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1 The geometric approach

In the last four decades, ever since the seminal work of Basile and Marro [1] and Wonham
and Morse [6], research efforts have been devoted to analysis and synthesis problems for
linear state space systems within the well-known context of the geometric approach. The
central issue in this approach is to use basic linear algebraic concepts such as linear map-
ping and linear subspace to investigate the structural properties of linear systems in terms
of properties of the mappings A, B, C, D, etc., appearing in the system equations. For
example, properties such as controllability, observability, stabilizability, and detectabil-
ity can be expressed and characterized very effectively in terms of subspaces generated
by these system mappings. Also, important notions such as system invertibility, system
zeroes, minimum phase, weak observabilty, and strong controllability are analysed most
naturally using the geometric approach. In addition, a large number of synthesis problems
has been studied in this framework, such as pole placement and stabilization, observer
design, disturbance decoupling by static state feedback or dynamic measurement feed-
back, observer design in the presence of unknown inputs, problems of output decoupling,
problems of tracking and regulation, input-output decoupling, and decentralized control
problems. Starting with the famous textbook by W.M. Wonham [7], a treatment of most
of these synthesis problems can be found in the textbooks [2] and [4]. In the eighties,
the ’exact’ versions of many of these control synthesis problems were generalized to their
’approximative’ versions, resulting in ’high gain’ feedback design problems such as almost
disturbance decoupling, almost input-output decoupling, etc., see [5]. Around that time
research attention within the systems and control community had been shifted to a large
extend to H2 and H∞ control. However, also in the context of H2 and H∞ control an
important role continued to be played by problems of disturbance decoupling and almost
disturbance decoupling, see e.g [4].

Although the intensity of research within the geometric approach has become less,
there is still an active community that devotes attention to further developing the area.
L. Ntogramatzidis, the author of the paper to be discussed in this note, is clearly an
exponent of this community. In this note we intend to explain the contribution of the
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paper by Ntogramatzidis within the existing theory of the geometric approach.

2 Disturbance decoupling by state feedback and feedfor-
ward

In this section we explain how the disturbance decoupling problem treated in the paper by
Ntogramatzidis fits into the ’classical’ framework of disturbance decoupling with stability
by state feedback and feedforward, and how his solution differs from the ’standard’ one
in terms of stabilizable output nulling subspaces.

In the paper, a plant ∆ is considered, represented by the state space equations

ẋ(t) = Ax(t) + Bu(t) + Ew(t),
y(t) = Cx(t) + Du(t) + Jw(t),

with x(t) ∈ Rn, u(t) ∈ Rm, w(t) ∈ Rr and y(t) ∈ Rp. In these equations, u(t) is a
control input, and w(t) represents a disturbance input. It is assumed that the distur-
bance w(t) can be measured. For this system, the disturbance decoupling problem with
stability and feedforward, DDPSF, is to find linear maps F and G defining the state feed-
back/disturbance feedforward control law u(t) = Fx(t) + Gw(t) such that the controlled
system has the following two properties: 1) the transfer matrix TF,G from w to y is equal
to zero, and 2) A + BF is stable (i.e., all eigenvalues λ of the linear map A + BF satisfy
Re(λ) < 0). In order to obtain conditions for the existence of such F and G, and in order
to compute these maps, the concept of output nulling subspace, is introduced: a subspace
V of the state space Rn is called an output nulling subspace for the system Σ:

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

if there exists F such that (A + BF )V ⊆ V and (C + DF )V = {0}. The class of all
output nulling subspaces for Σ is closed under subspace addition. It therefore contains
a unique maximal element, which is denoted by V(Σ). A subspace V of the state space
Rn is called a stabilizable output nulling subspace for the system Σ if if there exists F
such that (A + BF )V ⊆ V, (C + DF )V = {0} and the restriction (A + BF ) |V is stable.
There exists a maximal stabilizable output nulling subspace, which is denoted by Vg(Σ).
In case that D = 0 these subspaces coincide with the maximal controlled invariant, and
stabilizability subspace, respectively, contained in ker(C).

