and K =
ker(K) be minimal representations of the plant and desired behavior, respectively.
Find a parametrization, in terms of the polynomial matrices R and K, of all
polynomial matrices C such that the controller ker(C) regularly implements K by
full interconnection.

The next problem is to parametrize all regular, stabilizing controllers.

Parametrization of regular and stabilizing controllers: Let P ∈ Lw be
a plant behavior. Let P = ker(R) be a minimal kernel representation. Find a
parametrization, in terms of the polynomial matrix R, of all polynomial matrices
C such that the controller ker(C) is regular and P ∩ ker(C) is stable.

First, we will establish a parametrization of all controllers that regularly implement
a given behavior. We make use of the following lemma from [13], which gives
conditions in terms of the representations for regular implementability.

Lemma 6.1 Let P, K ∈ L
w. Let P = ker(R) and K = ker(K) be minimal kernel

representations. Then K is regularly implementable with respect to P by full inter-
connection if and only if there exists a polynomial matrix F with F (λ) full row rank
for all λ ∈ C, such that R = FK.

From the above, for a given regularly implementable K it is easy to obtain a con-
troller which regularly implements it. Indeed, if R = FK with F (λ) full row rank
for all λ, let V be such that col(F, V ) is unimodular. Then clearly the controller
ker(V K) does the job. Indeed, the corresponding controlled behavior is given by

P ∩ ker(V K) = ker

(

R

V K

)

= ker

(

F

V

)

K = ker(K) = K,

and the interconnection is regular since
(

R

V K

)

has full row rank. A parametriza-

tion of all controllers that regularly implement K is described in the following
theorem:
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Theorem 6.2 Let P ∈ Lw, with minimal kernel representation P = ker(R). Let
K ∈ Lw be regularly implementable by full interconnection, and let K = ker(K) be
a minimal kernel representation. Let F be as in Lemma 6.1 and let V be such that
col(F, V ) is unimodular. Then for any C ∈ Lw, C = ker(C), the following statements
are equivalent:

1. C = ker(C) is a minimal kernel representation, and C regularly implements
K.

2. There exist a polynomial matrix G and a unimodular polynomial matrix U

such that C = GR + UV K.

Thus a parametrization is given by C = GR + UV K, where G ranges over all
polynomial matrices, and where U ranges over all unimodular polynomial matrices.

We now turn to parametrizing all regular controllers that stabilize a given plant
behavior. Let P = ker(R) be a minimal kernel representation. Assume that P is
stabilizable, equivalently, R(λ) has full row rank for all λ ∈ C̄+. The following
theorem yields a parametrization of all stabilizing controllers.

Theorem 6.3 Let P ∈ Lw be stabilizable. Let P = ker(R) be a minimal kernel
representation, and let R1 be such that ker(R1) is a minimal kernel representation
of the controllable part Pcont of P. Let C0 be such that col(R1, C0) is unimodular.
Then for any C ∈ Lw with C = ker(C) the following statements are equivalent:

1. P ∩ C is autonomous and stable, the interconnection is regular, and the rep-
resentation C = ker(C) is minimal.

2. There exist a polynomial matrix G and a Hurwitz polynomial matrix D such
that C = GR + DC0.

Thus, a parametrization of all regular stabilizing controllers ker(C) is given by
C = GR + DC0, where G ranges over all polynomial matrices, and where D ranges
over all Hurwitz polynomial matrices. We also refer to [8].

Remark 6.4 In the special case that the plant P to be stabilized is given together
with an input/output partition w = (y, u), our parametrization result of Theorem
6.3 specializes to the well-known Youla parametrization of all stabilizing controllers
(see [27], [18]). For simplicity, assume that P is controllable. Assume that, in P, G

is the transfer matrix from u to y. Let P−1Q be a left coprime factorization of G.
Then P = ker(P − Q). Choose polynomial matrices X and Y such that

(

P −Q

X Y

)

is unimodular. According to Theorem 6.3, a parametrization of all stabilizing con-
trollers ker(Qc Pc) is given by (Qc Pc) = F (P − Q) + D(X Y ), where F

is arbitrary polynomial and D is Hurwitz. In transfer matrix form this yields
C := −P−1

c Qc = −(DY − FQ)−1(DX + FP ) = −(Y − D−1FQ)−1(X + D−1FP ).
Finally, denote D−1F by T , and let T vary over all proper stable rational matrices
to obtain the original Youla parametrization C = −(Y −TQ)−1(X +TP ) (see [27]).
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7 Stabilization using controllers with a priori in-

put/output structure

Often, certain components of the plant interconnection variables represent plant
sensor measurements, or unknown disturbance inputs to the plant. As argued in
[4], [6], [3], in these cases, by physical considerations, not all regular controllers
are admissible anymore, since only those controllers are allowed that do not put
constraints on these particular plant interconnection variables: the controller should
respect the values that the plant has given to these variables. In the behavioral
framework this is formalized by requiring these plant interconnection variables to
be free in the controllers that are allowed.

