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Modeling

How do we model the dynamic relations among several variables?

Terminals: places where the variables ’live’:

• terminals often only a visualisation

• sometimes the terminals are physically available



Tearing

Tearing: view the system as an interconnection of subsystems: an
underlying structure links the terminal variables and leads to the
laws governing them



Zooming

Zooming: examine the subsystems, one by one, and model the be-
havior of their terminal variables



Zooming

Hierarchically: proceed until subsystems (modules) are obtained
whose model is known, from first principles, or stored in a database



Linking

Linking: modeling the interconnections between the modules



Ingredients

• Modules: the subsystems

• Terminals: the (physical) links between subsystems

• The interconnection graph: the layout of the modules and
their interconnection

• The interconnection equations: behavioral equations
representing two modules to share a terminal and its variables

• The manifest variable assignment: specification of the
variables the model aims at

• The behavioral equations: the aggregate equations
representing the model



Terminals

Places where the variables ”live”. Sometimes only a visualisation,
often physically available
A terminal is specified by its type,
The type implies an ordered set of terminal variables

Example: type electrical

Terminals are wires, variables living on the terminals are currents
and voltages associated with the wires



Example: type mechanical

Terminals are pins, variables living on the terminals are positions
and forces associated with the pins

Example: type hydraulic

Terminals are pipes, variables living on the terminals are pressure
and mass flow associated with the pipes



Example: type input and type output

Terminals are a visualisation of signal flow, variables living on the
terminals can be actuator inputs or sensor outputs

Example: type system variable

Terminals are now a visualization of variables of a system



Modules

The subsystems, building blocks of the interconnected system



Modules

A module is a dynamical system with a finite number of terminals
and a specification of the behavior of the terminal variables. A
module is specified by

1. its type

2. its parametrization

3. its parameter values



Module type

• List of terminals and their type (t1, t2, . . . tN), together with
an ordered list of the variables that live on these terminals
(wt1 ,wt2 , . . .wtN )

• A set B of possible behaviors of the terminal variables

Module parametrization

A module parametrization is given by a parameter space P together
with a surjective map π : P→ B

Parameter value

A particular module is finally specified by the behavior of the terminal
variables π(p) ∈ B, corresponding to choice of parameter value
p ∈ P



Example:

The module is a 3 Ohm resistor. Module type: ’Ohmic resistor’:
two electrical terminals, terminal variables (V1, I1,V2, I2). Possible
behaviors B := {BR | R ∈ R+}, with

BR := {(V1, I1,V2, I2) : R→ R4 | V1 − V2 = R I1, I1 + I2 = 0}.

Parametrization: P = R+, π : R+ → B given by

π(R) = BR

Parameter value: The 3 Ohm resistor is identified with π(3).



Example:

The module is the linear differential system with 3 variables
(w1,w2,w3) represented by ẅ1 + w2 + ẇ3 = 0, ẇ2 + w3 = 0.
Module type: ’linear differential system’, terminal variables
(w1,w2,w3). Possible behaviors

B = {ker R( d
dt ) | R(ξ) ∈ R•×3[ξ]}.

Parametrization: P = R•×3[ξ], π(R(ξ)) = ker R( d
dt ).

Parameter value:

R(ξ) =

(
ξ2 1 ξ
0 ξ 1

)
.



Interconnection graph

Layout of the interconnected system is visualized as a graph with
leaves with

• modules in the vertices,

• connected terminals as edges,

• terminals interacting with the environment as leaves.



Module embedding

The module embedding associates a module with each vertex. The
degree of the vertex is assumed to be equal to the number of ter-
minals of the associated module.



Module embedding

The module embedding also determines, for every vertex, a one-to-
one assignment between terminals and the edges and leaves adjacent
to the vertex.



Graph with leaves

A graph with leaves is defined as a quadruple G = (V,E,L,A),
where

• V is the set of vertices

• E is the set of edges

• L is the set of leaves

• A is the adjacency map

The adjacency map A associates with each edge e ∈ E an unordered
pair A(e) = [v1, v2], with v1, v2 ∈ V and with each leaf ` ∈ L an
element A(`) ∈ V.



Example:

Graph has six vertices labeled labeled 1,2,3,4,5,6, six edges labeled
c,d,e,f,g,h, and 2 leaves, labeled a,b.
Module embedding:

1. associate a module with each vertex: connector 1 7→ 1,
RC 7→ 2, L 7→ 3, C 7→ 4, RL 7→ 5, connector 2 7→ 6.



