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Abstract This article deals with the equivalence of representations of behaviors
of linear differential systems. In general, the behavior of a given linear differen-
tial system has many different representations. In this paper we restrict ourselves
to kernel representations and image representations. Two kernel representations or
image representations are called equivalent if they represent one and the same be-
havior. For kernel representations defined by polynomial matrices, necessary and
sufficient conditions for equivalence are well-known. In this paper, we deal with the
equivalence of rational representations, i.e. kernel and image representations that
are defined in terms of rational matrices.

1 Introduction

It is a major pleasure and an honor to contribute this article to this book on the
occasion of the sixtieth birthday of Yutaka Yamamoto. Recently, Yutaka has been
working on the issue of representation of system behaviors. This has resulted in an
article, together with Jan C. Willems, in which the very useful concept of rational
representation of behaviors was introduced and studied, see [12]. It is the subject of
rational representations of behaviors that will also be the topic of the present article.

Indeed, an important issue in the behavioral approach to systems and control is
the issue of representation. In the behavioral approach, a system is defined in terms
of its behavior, which is the set of all time trajectories that are compatible with
the laws of the system (see [5]). In the context of linear, finite-dimensional, time-
invariant systems this leads to the concept of linear differential system. A linear
differential system is defined to be a system whose behavior is equal to the set of
solutions of a finite number of higher order, linear, constant coefficient differential
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equations. This set of differential equations is then called a representation of the
behavior, often called a kernel representation. It is well known that the behavior of
a given linear differential system admits many different kinds of representations.
Apart from higher order linear differential equations, the behavior of a linear dif-
ferential system can be represented for example in terms of finite-dimensional state
space models, possibly (but not necessarily) even distinguishing between inputs and
outputs (see [5], [10],[9]). Also, if is controllable, it can be represented as the image
of a polynomial differential operator (we then speak of an image representation).
Traditionally, kernel and image representations of linear differential systems involve
polynomial matrices. Recently, in [12], the concept of rational representation was
defined and elaborated, extending the class of representations to kernel, hybrid, and
image representations involving rational matrices.

As noted above, a given linear differential system admits many different repre-
sentations. Two representations are called equivalent if they represent one and the
same behavior. The issue of equivalence of representations of behaviors has been
studied before, in an input-output framework in [6], [7], [4], [13], [2] and [1], and in
a behavioral framework in [5], [10], [8] and [3]. In the present paper, we will study
the equivalence of kernel representations and image representation in terms of ra-
tional matrices. In particular, we consider the question how the rational matrices
appearing in equivalent rational kernel representations and rational image represen-
tations are related.

The outline of this article is as follows. In the remainder of this section we will
introduce the notation, and review some basic material on polynomial and rational
matrices. In Section 2 we will review linear differential systems and their polyno-
mial and rational kernel and image representations. Section 3 deals with rational
annihilators of a given behavior, and their application to the problem of equivalence
of polynomial and rational kernel representations. Finally, in section 4 we will con-
sider the equivalence of polynomial and rational image representations.

As announced, first a few words about the notation and nomenclature used. We
use the standard symbols for the fields of real and complex numbers R and C. C−
will denote the open left half complex plane. We use Rn, Rn×m, etc. for the real
linear spaces of vectors and matrices with components in R. C∞(R,Rw) denotes the
set of infinitely often differentiable functions from R to Rw.

R(ξ ) will denote the field of real rational functions in the indeterminate ξ . The
following subrings of R(ξ ) will play a role is this paper. In the first place, as usual,
R[ξ ] will denote the ring of polynomials in the indeterminate ξ with real coef-
ficients. Then, R(ξ )P will denote the subring of R(ξ ) of all proper real rational
functions, i.e. all real rational functions of the form n/d with n,d ∈ R[ξ ] such that
deg(n) ≤ deg(d). Next, R(ξ )S will denote the subring of R(ξ ) of all stable real
rational functions, i.e. all real rational functions of the form n/d with n,d ∈ R[ξ ]
and d Hurwitz, i.e.. all roots of d lie in the open left half complex plane C−. Fi-
nally, R(ξ )PS will denote the subring of R(ξ ) of all proper and stable real rational
functions, i.e. R(ξ )PS := R(ξ )P∩R(ξ )S.