Therefore, in this section we deal with the problems of finding necessary and
sufficient conditions for a behavior to be stabilizable using regular controllers in
which an a priori given subset of the plant interconnection variables is free or
maximally free, respectively. In other words, we require a priori given components
of the plant interconnection variable to be part of the controller input, or even to
be the controller input. The complementary subset in the set of all interconnection
variables then necessarily contains the controller output, or is equal to the controller
output. We study these problems in both the full and the partial interconnection
case. The material of this section can be found in full detail in [3]. Related results
can be found in [6].

7.1 Full interconnection

As usual, we first consider the full interconnection case. The problems we want to
deal with are formulated as follows.

Stabilization with pre-specified free variables: Let P ∈ Lw1+w2 with plant
variable (w1, w2). Find necessary and sufficient conditions for the existence of,
and compute a regular, stabilizing controller C ∈ Lw1+w2 in which w2 is free.

Stabilization with prespecified i/o structure: Let P ∈ Lw1+w2 with plant
variable (w1, w2). Find necessary and sufficient conditions for the existence of,
and compute a regular, stabilizing controller C ∈ L

w1+w2 in which w2 is input and
w1 is output.

Theorem 7.1 Let P ∈ Lw1+w2 with plant variable (w1, w2). Then we have the
following:

1. there exists a stabilizing controller C ∈ Lw1+w2 in which w2 is free if and only
if P is stabilizable and w2 ≤ p(P),

2. there exists a stabilizing controller C ∈ L
w1+w2 in which w2 is input and w1 is

output if and only if P is stabilizable and w2 = p(P).
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In other words, necessary and sufficient conditions for the existence of a regular,
stabilizing controller in which the given plant variable w2 is free are that the plant is
stabilizable, and the size of w2 does not exceed the output cardinality of the plant. If
we require w2 to be input to the controller (so, consequently, w1 output) then the size
of w2 should be equal to the plant output cardinality. It follows from this theorem
that the actual choice of components that we want to be free in the controller does
not matter, in the sense that if the plant is stabilizable and if w2 ≤ p(P), then for
any choice of w2 components of the plant variable there exists a regular, stabilizing
controller in which these components are free. A similar statement holds for the
input-output assignment in the controller under the condition w2 = p(P).

7.2 Partial interconnection

Next, we study the above problems in the case of partial interconnection. The exact
statement of these problems is as follows:

Stabilization with prespecified free variables: Let Pfull ∈ L
w+c1+c2 with

system variable (w, c), where c = (c1, c2). Find necessary and sufficient conditions
for the existence of, and compute a regular, stabilizing controller C ∈ Lc1+c2 in
which c2 is free.

Stabilization with prespecified i/o structure: Let Pfull ∈ Lw+c1+c2 with
system variable (w, c), where c = (c1, c2). Find necessary and sufficient conditions
for the existence of, and compute a regular, stabilizing controller C ∈ Lc1+c2 in
which c2 is input and c1 is output.

Recall the following definitions of hidden and projected behaviors from Section 4:

Nc(Pfull) = {(c1, c2) | (c1, c2, 0) ∈ Pfull},

Nc1(Pfull) = {c1 | (c1, 0, 0) ∈ Pfull},

(Pfull)c = {(c1, c2) | ∃w such that (c1, c2, w) ∈ Pfull}.

In the following we assume that c1 has size c1, c2 has size c2, c1 + c2 = c.

Theorem 7.2 Let Pfull ∈ Lw+c1+c2 with system variable (w, c), with c = (c1, c2).
There exists a regular, stabilizing controller C ∈ Lc1+c2 in which c2 is free if and
only if

1. (Pfull)w is stabilizable and w is detectable from c in Pfull,

2. p(Nc(Pfull)) − p(Nc1(Pfull)) ≤ p((Pfull)c).