2. for each vertex, assign to each edge and leaf, a terminal of the
corresponding module:

1. vertex 1: connector11 7→ a, connector12 7→ c ,
connector13 7→ d

2. vertex 2: RC ,1 7→ c , RC ,2 7→ e
3. vertex 3: L1 7→ d , L2 7→ f
4. vertex 4: C1 7→ e, C2 7→ g
5. vertex 5: RL,1 7→ f , RL,2 7→ h
6. vertex 6: connector21 7→ g , connector22 7→ h,

connector23 7→ b



Interconnection equations

We postulate that if the module embedding associates two terminals
with the same edge, then these terminals are of the same physical
type or of opposite logical type.
We also postulate that there are universal rules (induced by the
physical nature of the interconnections) that specify relations among
the variables on the terminals.

Examples

Terminals Terminal 1 Terminal 2 Interconnection
Electrical (V1, I1) (V2, I2) V1 = V2, I1 + I2 = 0
Mechanical (F1, q1) (F2, q2) q1 = q2, F1 + F2 = 0
Hydraulic (p1, f1) (p2, f2) p1 = p2, f1 + f2 = 0
I/O u y u = y
System variable w1 w2 w1 = w2



Manifest variable assignment

The next step of the modeling procedure is to assign the variables
at which the model aims. These are called the manifest variables.

The remaining terminal variables are henceforth considered to be
latent variables.

The behavioral equations

The final step is to set up the behavioral equations of the model.
This step consists of

1. collecting the behavioral equations for the modules in each of
the vertices

2. collecting the interconnection equations for the variables on
each of the terminals associated with the same edge

3. collecting the equations appearing in the manifest variable
assignment



Example:

Apply the ideas of tearing, zooming and linking to model the port
behavior of



Tearing

Tearing reveals the following modules:



which are are interconnected according to the following interconnec-
tion graph:



Zooming

Zooming in on the modules we obtain representations of the behav-
iors of the modules in the vertices:

1. connector 1: Vconnector1,1 = Vconnector1,2 = Vconnector1,3,
Iconnector1,1 + Iconnector1,2 + Iconnector1,3

2. resistor RC : VRC ,1 − VRC ,2 = RC IRC ,1, IRC ,1 + IRC ,2 = 0

3. inductor L: L d
dt IL,1 = VL,1 − VL,2, IL,1 + IL,2 = 0

4. capacitor C : C d
dt (VC ,1 − VC ,2) = IC ,1, IC ,1 + IC ,2 = 0

5. resistor RL: VRL,1 − VRL,2 = RLIRL,1, IRL,1 + IRL,2 = 0

6. connector 2: Vconnector2,1 = Vconnector2,2 =
Vconnector2,3, Iconnector2,1 + Iconnector2,2 + Iconnector2,3



Linking

The module embedding for the RLC circuit implies that the pairs of
terminals on the edges

c. {RC ,1, connector 12}
d. {L1, connector 13}
e. {RC ,2,C1}
f. {L2,RL,1}
g. {C2, connector 21}
h. {RL,2, connector 22}

share their terminal variables



Interconnection equations

which leads to the following list of interconnection equations on edge

c. VRC ,1
= Vconnector1,2, IRC ,1

+ Iconnector1,2 = 0

d. VL1 = Vconnector1,3, IL1 + Iconnector1,3 = 0

e. VRC ,2
= VC1 , IRC ,2

+ IC1 = 0

f. VL2 = VRL,1
, IL2 + IRL,1

= 0

g. VC2 = Vconnector2,1, IC2 + Iconnector2,1 = 0

h. VRL,2
= Vconnector2,2, IRL,2

+ Iconnector2,2 = 0



Manifest variable assignment

For the RLC circuit the manifest variable assignment consists of the
specification

V = Vconnector1,1 − Vconnector2,3,

I = Iconnector1,1



The behavioral equations

These are now obtained by collecting:

1. the equations of the modules,

2. the interconnection equations,

3. the equations appearing in the manifest variable assignment.

Note: the model involves many latent variables. In fact all variables
on the edges and leaves appear as latent variables. The manifest
variables V and I are expressed in terms of some of the latent vari-
ables.