We will use R(ξ )n,R(ξ )n×m, R[ξ ]n,R[ξ ]n×m, R(ξ )nP, R(ξ )n×mP , etc. for the
spaces of vectors and matrices with components in R(ξ ), R[ξ ], R(ξ )P, R(ξ )S and
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R(ξ )PS, respectively. If one, or both, dimensions are unspecified, we will use the
notation R(ξ )•×m, R(ξ )n×• or R(ξ )•×•, etc. Elements of R(ξ )n×m are called real
rational matrices, elements of R[ξ ]n×m are called real polynomial matrices.

Definition 1. A real polynomial matrix R ∈ R[ξ ]n×m is called left prime over R[ξ ]
if it has a polynomial right inverse, i.e. if there exists a real polynomial matrix M ∈
R[ξ ]m×n such that RM = I. R ∈ R[ξ ]n×m is called right prime over R[ξ ] if it has a
polynomial left inverse, i.e. if there exists a real polynomial matrix M ∈ R[ξ ]m×n

such that MR = I. A square polynomial matrix U ∈R[ξ ]n×n is called unimodular if
it is invertible and its inverse is again a polynomial matrix (equivalently: det(U) is
a nonzero constant).

Definition 2. A proper real rational matrix R ∈ R(ξ )n×mP is called left prime over
RP(ξ ) if it has a proper right inverse, i.e. if there exists a proper real rational matrix
M ∈R(ξ )m×nP such that RM = I. A stable real rational matrix R ∈R(ξ )n×mS is called
left prime over RS(ξ ) if it has a stable right inverse, i.e. if there exists a stable real
rational matrix M ∈R(ξ )m×nS such that RM = I. A proper stable real rational matrix
R ∈ R(ξ )n×mPS is called left prime over R(ξ )PS if it has a proper stable right inverse,
i.e. if there exists a proper real rational matrix M ∈R(ξ )m×nPS such that RM = I. In the
same way, the notion of right primeness over these various subrings can be defined.

Equivalent characterizations of left and right primeness can be found in [12].
We use the notation det(A), to denote the determinant of a square matrix A.

2 Linear differential systems

In this section we will review the basic material on linear differential systems and
their polynomial and rational representations.

In the behavioral approach to linear systems, a dynamical system is given by
a triple Σ = (R,Rw,B), where R is the time axis, Rw is the signal space, and the
behavior B is a linear subspace of C∞(R,Rw) consisting of all solutions of a set of
higher order, linear, constant coefficient differential equations. Such a triple is called
a linear differential system. The set of all linear differential systems with w variables
is denoted by Lw.

For any linear differential system Σ = (R,Rw,B) there exists a real polynomial
matrix R with w columns, i.e. R ∈ R[ξ ]•×w, such that B is equal to the space of
solutions of

R( d
dt )w = 0. (1)

If a behavior B is represented by R( d
dt )w = 0 (or: B = ker(R)), with R(ξ ) a real

polynomial matrix, then we call this a polynomial kernel representation of B. If R
has p rows, then the polynomial kernel representation is said to be minimal if ev-
ery polynomial kernel representation of B has at least p rows. A given polynomial
kernel representation, B = ker(R), is minimal if and only if the polynomial matrix
R has full row rank (see [5], Theorem 3.6.4). The number of rows in any minimal
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polynomial kernel representation of B, denoted by p(B), is called the output cardi-
nality of B. This number corresponds to the number of outputs in any input/output
representation of B. For a detailed exposition of polynomial representations of be-
haviors, we refer to [5].

