
Computational Fluid Dynamics

Exercise 5 – Navier-Stokes solver

General description

After semi-discretization with an explicit time-discretization method with two time levels,
the Navier-Stokes equations can be written as

div un+1 = 0,
un+1 − un

δt
+ grad pn+1 = Rn,

in which R = −(u.grad)u + ν div grad u consists of the convection and diffusion terms.
Rewriting and combining these two equations gives

div grad pn+1 = div (
un

δt
+ Rn), (1a)

un+1 = un + δt Rn − δt grad pn+1. (1b)

The fortran program cfd 5.f solves the Navier-Stokes equations.

Files and commands

This exercise requires the files cfd 5.f, cfd.in, liqdmenu.m, liqdplot.m, liqprint.m,
xplot.m.

The program cfd 5.f has to be compiled with the command gfortran -o cfd 5 -O cfd 5.f
(any other Fortran compiler, e.g. ifort, will also do). Then, the program can be run with
the command ./cfd 5. This program needs the input file cfd.in, this file has to be adjusted
to perform the different computations. The input file, with the parameter setting of Question
0, is included at the end of this exercise. At the end of the input file an explanation of the
different parameters is given.

The program writes output both to the screen and to files. The output to the screen first
gives the values of the parameters describing the problem, and then gives each (user specified)
time interval the time, div u, the number of Poisson iterations and the horizontal velocities
at three positions at the vertical center line of the domain (at the bottom, halfway, and at the
top). Furthermore, output is written to the files uvpf#.dat and config.dat. The output
file config.dat contains a description of the grid. The output file uvpf#.dat contains the
horizontal and vertical velocity and pressure in each grid cell at a certain time. In the input
file the user can specify whether the file uvpf#.dat is made each (user specified) time interval
or only at the end of the computation.

The output files uvpf#.dat and config.dat are needed for the post-processing in Matlab.
Typing the command liqdmenu in Matlab starts a menu with which the post-processing can
be controlled. With the upper part of the menu surface or contour plots of the (different)
velocities, pressure, vorticity or streamfunction can be made and with the lower part of the
menu a movie of these plots at consecutive time steps can be made. With the middle part of
the menu plots of the (different) velocities or the pressure along horizontal or vertical sections
of the domain can be made.
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Part 1: treatment of div un

Description

The term div un = 0 in the semi-discretized Navier-Stokes equations can be treated in two
ways. The first way is to maintain this term in the equations. In this case equations (1a) and
(1b) have to be solved. However, when the Poisson equation is solved exactly, div un+1 = 0.
Therefore, the second way is to substitute this in the right-hand side of equation (1a) in the
next time step (i.e. substitute div un = 0). In this case the following equations have to be
solved

div grad pn+1 = div Rn, (2a)
un+1 = un + δt Rn − δt grad pn+1. (2b)

Consider the lid-driven cavity problem; the flow in a square cavity with constantly moving
lid. This problem is a well known test case for numerical methods for solving the Navier-
Stokes equations. The domain and boundary conditions of this problem are shown in the
figure below. We will solve the lid-driven cavity problem with ν = 0.01.

u = 1 v = 0

u = v = 0

u = v = 0 u = v = 0

0

1
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Parameter setting in the input file

Since we solve the lid-driven cavity problem with ν = 0.01, set Nu=0.01 in the input file. Use
a stretched grid with 16 cells in each direction, i.e. set iMaxUs=jMaxUs=18. Take smaller cells
at the boundaries of the cavity, set xpos=ypos=0.5 and stretching parameters cx=cy=-0.5.
Discretize the convection terms with a central method, i.e. set Alpha=0.0.

Since the velocity at the top is prescribed, set top=8, Uin=1.0 and Vin=0.0 in the input file.
Furthermore, since at the other boundaries we have no-slip conditions, set left=2, right=2
and bottom=2.

