
Computational Fluid Dynamics

Exercise 3 – The JOR and SOR method

Description

After discretization of a (system of) partial differential equation(s) one obtains a large system
of algebraic equations, Ax = b. Solving such a large system with a direct method is expensive
with respect to both memory and CPU time. Therefore, such systems are often solved with
an iterative method.

As in Exercise 1 and 2, we consider the inhomogeneous convection-diffusion equation

dφ
dx
− kd2φ

dx2
= S on 0 ≤ x ≤ 1, with φ(0) = 0, φ(1) = 1.

The right-hand side is given by

S(x) =

{
2− 5x , 0 ≤ x ≤ 0.4,

0 , 0.4 < x ≤ 1.

The Matlab file cfd 3.m discretizes this equation with a number of finite-difference (-volume)
methods, and solves the resulting linear systems iteratively.

Two types of grid are used: uniform grids and non-uniform (stretched) grids. The stretched
grid possesses N/2 equal grid cells between 0 and 1 − 5k, and N/2 equal grid cells between
1 − 5k and 1. Several types of discretization are employed; on the uniform grid both an
upwind and a central discretization, and on the stretched grid an upwind, a central A and a
central B discretization are used.

The resulting linear systems are solved iteratively with the JOR and SOR methods. As
stopping criterion in these methods

‖ φn+1 − φn ‖∞≤ 10−5

is used, in which n is the counter of the iterative steps; the maximum norm of the difference
between the solutions of two consecutive iteration steps must be sufficiently small.

Required files

This exercise requires the files cfd 3.m, plotev.m, plotsol.m, ns iterative.m, ns jor.m,
ns sor.m, ns exact.m.

Typing the command cfd 3 in Matlab starts a menu in which the choice of the grid, the
discretization method, the iterative method and the value of the relaxation factor ω can
be given. Then, with the menu a program can be started which solves the convection-
diffusion equation in the prescribed way. The results produced by the program consist of
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the eigenvalues of the Jacobi matrix, a plot of the iteration error (this error is written to the
screen as well), the total number of iterations and a plot showing the continuous solution,
the discrete solution computed with a direct solver and the discrete solution computed with
the iterative method (provided the iterative method did converge).

Questions to be solved on the computer

Compute the solution for k = 0.01. As a default, the program uses N = 10 grid cells.

1. Select the uniform grid; use first the upwind and then the central method. Determine
numerically whether the Jacobi method (i.e. the JOR method with ω = 1) converges
or not. Do the same for the Gauss-Seidel method (i.e. the SOR method with ω = 1).
Put the results in the table below.

uniform Jacobi method Gauss-Seidel method
grid convergent? # iterations convergent? # iterations

upwind
central

Use the eigenvalues of the Jacobi matrix, computed by cfd 3, to explain the results.
When both methods converge, compare the convergence rate of the Jacobi and Gauss-
Seidel method.

2. Select the uniform grid; use first the upwind and then the central method. Use various
(suitably chosen) values of ω and determine numerically for each value of ω the num-
ber of iterations needed by the JOR method. Determine in this way the optimal and
maximal relaxation factor, ωopt and ωmax, for the JOR method. Do the same for the
SOR method. Put the results in the table below.

uniform JOR method SOR method
grid ωopt # it. ωmax # it. ωopt # it. ωmax # it.

upwind
central

Which systems are solved better by the JOR and SOR method, those resulting from
the upwind discretization or those resulting from the central discretization?

3. Select the stretched grid; use first the upwind, then the central A and finally the central
B method. Determine numerically whether the Jacobi method (ω = 1) converges or
not. Do the same for the Gauss-Seidel method (ω = 1). Put the results in the table
below.
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stretched Jacobi method Gauss-Seidel method
grid convergent? # iterations convergent? # iterations

upwind
central A
central B

Use the eigenvalues of the Jacobi matrix, computed by cfd 3, to explain the results.
When both methods converge, compare the convergence rate of the Jacobi and Gauss-
Seidel method.

4. Select the stretched grid: use first the upwind, then the central A and finally the cen-
tral B method. Use various (suitably chosen) values of ω and determine numerically for
each value of ω the number of iterations needed by the JOR method. Determine in this
way the optimal and maximal relaxation factor, ωopt and ωmax for the JOR method.
Do the same for the SOR method. Put the results in the table below.

stretched JOR method SOR method
grid ωopt # it. ωmax # it. ωopt # it. ωmax # it.

upwind
central A
central B

In case of the central B discretization compare the discrete solution obtained with the
JOR or SOR method with the discrete solution obtained with the exact solver. Do
the JOR and SOR method really converge? Use the eigenvalues of the Jacobi matrix,
computed by cfd 3, to explain this result. Which systems are solved better by the JOR
and SOR method, those resulting from the upwind discretization, those resulting from
the central A discretization or those resulting from the central B discretization?

Questions to be solved by pencil-and-paper

5. In Section A.3.1 for a central discretization on the uniform grid the Jacobi matrix and
its eigenvalues are derived. The Jacobi matrix reads

diag[
P

4
+

1
2
, 0,−P

4
+

1
2

],

(P is the mesh-Péclet number) and its eigenvalues µJ are given by

µJ =
1
2

√
4− P 2 cos(

iπ

N
), i = 1, . . . , N − 1,

where N is the number of grid cells.
Derive in a similar way for the upwind discretization on the uniform grid the eigenvalues
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µJ of the Jacobi matrix. Show that these eigenvalues are real and between -1 and 1 for
every value of P .
Hint: the eigenvalues of the tri-diagonal matrix diag(a, 0, c) are given by

µ = 2
√
ac cos(iπ/N), i = 1, . . . , N − 1.

6. For a central discretization on the uniform grid the eigenvalues of the Jacobi matrix
are pure imaginary when P > 2. Let the largest pure imaginary eigenvalue be given
by µJ = iµI , with µI real. The optimal and maximal relaxation factor for the JOR
method are given by (cf. Section A.3.1)

ωJOR,opt =
1

1 + µ2
I

, ωJOR,max =
2

1 + µ2
I

.

For an upwind discretization on the uniform grid the eigenvalues of the Jacobi matrix
are real (see Question 5). Let the largest real eigenvalues be given by µJ = µR and
µJ = −µR, with µR real. Derive, as a function of µR, the optimal and maximal relaxa-
tion factor for the JOR method.
Hint: the eigenvalues µJOR of the iteration matrix of the JOR method are related to

the eigenvalues µJ of the Jacobi matrix by µJOR = 1 + ω(µJ − 1), and the JOR
method converges when the eigenvalues µJOR lie within the unit circle.

Furthermore, for the SOR method give the optimal and maximal relaxation factor (as
a function of µI and µR respectively) when using the central and the upwind discreti-
zation.

7. Use Questions 5 and 6 (remember that k = 0.01 and N = 10) to determine for the
JOR method the values of the optimal and maximal relaxation factor when solving
the systems resulting from the discretization on the uniform grid with respectively
the upwind and central method. Do the same for the SOR method. Compare these
theoretical results with the numerical results from Question 2.

8. Consider the upwind discretization on the stretched grid. Use Question 6 (remember
that k = 0.01 and N = 10) and the numerical values of the eigenvalues µJ of the Jacobi
matrix, computed as a byproduct by cfd 3 in Question 4, to determine for the JOR
method the theoretical values of the optimal and maximal relaxation factor. Do the
same for the SOR method. Compare these theoretical results with the numerical results
for the upwind discretization on the stretched grid from Question 4.
Why is it difficult to compute the theoretical optimal and maximal relaxation factor
when solving the systems resulting from a discretization on the stretched grid with a
central A or central B method?
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