Recently, in [12], representations of linear differential systems using rational
matrices instead of polynomial matrices were introduced. In [12], a meaning was
given to the equation R( d

dt )w = 0, where R(ξ ) is a given real rational matrix. In
order to do this, we need the concept of left coprime factorization over R[ξ ].

Definition 3. Let R be a real rational matrix. The pair of real polynomial matrices
(P,Q) is called a left coprime factorization of R over R[ξ ] if

1. det(P) 6= 0,
2. R = P−1Q,
3. the matrix (P(λ ) Q(λ )) has full row rank for all λ ∈ C.

A meaning to the equation
R( d

dt )w = 0, (2)

with R(ξ ) a real rational matrix is then given as follows: Let (P,Q) be a left coprime
factorization of R over R[ξ ]. Then we define:

Definition 4. Let w ∈ C∞(R,Rw). Then we define w to be a solution of (2) if it
satisfies the differential equation Q( d

dt )w = 0.

It can be proven that the space of solutions defined in this way is independent of
the particular left coprime factorization. Hence (2) represents the linear differential
system Σ = (R,Rw,ker(Q)) ∈ Lw.

Since the behavior B of the system Σ is the central item, often we will speak
about the system B ∈ Lw (instead of Σ ∈ Lw). If a behavior B is represented by
R( d

dt )w = 0 (or: B = ker(R)), with R(ξ ) a real rational matrix, then we call this a
rational kernel representation of B. If R has p rows, then the rational kernel repre-
sentation is called minimal if every rational kernel representation of B has at least p
rows. It can be shown that a given rational kernel representation B = ker(R) is min-
imal if and only if the rational matrix R has full row rank. As in the polynomial case,
every B ∈ Lw admits a minimal rational kernel representation. The number of rows
in any minimal rational kernel representation of B is equal to the number of rows in
any minimal polynomial kernel representation of B, and therefore equal to p(B),
the output cardinality of B. In general, if B = ker(R) is a rational kernel representa-
tion, then p(B) = rank(R). This follows immediately from the corresponding result
for polynomial kernel representations (see [5]).

In this paper we will also use the notion of right coprime factorization over R[ξ ]:

Definition 5. Let R be a real rational matrix. The pair of matrices (M,P) is called a
right coprime factorization of R over R[ξ ] if

1. det(P) 6= 0,
2. R = MP−1,

3. the matrix
(

M(λ )
P(λ )

)
has full column rank for all λ ∈ C.
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Definition 6. A behavior B ∈ Lw is said to be controllable, if for all w1,w2 ∈B,
there exists T ≥ 0, and w∈B, such that w(t) = w1(t) for t ≤ 0, and w(t) = w2(t−T )
for t ≥ T . It is stabilizable, if for every w ∈B, there exists w′ ∈B such that w′(t) =
w(t) for t ≤ 0, and limt→∞ w′(t) = 0.

The subset of Lw of all controllable behaviors is denoted by Lw
cont. Clearly, if B ∈

Lw
cont then it is stabilizable.

It is well-known that a behavior B ∈ Lw is controllable if and only if there exists
a real polynomial matrix M ∈ R[ξ ]w×• such that

B = {w∈ C∞(R,Rw) | there exists ` ∈ C∞(R,R•) such that w = M( d
dt )` } (3)

The representation (3) is called a polynomial image representation of B, and we
will write B = im(M). It can be shown that the polynomial matrix M can be cho-
sen of full column rank. Even more, M can be chosen to be right prime over R[ξ ],
equivalently, M(λ ) has full column rank for all λ ∈ C. In that case, in (3) the la-
tent variable ` is uniquely determined by the manifest variable w, and the image
representation is called observable.