Thus, in addition to the obvious condition (1.) for the existence of a regular sta-
bilizing controller, the theorem requires that the difference between the output
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cardinalities of the hidden behaviors Nc(Pfull) and Nc1(Pfull) does not exceed the
output cardinality of the projected behavior (Pfull)c.

If we want to assign the input-output structure of the controller, then the fol-
lowing theorem holds:

Theorem 7.3 Let Pfull ∈ Lw+c1+c2 with system variable (w, c), where c = (c1, c2) .
Consider the following conditions

1. (Pfull)w is stabilizable and w is detectable from c in Pfull,

2. p(Nc(Pfull)) − p(Nc1(Pfull)) = p((Pfull)c),

3. p(Nc(Pfull)) = c1 + p((Pfull)c).

If conditions 1,2 and 3 hold, then there exists a stabilizing controller C ∈ Lc1+c2 for
which c2 is input and c1 is output. If Nc(Pfull) is autonomous then these conditions
are also necessary, and conditions 2 and 3 reduce to the single condition p((Pfull)c) =
c2.

We will illustrate the above by means of a worked-out example.

Example 7.4 Let Pfull ∈ L5 with manifest variable w = (w1, w2) and interconnec-
tion variable c = (c1, c2, c3) be represented by

w1 + ẇ2 + ċ3 = 0,

w2 + c1 + c2 + c3 = 0.

Clearly (Pfull)w = C∞(R, R2) and (Pfull)c = C∞(R, R2). (Pfull)w is trivially stabiliz-
able, and w is detectable from c in Pfull. Clearly, p((Pfull)c) = 0. We compute:

Nc(Pfull) = ker(N( d
dt

)), N(c1,c2)(Pfull) = ker(N12(
d
dt

))

and

N(c2,c3)(Pfull) = ker(N23(
d
dt

)).

where N(ξ) =

(

0 0 ξ

1 1 1

)

, N12(ξ) =

(

0 0
1 1

)

and N23(ξ) =

(

0 ξ

1 1

)

. As a conse-

quence, p(Nc(Pfull)) = rank(N) = 2, p(N(c2,c3)(Pfull)) = rank(N23) = 2. Further-
more, p(N(c1,c2)(Pfull)) = rank(N12) = 1. From these calculations it is evident that
p(Nc(Pfull)) − p(N(c2,c3)(Pfull)) = p((Pfull)c) and p(Nc(Pfull)) − p(N(c1,c2)(Pfull)) >

p((Pfull)c). Therefore from Theorem 7.2 we conclude that the plant is stabilizable
using a controller in which c1 is free. We also conclude that there does not exist a
controller which stabilizes the plant and in which c3 is free.
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8 Rational representations

Recently, in [23], representations of linear differential systems using rational matri-
ces instead of polynomial matrices were introduced. In [23], a meaning was given
to the equation R( d

dt
)w = 0, where R(ξ) is a given real rational matrix. In order to

do this, we need the concept of left coprime factorization. Let R be a real rational
matrix R. Then a factorization R = P−1Q is called a left coprime factorization of
R over R[ξ] if P and Q are real polynomial matrices with P nonsingular, and the
complex matrix (P (λ) Q(λ)) has full row rank for all λ ∈ C.

Definition 8.1 Let R be a real rational matrix, and let R = P−1Q be a left coprime
factorization of R over R[ξ]. Let w ∈ C∞(R, Rw). Then we define w to be a solution
to R( d

dt
)w = 0 if Q( d

dt
)w = 0.

It can be proven that the space of solutions of R( d
dt

)w = 0 defined in this way
is independent of the particular left coprime factorization. Hence R( d

dt
)w = 0

represents the linear differential system Σ = (R, Rw, ker(Q)) ∈ Lw.

If a behavior B is represented by R( d
dt

)w = 0 (or: B = ker(R)), with R(ξ) a real
rational matrix, then we call this a rational kernel representation of B. If R has
g rows, then the rational kernel representation is called minimal if every rational
kernel representation of B has at least g rows. It can be shown that a given
rational kernel representation B = ker(R) is minimal if and only if the rational
matrix R has full row rank. As in the polynomial case, every B ∈ Lw admits
a minimal rational kernel representation. The number of rows in any minimal
rational kernel representation of B is equal to the number of rows in any minimal
polynomial kernel representation of B, and therefore equal to p(B), the output
cardinality of B. In general, if B = ker(R) is a rational kernel representation,
then p(B) = rank(R). This follows immediately from the corresponding result for
polynomial kernel representations (see [12]). The following was proven in [17]:

Lemma 8.2 For every controllable behavior B ∈ Lw there exists a proper, stable
real rational matrix R, left prime and co-inner such that B = ker(R).