Main points

• Modeling of physical systems proceeds by tearing, zooming
and linking

• Interconnection = sharing variables on the interconnection
terminals

Reference: J.C.Willems, ’The behavioral approach to open and in-
terconnected systems’, Control Systems Magazine, volume 27, pages
46-99, 2007
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Systems and behaviors

Dynamical systems

Σ = (T,W,B)
T the set of independent variables: time, space, time and space
W the set of dependent variables, signal space
B ⊆WT := {w | w function T→W}: the behavior
= the admissible trajectories

Terminals: places where the variables w ’live’:

• terminals often only a visualisation

• sometimes the terminals are physically available



Systems and behaviors

Linear differential systems

In this lecture, T = R, (‘1D systems’)
W = Rq, w : R→ Rq, (w1(t), · · · ,wq(t)),
B = solutions of a system of constant coefficient linear ODE’s.
For such B there always existst R ∈ R•×q[ξ] such that

B := {w ∈ C∞(R,Rq) | R( d
dt )w = 0}

Notation

Notation: Σ = (R,Rq,B) ∈ Lq, or: B ∈ Lq

B = ker(R( d
dt )). This is called a kernel representation of B.

Integer invariants associated with B:
output cardinality p(B) : = number of outputs of B,
input cardinality m(B) := number of inputs of B.

m(B) + p(B) = q.



FulI interconnection



Full interconnection

Two dynamical systems:

Σ1 = (T,W,B1),

Σ2 = (T,W,B2).

Common time axis T, common signal space W.
The full interconnection of Σ1 and Σ2 is defined by:

Σ1 ∧ Σ2 := (T,W,B1 ∩B2).

Note: the behavior of Σ1 ∧ Σ2 is the intersection of the behaviors
of Σ1 and Σ2: the systems share the variable w .
The full interconnection consists of those trajectories that are com-
patible with both the laws of Σ1 ánd Σ2.



Full interconnection

Example:

Kernel representation of Σ1:

R( d
dt )w = 0,

kernel representation of Σ2:

Q( d
dt )w = 0.

Then the full interconnection Σ1 ∧ Σ2 is represented by(
R( d

dt )

Q( d
dt )

)
w = 0.



Partial interconnection



Partial interconnection

Often the interconnection of systems takes place only through par-
ticular terminals of the systems:

Σ1 = (T,W1 ×W2,B1),

Σ2 = (T,W2 ×W3,B2).

Common time axis T, and common factor W2 in the signal space
W. The interconnection of Σ1 and Σ2 through w2 is defined by:

Σ1 ∧w2 Σ2 := (T,W1 ×W2 ×W3,B1 ∧w2 B2),

B1 ∧w2 B2 := {(w1,w2,w3) | (w1,w2) ∈ B1 and (w2,w3) ∈ B2}.

In this case, Σ1 and Σ2 only share the variable w2.



Partial interconnection

Example:

Kernel representation of Σ1:

R1( d
dt )w1 + R2( d

dt )w2 = 0,

kernel representation of Σ2:

Q1( d
dt )w2 + Q2( d

dt )w3 = 0.

Then Σ1 ∧w2 Σ2 is represented by

(
R1( d

dt ) R2( d
dt ) 0

0 Q1( d
dt ) Q2( d

dt )

) w1

w2

w3

 = 0.



Control by interconnection

The plant has two kinds of terminals:

• terminals on which the to be controlled variables live,

• terminals through which interconnection with a controller can
take place (control terminals).



Control by interconnection

two kinds of variables:

• variables to be controlled w (taking values in W),

• control variables c (living on the control terminals) (taking
values in Wc).

The plant is a dynamical system

Σp = (T,W×Wc ,Pfull),

with full plant behavior

Pfull := {(w , c) | (w , c) satisfies the plant equations}.



Control by interconnection

A controller for Σp is a dynamical system

Σc = (T,Wc , C)

with controller behavior

C = {c | c satisfies the controller equations}.



Control by interconnection

The controlled plant is the interconnection of Σp and Σc through
the control terminals. Σp and Σc share the variable c :

Σp ∧c Σc = (T,W×Wc ,Pfull ∧c C),

with full controlled behavior

Pfull ∧c C := {(w , c) | (w , c) ∈ Pfull and c ∈ C}.