In [12], also the concept of rational image representation was introduced. We
will give a brief review here. Let H(ξ ) be a real rational matrix , and consider the
equation

w = H( d
dt )`. (4)

Of course (4) should be interpreted as

(
I −H( d

dt )
)(

w
`

)
= 0,

in the context of (2). If H = D−1N is a left coprime factorization over R[ξ ] then
D−1 (D −N) is a left coprime factorization of (I −H) and therefore (w, `) satisfies
(4) if and only if D( d

dt )w = N( d
dt )`. For a given B ∈ Lw, the representation

B = {w∈C∞(R,Rw) | there exists ` ∈ C∞(R,R•) such that w = H( d
dt )` }, (5)

with H ∈ R(ξ )w×•, is called a rational image representation. In that case, we write
B = im(H). It was shown in [12] that B∈Lw admits a rational image representation
if and only if it is controllable.

3 Equivalence of kernel representations

In [12], several results on the representation of linear differential systems using
rational matrices over the rings R(ξ )P, R(ξ )S and R(ξ )PS were obtained. Given
B∈Lw, by definition it admits a polynomial kernel representation R( d

dt )w = 0, with
R ∈ R[ξ ]•×w. A basic result from [12] states that any B ∈ Lw also admits a rational
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kernel representation R( d
dt )w = 0, with R proper and stable, i.e. R ∈ R(ξ )•×wPS (see

[12], Proposition 2). Furthermore we quote Theorem 5 from [12]:

Theorem 1. Let B ∈ Lw. Then we have:

1. There exists R ∈ R(ξ )•×wP , left prime over R(ξ )P, such that B is represented by
R( d

dt )w = 0.
2. There exists R ∈ R(ξ )•×wS , left prime over R(ξ )S, such that B is represented by

R( d
dt )w = 0 if and only if B is stabilizable.

3. There exists R ∈ R(ξ )•×wPS , left prime over R(ξ )PS, such that B is represented by
R( d

dt )w = 0 if and only if B is stabilizable.
4. There exists R ∈ R[ξ ]•×w, left prime over R[ξ ], such that B is represented by

R( d
dt )w = 0 if and only if B is controllable.

A basic issue in the behavioral theory is the equivalence of representations. Two
representations are called equivalent if they represent one and the same behavior.
Conditions for two minimal polynomial kernel representations to be equivalent are
well known (see [5], Theorem 3.6.4):

Proposition 1. Let B1,B2 ∈Lw. Let R1,R2 ∈R[ξ ]•×w be such that R1( d
dt )w =

0 and R2( d
dt )w = 0 are minimal polynomial kernel representations of B1 and

B2 respectively. Then B1 = B2 if and only if there exists a unimodular poly-
nomial matrix U such that R2 = UR1.

In the sequel we want to address the question how this result can be extended to
rational kernel representations.

First, from [12], Section 7, we recall the concepts of polynomial and rational
annihilators of a given behavior. Here, we introduce the notion of R-annihilator,
where R is any of the three subrings R(ξ )PS, R(ξ )P or R(ξ )S of R(ξ ):

Definition 7. Let B ∈ Lw.

1. n ∈R[ξ ]1×w is called a polynomial annihilator of B if n( d
dt )w = 0 for all w ∈B.

2. n ∈ R(ξ )1×w is called a rational annihilator of B if n( d
dt )w = 0 for all w ∈B.

3. Let R denote any of the subrings R(ξ )PS, R(ξ )P or R(ξ )S of R(ξ ). Any rational
annihilator n ∈R1×w of B is called an R-annihilator of B.

We denote the set of polynomial annihilators of B ∈ Lw by B⊥R[ξ ] . The set of ra-
tional anihilators of B is denoted by B⊥R(ξ ) . For any of the subrings R = R(ξ )PS,
R(ξ )P or R(ξ )S, the set of R-annihilators is denoted by B⊥R . It is a well-known
result that for B ∈ Lw, B⊥R[ξ ] is a finitely generated submodule of the R[ξ ]-module
R[ξ ]1×w. Moreover, if B = ker(R) is a minimal polynomial kernel representation,
then this submodule is generated by the rows of R. In the context of rational repre-
sentations one needs to impose controllability:
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Theorem 2. Let R denote any of the subrings R(ξ )PS, R(ξ )P or R(ξ )S.