Since the program was originally developed to compute non-stationary flows, it does not
contain a stopping criterion which checks whether a stationary solution is reached or not.
Instead, the program stops when the simulation time is equal to a user prescribed time
(TFin), take TFin=25. Set the time step at DelT=0.025 and the maximal allowed CFL
number at CFLMax=0.5. The program automatically adjusts the time step such that the
CFL number is between 0.4*CFLMax and CFLMax. In each time step the Poisson equation
is solved with MILU. Use in the input file PrtDt=1 and uvp=0, i.e. every second output is
written to the screen and the velocity field is written to the file uvpf0001.dat at the end of
the simulation.
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Question 0: ’exact’ solution

First the ’exact’ solution is computed, i.e. the discrete steady solution on the given grid.
Hereto set in the input file Divuv=1 (i.e. retain the term div un in the Poisson equation),
StrtP=1 (i.e. use the previously found pressure as initial guess for the iterations in the new
time step) and ε = 10−3. Note that the solution has converged in time, and write the results
at t = 25 in the table below.

time div u # it. u bottom u mid u top
25

Questions without div un

First, substitute div un = 0 in the Poisson equation (i.e. set Divuv=0 in the input file).
Hence, solve the Navier-Stokes equations in the form (2a) and (2b). In each of the following
questions, put the output of the program at t = 20, 21, . . . , 25 in a table of the format given
below.

time div u # it. u bottom u mid u top
20
21
22
23
24
25

1) Use for the Poisson solver an accuracy ε = 10−1 and use as initial solution for the
Poisson solver p = 0, i.e. start the Poisson solver from scratch.

a) Look what happens with the term div u in time. Furthermore, make a plot of the
solution; e.g. use the post-processing menu in Matlab to view the flow, use the
upper part of the menu to make a surface plot of the streamfunction. Also have
a look at the absolute velocity (crange [0, 0.1]) and the vertical velocity. Repeat
the simulation with TFin=100. Does the velocity field converge?

b) Now we will consider what happens with the divergence when δt → 0: will this
improve the solution? Set (temporarily) DelT=0.0025 and CFLMax=0.05 in the
input file. Repeat the simulation (with TFin=25). Look what happens with the
term div u in time. Compare this with the behaviour of div u in Question 1a.
Explain the results.

2) Use for the Poisson solver an accuracy ε = 10−3, and use as initial solution for the
Poisson solver p = 0, i.e. start the Poisson solver from scratch. Look what happens
with the term div u in time. Furthermore, make various plots of the solution as in the
previous question. The solution has improved, but is it really accurate?
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3) Use for the Poisson solver an accuracy ε = 10−3, and use as initial solution for the
Poisson solver the solution from the previous time step. Look once more what happens
with the term div u in time. Are you satisfied now?

4) Use for the Poisson solver an accuracy ε = 10−1, and use as initial solution for the
Poisson solver the solution from the previous time step. Once again, describe the
behaviour of div u in time.

Questions with div un

Next, retain the term div un in the Poisson equation (i.e. set Divuv=1 in the input file).
Hence, solve the Navier-Stokes equations in the form (1a) and (1b).

5) Use for the Poisson solver an accuracy ε = 10−1 and use as initial solution for the
Poisson solver p = 0, i.e. start the Poisson solver from scratch.

a) Look what happens with the term div u in time. How do you like the solution?

b) Now we will consider what happens with the divergence when we let δt → 0.
Set (temporarily) DelT=0.0025 and CFLMax=0.05 in the input file. Repeat the
simulation. Look what happens with the term div u in time. Compare the results
with those from Question 5a, and explain the differences.

6) Use for the Poisson solver an accuracy ε = 10−3, and use as initial solution for the
Poisson solver p = 0, i.e. start the Poisson solver from scratch (set StrtP=0 in the
input file). Look what happens with the term div u in time. Compare the results with
those from Question 5a, and explain the differences.

7) Use for the Poisson solver an accuracy ε = 10−3, and use as initial solution for the
Poisson solver the solution from the previous time step (i.e. set StrtP=1 in the input
file). Monitor div u in time, and make plots of the solution. Explain the results.

8) Use for the Poisson solver an accuracy ε = 10−1, and use as initial solution for the
Poisson solver the solution from the previous time step. Monitor div u and plot the
solution. How do you like the results?

Summary We have seen that the various approaches give quite different results. In the
last question of this part you will have to decide which approaches give acceptable results.

9) In practical applications one is often satisfied when the final solution has an accuracy
of two digits. Keeping this in mind, compare the results from the Questions 1 to 7 and
give your opinion about which approaches give acceptable results?
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Part 2: influence of boundary conditions

Description

We will now consider the choice of boundary conditions at in- and outflow openings. The
inflow boundary usually does not lead to too many problems. However, the outflow boundary
is much more problematic. When at an outflow boundary the normal velocity is prescribed
then a boundary layer may be created.