Control by interconnection

Definition

We define the manifest controlled behavior by

(Pfull ∧c C)w := {w | there exists c such that (w , c) ∈ Pfull ∧c C}

General control problem

Given the plant Σp,

• specify a family A of admissible controllers C
• describe a set of specifications on the controlled plant, i.e.

desired properties of the manifest controlled behavior
(Pfull ∧c C)w

• find a controller Σc ∈ A such that the manifest controlled
behavior (Pfull ∧c C)w satisfies these specifications



Control by interconnection



Feedback control as a special case



Example

In order to illustrate the ideas, consider the quarter car model

Plant control variables (control terminals of the chassis and wheel):
F1, h1,F2, h2

Controller variables (terminals of the spring/damper system):
F3, h3,F4, h4

Interconnection through the control terminals: F1 = F3, h1 = h3,
F2 = F4, h2 = h4

To be controlled variables h (road profile) h′ (position of the driver)



Implementability

Question

Given Pfull ∈ Lq+c, we ask ourselves the question:

which K’s in Lq can be achieved as manifest controlled behavior?



Implementability

Definition

Let Pfull ∈ Lq+c be a linear differential plant, let C ∈ Lc be a con-
troller, and let K ∈ Lq (”desired manifest controlled behavior”).
If K is equal to the manifest controlled behavior obtained by inter-
connecting Pfull and C through c, i.e.

K = (Pfull ∧c C)w

then we say: C implements K.

If for a given K ∈ Lq there exists C ∈ Lc such that C implements
K, then we say: K is implementable.



Implementability

Question

So for a given Pfull ∈ Lq+c, our question becomes:

which K’s in Lq are implementable?

We will give a complete characterization of these K’s!



Implementability

Uncontrolled plant behavior and hidden behavior

Key concepts in the characterization of the implementable K’s are
the uncontrolled plant behavior and hidden behavior associated with
Pfull:
Given Pfull, the uncontrolled plant behavior is defined as the system
P ∈ Lq obtained by eliminating the control variable c:

P := {w | there exists c such that (w , c) ∈ Pfull}.

The hidden behavior is defined as the system N ∈ Lq consisting of
the to-be controlled variable trajectories w that are compatible with
the control variable c set to zero:

N := {w | (w , 0) ∈ Pfull}.



Implementability



Implementability

Conditions for implementability

It is easily seen that for all Pfull we have N ⊂ P.
The uncontrolled plant behavior and the hidden behavior determine
whether a given K ∈ Lq is implementable. In fact, the imple-
mentable K’s are exactly those that are wedged in between N and
K:

Theorem (”Sandwich theorem”)

Let Pfull ∈ Lq+c, K ∈ Lq. Then we have: K is implementable if
and only if

N ⊂ K ⊂ P



Implementability

Proof

Let R1( d
dt )w + R2( d

dt )c = 0 be a minimal representation of Pfull

and let K ( d
dt )w = 0 be a minimal representation of K. Clearly,

R1( d
dt )w = 0 is a kernel representation of the hidden behavior N .

Let C be a controller such that (Pfull ∧c C)w = K.
(only if) Let C ( d

dt )w = 0 represent a controller that implements K.

We have: w ∈ N ⇒ R1( d
dt )w = 0 ⇒

(
R1 R2

0 C

)(
w
0

)
= 0 ⇒(

w
0

)
∈ Pfull ∧c C ⇒ w ∈ (Pfull ∧c C)w = K. Also: w ∈ K ⇒

there exists c such that

(
w
c

)
∈ Pfull ∧c C ⇒

(
w
c

)
∈ Pfull ⇒

w ∈ P.



Implementability

Proof continued

(if) N ⊂ K implies there exists F (ξ) such that K (ξ) = F (ξ)R1(ξ).
Define C (ξ) := −F (ξ)R2(ξ) and take as controller C represented by
C ( d

dt )c = 0. Then we have(
I 0
F I

)(
R1 R2

0 C

)
=

(
R1 R2

K 0

)
.

This implies Pfull ∧c C = Pfull ∧w K so the manifest controlled
behavior is (Pfull ∧c C)w = (Pfull ∧w K)w . Since K ⊂ P, the latter
equals K.



Stabilization

Recall: In general, design specifications are desired properties of
the manifest controlled behavior (Pfull ∧c C)w .

In the context of stabilization:

Stability of (Pfull ∧c C)w : the stabilization problem.