It can be proven using standard techniques (see e.g. [4], chapter 7) that necessary and
sufficient conditions for the existence of a control law u(t) = Fx(t) + Gw(t) such that
TF,G = 0 and A + BF is stable are:

im
(

E
J

)
⊆ (Vg(Σ)⊕ {0}) + im

(
B
D

)
(1)

and (A,B) is stabilizable.
Although this yields a solution to DDPSF, it has been argued that it is not completely

satisfactory because the computation of Vg(Σ) requires the computation of eigenspaces,
which from a computational point of view is undesired. This has led Basile and Marro
in [3] to introduce the notion of self-bounded output nulling subspace. An output nulling
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subspace V for Σ is called self-bounded if V(Σ) ∩ B ker(D) ⊆ V. In contrast to the
class of output nulling subspaces for Σ, the class of self-bounded output nulling sub-
spaces for Σ forms a lattice under subspace addition and intersection, and therefore the
intersection of any two self-bounded output nulling subspaces is a self-bounded output
nulling subspace again. This implies that there exists a unique smallest self-bounded
output nulling subspace for Σ, which is denoted by R(Σ). In the following, an important
role is played by R(∆), the smallest self-bounded output nulling subspace for the plant
∆ = (A, (B E), C, (D J)).

It turns out that necessary and sufficient conditions for solvability of DDPSF can
now alternatively be formulated using the smallest self-bounded output nulling subspace
R(∆) associated with the plant ∆ as follows: there exists a feedback control law u(t) =
Fx(t) + Gw(t) such that TF,G = 0 and A + BF is stable if and only if

im
(

E
J

)
⊆ (V(Σ)⊕ {0}) + im

(
B
D

)
, (2)

(A,B) is stabilizable, and R(∆) is a stabilizable output nulling subspace for Σ (the con-
dition (2) can be shown to imply that R(∆) automatically is an output nulling subspace
for the system Σ). The latter set of conditions indeed does not require computation of
eigenspaces.

In the paper by Ntogramatzidis, a slightly different version of the problem DDPSF
is studied: there is no static state feedback part, but instead the problem is to find a
dynamic feedforward controller for the plant ∆, using w(t) as its input, of the form Σc:

ξ̇c(t) = Acξc(t) + Bcw(t),
u(t) = Ccξc(t) + Dcw(t), (3)

such that the closed loop transfer matrix TΣc is zero, and the closed loop system is
internally stable. Ntogramatzidis calls this the problem of measurable signal decoupling
with dynamic feedforward compensation, MSDPS.

In the paper by Ntogramatzidis it is shown that, under the assumption that A is stable,
there exists Σc such that TΣc = 0 and the controlled system is internally stable if and only
if the subspace inclusion (2) holds, and R(∆) is a stabilizable output nulling subspace for
Σ.

In fact, the existence of all these controllers is well-known to be related to solvability of
a linear matrix equation involving the transfer matrices associated with the plant ∆. For
the system ∆ denote the transfer matrix from u to y by Gu,y and from w to y by Gw,y.
Consider the linear equation

Gu,yX + Gw,y = 0 (4)

in the unknown real rational matrix X(s). Then the following statements are equivalent:

(i) the equation (4) has a proper, stable, real rational solution X,

(ii) the subspace inclusion (1) holds,

(iii) the subspace inclusion (2) holds, and R(∆) is a stabilizable output nulling subspace
for Σ.

Under the assumption that A is stable, statements ((i), (ii) and (iii) are equivalent to:
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(iv) there exists a feedforward controller Σc of the form (3) such that the controlled
system is internally stable and TΣc = 0.

Under the assumption that (A,B) is stabilizable, statements (i), (ii) and (iii) are equiva-
lent to:

(v) there exist linear maps F and G such that with the controller u(t) = Fx(t)+Gw(t)
we have that TF,G = 0 and A + BF is stable.