1. Let B ∈Lw. Then B⊥R(ξ ) is a subspace of the R(ξ )-linear vector space R(ξ )1×w

if and only if B is controllable. In that case, if R( d
dt )w = 0 is a minimal rational

kernel representation of B, then the rows of R form a basis of B⊥R(ξ ) .
2. Let B ∈ Lw be controllable, and represented by R( d

dt )w = 0, where R ∈ R•×w

is left prime over R. Then B⊥R is a submodule of the R-module R1×w, and the
rows of R form a basis of B⊥R .

Proof. 1.) The first statement is the content of statement 1 of theorem 11 in [12].
Let R = P−1Q be a left coprime factorization over R[ξ ] of R. Then B = ker(Q)
is a minimal polynomial kernel representation. Let n ∈ B⊥R(ξ ) . Then by Def. 7,
n( d

dt )w = 0 for all w ∈ B. Let n = u−1v be a left coprime factorization of n over
R[ξ ]. Then by definition we have n( d

dt )w = 0 for all w∈B if and only if v( d
dt )w = 0

for all w ∈B. Thus, by Def. 7, v ∈B⊥R[ξ ] . Consequently, there exists a l ∈R[ξ ]1×•

such that v = lQ. Hence n = u−1v = u−1lQ = (u−1lP)(P−1Q) = (u−1lP)R. Define
m := u−1lP. Then we have n = mR. Hence the rows of R span the subspace B⊥R(ξ )

of the R(ξ )-linear vector space R(ξ )1×w. Finally, as B = ker(R) is a minimal ra-
tional kernel representation, the rows of R are linearly independent over R(ξ ). We
conclude then that these rows form a basis of B⊥R(ξ ) .

2.) If B is controllable, then B⊥R forms a submodule of the R-module R1×w.
This can be proven along the same lines as the proof of Theorem 11 in [12].

Let R = P−1Q be a left coprime factorization over R[ξ ] of R. Then B = ker(Q)
is a minimal polynomial kernel representation. Let n ∈ B⊥R . Then by Def. 7,
n( d

dt )w = 0 for all w∈B. Let n = u−1v be a left coprime factorization of n over R[ξ ].
Then v( d

dt )w = 0 for all w ∈B. Thus, by Def. 7, v ∈B⊥R[ξ ] . Consequently, there
exists a l ∈R[ξ ]1×• such that v = lQ. Hence n = u−1v = u−1lQ = (u−1lP)(P−1Q) =
(u−1lP)R. Define m := u−1lP. Then we have

n = mR. (6)

As R is left prime over R, there exists M ∈Rw×• such that RM = I. Multiplying (6)
on both sides with M we obtain nM = mRM = m. As n ∈R1×w and M ∈Rw×•, we
conclude that m ∈R1×•. Hence the rows of R span the submodule B⊥R . Finally, as
B = ker(R) is a minimal rational kernel representation, the rows of R are linearly
independent over R(ξ ) so also over R. We conclude then that these rows form a
basis of B⊥R . ut

The following theorem addresses the question under what conditions two minimal
rational kernel representations represent the same controllable behavior:

Theorem 3. Let B1,B2 ∈Lw
cont. Let R1,R2 ∈R(ξ )•×w be such that R1( d

dt )w =
0 and R2( d

dt )w = 0 are minimal rational kernel representations of B1 and B2
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respectively. Then B1 = B2 if and only if there exists a square, nonsingular
rational matrix W such that R1 = WR2.

Proof. As B1 = B2 we have B
⊥R(ξ )
1 = B

⊥R(ξ )
2 =: L. From Lemma 2, the rows of

R1 and R2 both form a basis for the subspace L of R(ξ )1×w. Then, from basic linear
algebra, there exists a square, nonsingular rational matrix W such that R1 = WR2.