Consider the flow in a channel of length 10 and height 1. At the left (inflow) boundary
the fluid flows into the channel with a horizontal velocity u = 1. At the upper and lower
boundary of the channel we impose no-slip conditions. The geometry and (part of) the
boundary conditions are given in the figure below.

u = 1
v = 0

u = v = 0

u = v = 0

→→
→

We will use two types of boundary conditions at the right (outflow) boundary of the channel.
Firstly, we will prescribe a horizontal velocity u = 1 at the right (outflow) boundary of the
channel as well. Secondly, we will allow a free outflow, obtained by setting the pressure at 0,
at the right (outflow) boundary. We will consider the influence of these boundary conditions
on the solution.

Parameter setting in the input file

Use a grid without stretching with 32 cells in x-direction and 17 cells in y-direction, i.e. use
iMaxUs=34 and jMaxUs=19 and cx=cy=0.0 in the input file. Note that the length of the
channel is 10, i.e. Xmax=10. Discretize the convection terms with a central method, i.e. set
Alpha=0.0.

At the left (inflow) boundary the velocity is prescribed, hence set left=8, Uin=1, and Vin=0.
Furthermore, at the upper and lower boundary no-slip conditions are imposed, i.e. set top=2
and bottom=2.

Maintain the term div un in the Poisson equation (i.e. solve the Navier-Stokes equations in
the form (1a) and (1b), set Divuv=1 in the input file). Solve the Poisson equation with an
accuracy ε = 10−4. The Poisson equation is solved with MILU. Use as initial solution for the
Poisson solver the solution from the previous time step (i.e. set StrtP=1).

Simulate the flow in the channel for 15 seconds, that is set TFin=15 in the input file. Set the
time step at DelT=0.025 and the maximal allowed CFL number at CFLMax=0.1. Use in the
input file PrtDt=1 and uvp=1, i.e. every second of the simulation output is written to the
screen and every second of the simulation the velocity field is written to a file uvpf#.dat (be
aware: this takes a lot of memory).
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In every question below, plot the flow at the first five seconds of the simulation and at the
end of the simulation, i.e. at t = 1, 2, . . . , 5 and t = 15. Use the post-processing menu in
Matlab to plot the flow. Use the upper part of the menu to make a surface plot of the abso-
lute velocity. Furthermore, use the middle part of the menu to make a plot of the horizontal
velocity along the horizontal center line (i.e. j-plane=10). By using the ’hold’ button in the
menu the plots of the horizontal velocity along the horizontal center line at t = 1, 2, . . . , 5 and
t = 15 can be put in one figure. A boundary layer and irregularities of the flow can easily be
seen in the second plot.

Questions with prescribed outflow

Firstly, prescribe a horizontal velocity at the right (outflow) boundary of the channel as well:
u = 1 and v = 0 (i.e. set right=8 in the input file).

10) Simulate the flow for ν = 0.01. Make plots of the flow as described above. Describe and
explain the development in time of the horizontal velocity along the horizontal center
line.

11) Simulate the flow for ν = 0.005. Make plots of the flow as described above. Compare
the flow with the one computed in Question 10, and explain the differences.

12) Simulate the flow for ν = 0.001. Make plots of the flow as described above. Compa-
re the flow with those computed in Question 10 and 11, and explain the differences.
Furthermore, make a surface plot of the absolute velocity in which the vector plot is
included (select in the menu ’arrows automatic’ instead of ’no velocity vectors’),
and zoom first in on the x-interval [0,1] and then on the x-interval [9,10] (i.e. take
’manual x-axis’ instead of ’automatic zoom’ and select the interval). Furthermore,
make a plot of the horizontal velocity at the vertical section at the i-plane 32. What
happens with the velocity at the upper and lower boundary?

Questions with free outflow

Secondly, allow at the right boundary of the channel a free outflow condition (i.e. set right=7
in the input file).

13) Simulate the flow for ν = 0.01. Make plots of the flow as described above. Compare
the flow with the one computed in Question 10, and explain the differences. What is
the limit value of the horizontal velocity at the center line y = 0.5.
When the flow is fully developed the (horizontal) velocity profile is a parabola. Compute
this parabola theoretically. What is the theoretical value of the horizontal velocity of
the fully developed flow at the center line y = 0.5. Compare this result with the
numerical value. Also make a cross sectional plot of the horizontal velocity near the
end of the channel to check the parabolic profile.