3 Observers in the presence of unknown inputs

In the context of observer design the paper considers the observed linear plant Ω, repre-
sented by the state space equations

ẋ(t) = Ax(t) + Bw(t),
z(t) = Hx(t) + Jw(t),
y(t) = Cx(t) + Dw(t),

with x(t) ∈ Rn, w(t) ∈ Rm, z(t) ∈ Rq and y(t) ∈ Rp. In these equations, w(t) represents
a disturbance input, y(t) a measured output, and z(t) a to be estimated output. The
unknown input observation problem, UIO, that is studied in the paper by Ntogramatzidis
is the following: find an observer Σo of the form

ξ̇o(t) = Aoξo(t) + Boy(t),
ẑ(t) = Coξo(t) + Doy(t), (5)

such that in the interconnection of Ω and Σo the transfer matrix Tw,e from w to the
estimation error e := z − ẑ is zero, and the interconnected system is internally stable.

In [4], section 5.3, this problem was studied for the case that the direct feedtrough
matrices J and D are zero. There it was called ’the problem of estimation in the presence
of disturbances’. In the latter problem no internal stability is required, but only stability
of the transfer matrix from the state (x, ξo) of the interconnected system to the estimation
error e. It is quite straightforward to extend the estimation problem in [4] to the case
that the direct feedthrough matrices J and D are possibly nonzero. This requires the
notion of input containing subspaces as defined in the paper by Ntogramatzidis. Consider
the system Σ:

ẋ(t) = Ax(t) + Bw(t),
y(t) = Cx(t) + Dw(t).

A subspace S of the state space Rn is called an input containing subspace for Σ if there
exists a linear map G such that (A + GC)S ⊆ S and im(B + GD) ⊆ S. It is called a
stabilizable input containing subspace for Σ if in addition G can be chosen such that the
quotient map (A + GC) |Rn/S is stable. There exist a smallest input containing subspace
S(Σ) and a smallest stabilizable input containing subspace Sg(Σ). Note that if the direct
feedthrough map D is zero, then S(Σ) and Sg(Σ) are the smallest conditioned invariant,
and detectability subspace containing im(B), respectively.

It is rather straightforward using the methods in [4], section 5.3 to obtain the following
conditions for the existence of an estimator: there exists an observer Σo of the form (5) for
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the observed plant Ω such that: (1) the transfer matrix Tw,e from w to the estimation error
e := z− ẑ is zero, and (2) the transfer matrix from the state (x, ξo) of the interconnected
system to the estimation error e is stable, if and only if the subspace inclusion

(Sg(Σ)⊕ Rm) ∩ ker(C D) ⊆ ker(H J) (6)

holds. Under the assumption that A is stable, condition (6) is also necessary and sufficient
for solvability of the unknown input observation problem UIO (which requires internal
stability of the interconnected system).

Again, condition (6) is not completely satisfactory because computations around Sg(Σ)
require computations of eigenspaces. This has led to the introduction of self-hidden input
containing subspaces in [3]. In the paper by Ntogramatzidis this concept is generalized
to the case that a direct feedthrough map D is present. An input containing subspace
S for Σ is called self-hidden if S(Σ) ⊆ S + C−1im(D). The class of self-hidden input
containing subspaces for Σ forms a lattice under addition and intersection, and therefore
there exists a largest self-hidden input containing subspace, denoted by N(Σ). In the
paper by Ntogramatzidis it is proven that, under the condition that A is stable, the
unknown input observation problem UIO for the observed plant Ω admits a solution if
and only if the subspace inclusion

(S(Σ)⊕ Rm) ∩ ker(C D) ⊆ ker(H J) (7)

holds, and N(Ω) is a stabilizable input containing subspace for Σ (the subspace inclusion
(7) implies that N(Ω) is input containing for Σ). For the existence of an estimator (in the
sense of [4], so without the requirement that the interconnected system is internally stable)
the same conditions are necessary and sufficient, without the additional assumption that
the system map A is stable.
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