Conversely, let R1 = P−1
1 Q1, R2 = P−1

2 Q2 be left coprime factorizations over
R[ξ ] of R1 and R2. Let W = LM−1 be a right coprime factorization over R[ξ ] of
W . Then both L and M are nonsingular. By definition we have B1 = ker(Q1) and
B2 = ker(Q2). Then,

R1 = WR2 ⇐⇒ P−1
1 Q1 = LM−1P−1

2 Q2

⇐⇒ L−1P−1
1 Q1 = M−1P−1

2 Q2

⇐⇒ (P1L)−1Q1 = (P2M)−1Q2.

Since B1 and B2 are controllable behaviors both Q1(λ ) and Q2(λ ) have full row
rank for all λ ∈ C. This implies that (P1L Q1)(λ ) and (P2M Q2)(λ ) have full row
rank for all λ ∈ C. Define R̃ := (P1L)−1Q1 = (P2M)−1Q2. This displays two left
coprime factorizations of R̃, so B1 = ker(Q1) = ker(Q2) = B2. ut

Next, we address the question under which conditions two minimal rational kernel
representations over any of the subrings R =R(ξ )PS, R(ξ )P or R(ξ )S represent one
and the same controllable behavior. In this case we have:

Theorem 4. Let B1,B2 ∈ Lw
cont. Let R1,R2 ∈R•×w be left prime over R, and

such that R1( d
dt )w = 0 and R2( d

dt )w = 0 are minimal rational kernel represen-
tations of B1 and B2 respectively. Then B1 = B2 if and only if there exists
a square, nonsingular real rational matrix W ∈R•×•, with W−1 ∈R•×• such
that R1 = WR2.

Note that W ∈R•×• in the above theorem should hence have an inverse which is
again an element of R•×•. This condition can be restated as saying that W should
be a unimodular element of R•×•. In particular, for the ring R(ξ )PS, W should be
bi-proper and bi-stable, for the ring R(ξ )P, W should be bi-proper, and for the ring
R(ξ )S, W should be bi-stable.

Proof. As B1 = B2 we have B
⊥R
1 = B

⊥R
2 =: M. From Lemma 2, the rows of R1

and R2 both form a basis for the module M. Then from the theory of modules we
conclude that there exists a square, nonsingular real rational matrix W ∈R•×• with
W−1 ∈R•×•, such that R1 = WR2.
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The proof of the converse is similar to the corresponding part of the proof of
Theorem 3. ut

4 Equivalence of image representations

As noted in Section 2, a given behavior B ∈ Lw admits a polynomial image repre-
sentation if and only it is controllable. In fact, we quote Theorem 9 from [12]:

Theorem 5. Let B ∈ Lw. Let R be any of the three subrings R(ξ )PS, R(ξ )P or
R(ξ )S of R(ξ ). Then the following statements are equivalent

1. B is controllable,
2. B admits a polynomial image representation,
3. B admits a polynomial image representation B = im(M) with M ∈R[ξ ]w×• right

prime over R[ξ ],
4. B admits a rational image representation,
5. B admits a rational image representation B = im(M) with M ∈ Rw×• right

prime over R.

We will now study the problem of equivalence of image representations. For this,
the following result will be useful. The result states that right coprime factorization
of a rational image representation leads to a polynomial image representation.

Lemma 1. Let B∈Lw
cont. Let H ∈R(ξ )w×• be such that B = im(H). Let H = MP−1

be a right coprime factorization over R[ξ ]. Then B =im(M).

Proof. Let H = D−1N be a left coprime factorization over R[ξ ]. It is well-known

that ker(D N) = im
(

M
−P

)
. Thus we obtain

B = {w ∈ C∞(R,Rw) | ∃` such that D( d
dt )w = N( d

dt )`}

= {w ∈ C∞(R,Rw) | ∃`,`′ such that
(

w
`

)
=

(
M( d

dt )
−P( d

dt )

)
`′}

= {w ∈ C∞(R,Rw) | ∃`′ such that w = M( d
dt )`

′}.

ut
We will now first study the question under which conditions two polynomial image
representations are equivalent, i.e. represent the same behavior.