Given Pfull ∈ Lq+c, the stabilization problem is to find a controller
C ∈ Lc such that

• the manifest controlled behavior (Pfull ∧c C)w is stable,

• the interconnection of Pfull and C is regular.

Here, regular means: p(Pfull) + p(C) = p(Pfull ∧c C)



Stabilization

Stability

B ∈ Lq is called stable if for all w ∈ B we have:

lim
t→∞

w(t) = 0.

Note: if B is stable, then it is autonomous. Stability in terms of
representations:

Proposition

Let B ∈ Lq. Let R ∈ Rq×q[ξ] be such that R( d
dt )w = 0 is a

minimal kernel representation of B. Then B is stable if and only if
R is Hurwitz, i.e., the polynomial det(R) has all its roots in C− =
{λ ∈ C | Re(λ) < 0}.



Stabilization

Stabilizability

B ∈ Lq is called stabilizable if for all w ∈ B there exists w ′ ∈ B

such that

• w ′(t) = w(t) for t < 0,

• limt→∞ w ′(t) = 0.



Stabilization

Proposition

Let B ∈ Lq, and let R ∈ R•×q[ξ] be such that R( d
dt )w = 0 is a

minimal kernel representation of B. Then B is stabilizable if and
only R(λ) has full row rank for all λ ∈ C+



Stabilization

Recall the notions of uncontrolled plant behavior:

P := {w | there exists c such that (w , c) ∈ Pfull},

and hidden behavior:

N := {w | (w , 0) ∈ Pfull}.

Also recall: for any Pfull ∈ Lq+c and any controller C ∈ Lc we have

N ⊂ (Pfull ∧c C)w ⊂ P

Thus, a necessary condition for the existence of a stabilizing con-
troller C is that the hidden behavior N is stable.



Stabilization

Theorem

Let Pfull ∈ Lq+c. There exists C ∈ Lc such that (Pfull ∧c C)w is
stable and the interconnection of Pfull and C is regular if and only
if

• the hidden behavior N is stable,

• the uncontrolled plant behavior P is stabilizable.



Stabilization

stable hidden behavior ⇔ detectability

Note: N is stable if and only if

(w , 0) ∈ Pfull ⇒ lim
t→∞

w(t) = 0.

By linearity, this is equivalent with:

(w1, c), (w2, c) ∈ Pfull ⇒ lim
t→∞

(w1(t)− w2(t)) = 0.

If this property holds, we call w detectable from c .

Conclusion: N is stable ⇔ in Pfull, w is detectable from c .



Stabilization

Reformulation of the theorem

Let Pfull ∈ Lq+c. There exists C ∈ Lc such that (Pfull ∧c C)w is
stable and the interconnection is regular if and only if

• in Pfull, w is detectable from c ,

• the uncontrolled plant behavior P of Pfull is stabilizable.



Stabilization

Example

Consider the full plant behavior Pfull with to-be-controlled variable
(w1,w2) and interconnection variable (c1, c2), represented by

w1 + ẇ2 + ċ1 + c2 = 0,

w2 + c1 + c2 = 0,

ċ1 + c1 + ċ2 + c2 = 0.

A stabilizing regular controller is given by C = {(c1, c2) | ċ2 +
2c1 + c2 = 0}. Indeed, by eliminating c from the full controlled
behavior Pfull∧c C we find that (Pfull∧c C)w = ker(R), with R(ξ) =(

0 ξ + 1
−1 2

)
, which is Hurwitz.



Control problems also studied in this context

• Pole placement: Assign the characteristic polynomial of the
manifest controlled behavior K = (Pfull ∧c C)w

• Dissipativity synthesis: given Pfull together with a supply rate
w>Σw , find a controller C such that (Pfull ∧c C)w is
dissipative ; H∞ synthesis by interconnection.

• Optimal robust stabilization: Given a nominal plant Pfull and
a ball of a given radius around it, find a controller C that
stabilizes all plants in that ball. Find the optimal stability
radius.

• Tracking and regulation



Main points

• Interconnection = sharing variables on the interconnection
terminals

• Control = interconnecting the plant with a controller at the
control terminals

• Sensor output to actuator input feedback is a special case

• A desired behavior can be implemented if and only if it lies
between the hidden behavior and the uncontrolled plant
behavior

• Stabilization can be achieved if and only if the uncontrolled
plant behavior is stabilizable, and the to-be-controlled variable
is detectable from the control variable.
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