In other words, every linear differential system B admits a kernel representation
with a proper, stable, left prime, co-inner real rational matrix. We will apply this
useful result in the next section on robust stabilization.

9 Optimal robust stabilization and H∞-control

Given a nominal plant, together with a fixed neighborhood of this plant, the prob-
lem of robust stabilization is to find a controller that stabilizes all plants in that
neighborhood (in an appropriate sense). If a controller achieves this design ob-
jective, we say that it robustly stabilizes the nominal plant. In this section we
formulate the robust stabilization problem in a behavioral framework. Details on
the material in this section can be found in [17].
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Let P ∈ Lw be a controllable linear differential system, to be interpreted as the
nominal plant. In addition, we consider a fixed neighborhood of this plant. Of
course, the concept of neighborhood should be made precise. We do this in the
following way. Assume that the nominal plant P is represented in rational kernel
representation by R( d

dt
)w = 0, where R is a proper, stable, left prime, co-inner real

rational matrix. As noted in Lemma 8.2, for a given P such R exists. For a given
γ > 0, we define the ball B(P, γ) with radius γ around P as follows:

B(P, γ) := {P∆ ∈ L
w | P∆ is controllable and there exists a proper,

stable, real rational R∆ of full row rank such that

P∆ = ker(R∆) and ‖R − R∆‖∞ ≤ γ }. (1)

It can be shown, due to the left prime and co-inner property of R, that the ball is
independent of the chosen representation. Then we define the robust stabilization
problem as follows:

Robust stabilization by full interconnection: Find conditions for the exis-
tence of, and compute a controller C ∈ Lw that regularly stabilizes all plants P∆

in the ball with radius γ around P, i.e. for all P∆ ∈ B(P, γ), P∆ ∩ C is stable and
P∆ ∩ C is a regular interconnection.

It turns out that a controller achieves robust stability in the above sense if and only
if it solves a given H∞-control problem for an auxiliary system associated with the
nominal plant. This is a behavioral version of the small gain theorem. Therefore, we
now first formulate an appropriate behavioral version of the H∞-control problem.
Such problems were studied also in in [15], [22], [16] and [2], see also [9], [10], [19].

We start with a full plant behavior Pfull ∈ Lw+d+c, with system variable (w, d, c).
The variable c is, as before, the interconnection variable. The variable to be con-
trolled consists of two components, i.e. is given as (w, d), with w a variable that
should be kept ’small’ regardless of d, which should be interpreted as an unknown
disturbance. The fact that the variable d represents an unknown disturbance is
formalized by assuming d to be free in Pfull. As d is interpreted as unknown dis-
turbance, it should be free also after interconnecting the plant with a controller.
Furthermore, in the context of H∞-control, a controller is called stabilizing if, when-
ever the disturbance d is zero, the to be controlled variable w tends to zero as time
runs off to infinity. Therefore we define:

Definition 9.1 Let Pfull ∈ Lw+d+c, with d free. A controller C ∈ Lc is called
disturbance-free if d is free in Pfull ∧c C. A disturbance-free controller C ∈ Lc is
called stabilizing if [(w, 0, c) ∈ Pfull ∧c C] ⇒ [limt→∞ w(t) = 0].

For a given controller C, let (Pfull ∧c C)(w,d) be the projection of the full controlled
behavior onto (w, d). H∞-control deals with finding controllers that make this
projected behavior (strictly) contractive in the following sense.
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Definition 9.2 Let Pfull ∈ Lw+d+c. Let γ > 0. A controller C ∈ Lc is called
strictly γ-contracting if there exists ε > 0 such that for all (w, d) ∈ (Pfull ∧c C)(w,d) ∩
L2(R, Rw+d) we have ‖w‖2 ≤ (γ− ε)‖d‖2. The projected controlled behavior is then
called strictly γ-contractive.

We now formulate the H∞ control problem that will be instrumental in our solution
of the behavioral robust stabilization problem.

The H∞-control problem: Let Pfull ∈ L
w+d+c. Assume that d is free. Let γ > 0.

Find a disturbance-free, stabilizing, regular and strictly γ-contracting controller
C ∈ Lc for Pfull.