Theorem 6. 1. Let B1,B2 ∈ Lw
cont. Let M1,M2 ∈ R[ξ ]w×• have full column

rank, and be such that B1 = im(M1) and B2 = im(M2). Then B1 = B2
if and only if there exists a nonsingular rational matrix R such that M2 =
M1R.
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2. Let B1,B2 ∈ Lw
cont. Let M1,M2 ∈ R[ξ ]w×• be right prime over R[ξ ], and

such that B1 = im(M1) and B2 = im(M2). Then B1 = B2 if and only if
there exists a unimodular polynomial matrix U such that M2 = M1U.

Proof. We first prove the ’only if’ part of statement 2. By right primeness, both
M1(λ ) and M2(λ ) have full column rank for all λ ∈C, so correspond to observable
image representations. From B1 = B2 it follows that also the orthogonal comple-
ments coincide, i.e. B⊥1 = B⊥2 (see [11]). By observability we have B⊥i = ker(M∼i ),
where M∼i (ξ ) := M>i (−ξ ) (i = 1,2). By Proposition 1 there exists a unimodular
polynomial matrix V such that M∼2 = V M∼1 . This implies M2 = M1U , with U := V∼

again unimodular.
Next, we prove the ’only if’ part of statement 1. Both M1 and M2 have full col-

umn rank. Hence, we can factorize Mi = MiRi, with Mi right prime over R[ξ ] and
Ri a nonsingular polynomial matrix (i = 1,2). By nonsingularity, Ri( d

dt ) is surjec-
tive, and therefore im(Mi) = im(Mi) (i = 1,2). Consequently, B1 = B2 implies
im(M1) = im(M2). Then, by the ’only if’ part of statement 2, there exists a uni-
modular polynomial matrix U such that M2 = M1U . This implies M2 = M1R, with
R := R−1

1 UR2.
Finally we prove the ’if’ part of statement 1. Asssume that M2 = M1R with R a

nonsingular rational matrix. Let R = KL−1 be a right coprime factorization of R ob-
ver R[ξ ]. Then we have M2L = M1K, with K and L nonsingular polynomial matrices.
Again by surjectivity of L( d

dt ) and K( d
dt ), we obtain B1 = im(M1) = im(M1K) =

im(M2L) = im(M2) = B2. This also proves the ’if’ part of statement 2. ut

Next, we consider controllable behaviors represented by rational image representa-
tions.

Theorem 7. Let B1,B2 ∈Lw
cont. Let H1,H2 ∈R(ξ )w×• have full column rank,

and be such that B1 = im(H1) and B2 = im(H2). Then B1 = B2 if and only
if there exists a nonsingular rational matrix R such that H2 = H1R.

Proof. Let Hi = MiP−1
i be a right coprime factorization over R[ξ ]. Then by Lemma

1, Bi = im(Mi) (i = 1,2). By Theorem 6, B1 = B2 implies that there exists a non-
singular rational matrix R such that M2 = M1R. Thus H2 = H1R, with R := P1RP−1

2
nonsingular. Conversely, if H2 = H1R then M2 = M1P−1

1 RP2. Then, by Theorem 6,
im(M1) = im(M2) so B1 = B2. ut

The above results immediately yield the following:
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Theorem 8. Let R be any of the subrings R(ξ )PS, R(ξ )P or R(ξ )S of R(ξ )
Let B1,B2 ∈ Lw

cont. Let H1,H2 ∈Rw×• be right prime over R, and such that
B1 = im(H1) and B2 = im(H2). Then B1 = B2 if and only if there exists a
nonsingular rational matrix R∈R•×•, with R−1 ∈R•×•, such that H2 = H1R.

Proof. Assume that B1 = B2. By Theorem 7 there exists a nonsingular rational ma-
trix R such that H2 = H1R, so also H1 = H2R−1. There exist left inverses H+

1 ,H+
2 ∈

R•×w of H1 and H2, respectively. This yields R = H+
1 H2 and R−1 = H+

2 H1, both in
R•×•. ut
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