14) Simulate the flow for ν = 0.005. Make plots of the flow as described above. Compare
the flow with those computed in Question 11 and 13, and explain the differences. What
is the limit value of the horizontal velocity at the center line y = 0.5. Compare this
numerical value with the theoretical value computed in Question 13.
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15) Simulate the flow for ν = 0.001. Make plots of the flow as described above. Compare
the flow with those computed in Question 12, 13 and 14 and explain the differences.
What is the value of the horizontal velocity at the center line y = 0.5 at the end of the
channel. Explain why this numerical value of the horizontal velocity at the center line
y = 0.5 differs from the theoretical value computed in Question 13. Also make a cross
sectional plot of the horizontal velocity near the end of the channel to see the shape of
the velocity profile: is it a parabola?

Repeat the simulation with a channel of respectively length 20 and length 50 (set first
Xmax=20 and then Xmax=50), use TFin=50 in order to reach a steady-state solution; also
increase Imax (although it has little influence). Set uvp=0 in order to save memory.
Make only at the end of the simulation (i.e. at t = 50) a plot of the horizontal velo-
city along the horizontal center line (i.e. j-plane=10). What is the limit value of the
horizontal velocity at the center line y = 0.5. Again make a cross sectional plot of the
horizontal velocity near the end of the channel to see the shape of the velocity profile:
is it a parabola now? Find a physical explanation of the results.
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***** tank geometry *************************************************
Xmin Xmax Ymin Ymax
0.0 1.0 0.0 1.0

***** grid definition ***********************************************
iMaxUs jMaxUs cx cy xpos ypos
18 18 -0.5 -0.5 0.5 0.5

***** liquid properties *********************************************
Nu
0.01

***** boundary conditions and inflow characteristics ****************
left right top bottom UIn VIn
2 2 8 2 1.0 0.0

***** discretization ************************************************
Alpha Divuv
0.0 1

***** poisson iteration parameters **********************************
Epsi ItMax StrtP
1.0e-4 100 1

***** time step ****************************************************
TFin DelT CFLMax
25 0.025 0.5

***** print/plot control ********************************************
PrtDt uvp
1.0 0

---------------------------------------------------------------------
***** E X P L A N A T I O N ************* E X P L A N A T I O N *****
---------------------------------------------------------------------

**TANK GEOMETRY**
Xmin, Xmax, Ymin, Ymax : position of boundaries of computational domain

**GRID DEFINITION**
iMaxUs (<=130), jMaxUs (<=130) : number of cells including mirror cells,

the number of ’real’ cells is iMaxUs-2, jMaxus-2
cx, cy : stretchparameters - 0=no stretch;

>0=smaller cells near position
indicated by xpos,ypos;

<0=smaller cells away from xpos,ypos

**LIQUID PROPERTIES**
Nu : kinematic viscosity

**BOUNDARY CONDITIONS AND INFLOW CHARACTERISTICS**
left,right,top,bottom : type of boundary condition
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1=slip
2=no-slip
7=free outflow : as boundary condition the pressure

is set at 0
8=inflow : the velocities are prescribed

UIn,VIn : in case of inflow conditions, prescribed velocities
the sign of UIn/VIn corresponds to the x/y-direction (hence it
does not necessarily correspond to the inward pointing direction)

**DISCRETIZATION**
Alpha : upwind parameter, discretization of convection term

0 = central
1 = upwind

Divuv : treatment of divergence
0 = substitute div u^n=0 in Poisson equation
1 = maintain div u^n in Poisson equation

**POISSON ITERATION PARAMETERS**
Epsi : convergence criterion of Poisson solver
ItMax : maximum allowed number of iterations of Poisson solver
Strtp : initial field of Poisson solver

0 = zero field p=0
1 = solution from previous time step, p=poud;

**TIME STEP**
TFin : endtime of simulation
DelT : timestep (is adjusted during the simulation in order to

keep the CFL number smaller than CFLMax)
CFLMax : maximal allowed CFL number

** PRINT/PLOT CONTROL**
PrtDt : time between 2 small printouts (to the screen and a file)
uvp : velocity and pressure in Matlab format

0=only at end of computation (preferable)
1=at every small printout (takes a lot of memory)
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