In [15], necessary and sufficient conditions for the existence of a required con-
troller were established under the conditions that in Pfull the variable c is observable
from (w, d), and the variable (w, d) is detectable from c. The latter condition is
sometimes referred to as the full information condition. In the present paper we
will not explicitely state these necessary and sufficient conditions, since they re-
quire the introduction of the behavioral theory of dissipative systems, quadratic
differential forms and storage functions as treated in [21] and [22]. Instead, we will
directly turn to the connection between the robust stabilization problem and the
H∞-control problem.

Thus, we return to the controllable linear differential system P ∈ L
w, to be

interpreted as the nominal plant. Associated with this nominal plant P ∈ Lw, we
define the auxiliary system Paux ∈ Lw+d+w by

Paux := {(w, d, c) | R( d
dt

)w + d = 0, c = w}. (2)

Let R(ξ) = P−1(ξ)Q(ξ) be a left coprime factorization over R[ξ], with P Hurwitz.
Then by definition

Paux = {(w, d, c) | Q( d
dt

)w + P ( d
dt

)d = 0, c = w}. (3)

The following lemma formulates a behavioral version of the ‘small gain theorem’:

Lemma 9.3 Let Paux be the auxiliary system represented by (2). Let C ∈ Lw be
represented in minimal rational kernel representation by C( d

dt
)c = 0. Let γ > 0.

Then the following statements are equivalent:

1. C regularly stabilizes P∆ for all P∆ ∈ B(P, γ), i.e., P∆∩C is stable and P∆∩C

is a regular interconnection for all P∆ ∈ B(P, γ).

2. C is a disturbance-free, stabilizing, regular and strictly 1
γ
-contracting controller

for Paux.

In other words, given the nominal plant P ∈ Lw, and given γ > 0, a controller
C ∈ L

w regularly stabilizes all plants P∆ in the ball B(P, γ) around P if and only if
C solves the H∞-control problem for the auxiliary full plant behavior Paux. This is
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a full information control problem since, in (3), c = 0 implies w = 0, and therefore
(since P is Hurwitz) d(t) → 0 (t → ∞). Without going into the details, we now
state necessary and sufficient conditions for the existence of, and outline how to
compute such controller C from the representation of P and the given tolerance γ.
The conditions involve the existence of a suitable J-spectral factorization. In the
following, let Σγ be given by

Σγ :=

(

−Iw 0
0 1

γ2 Id

)

.

Theorem 9.4 Let P ∈ Lw be controllable, and let R( d
dt

)w = 0 be a minimal kernel
representation, with R proper, stable real rational, left prime and co-inner. Let
γ > 0. Let R = DW−1 be a right coprime factorization of R over R[ξ]. Then there
exists a controller C ∈ Lw that regularly stabilizes all P∆ in the ball B(P, γ) if and

only if there exists a square nonsingular Hurwitz polynomial matrix F =

(

F+

F−

)

such that

1. −

(

W

D

)

∼

Σγ

(

W

D

)

=

(

F+

F−

)

∼
(

Iw−d 0
0 −Id

)(

F+

F−

)

,

2.
(

W

D

) (

F+

F−

)

−1

is proper,

3.
(

D

F+

)

is Hurwitz.

If such F exists, then a suitable controller is computed as follows:

a. Factorize: F+W−1 = P−1
1 C with P1, C polynomial matrices, P1 Hurwitz.

b. Define C ∈ Lw by C := ker(C).

The controller C is then regular, disturbance-free, stabilizing and strictly 1
γ
-contracting

for Paux, so by the small gain argument of Lemma 9.3, it regularly stabilizes all P∆

in the ball B(P, γ).

Of course, for a given nominal plant P, we would like to know the smallest upper
bound (if it exists) of those γ’s for which there exists a controller C that regularly
stabilizes all perturbed plants P∆ in the ball with radius γ around P. This is the
problem of optimal robust stabilization.

Computation of the optimal stability radius: Find the optimal stability
radius

γ∗ := sup{γ > 0 | ∃C ∈ L
w that regularly stabilizes all P∆ ∈ B(P, γ)}.

In [17], a complete solution to this problem was given. Again, for this we would
have to introduce the behavioral theory of dissipative systems and two-variable
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polynomial matrices, which goes beyond the scope of this paper. It turns out that
the optimal stability radius γ∗ can be computed in terms of certain two-variable
polynomial matrices obtained after polynomial spectral factorization.
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