Linking an Artery to the Circulation: Introducing a Quasi-Simultaneous Coupling
Approach for Partitioned Systems in Hemodynamics

G. Rozema N.M. Maurit€ and A.E.P. Veldman

! Institute of Mathematics and Computing ScienceyBrsiity of Groningen, the Netherlands
2 Department of Neurology, University Medical CerBoningen, the Netherlands

Abstract— When modeling complex systems such as the scheme is not straightforward. As it turns out, theak

cardiovascular circulation one often needs to sepate the
problem into smaller subproblems because of
heterogeneous nature of the system and/or the modd
techniques. The application at hand is to link bloodlow in an
artery to that in the circulation. The artery of interest is
modeled by a 3D CFD model that includes a model fothe
elastic wall to simulate fluid-structure interaction. This 3D
arterial model is coupled to a OD model (electric etwork) for
the cardiovascular circulation. We show that the wak
coupling method is numerically unstable for this aplication.
Using a simple model problem, a theoretical stabty analysis
is performed which explains the instability of thesimulation
results. Additionally, we consider fluid-structure interaction in
an elastic artery. Again stability analysis resultsin a
theoretical (in)stability condition that is in good agreement
with simulation results. As a solution for these sthility
problems the quasi-simultaneous method is presente@he big
advantage over strongly coupled methods is its
computational cost.

Keywords— Partitioned systems, Hemodynamics, Stability
analysis, Numerical simulation, Fluid-structure interaction.

I. INTRODUCTION

the

low

method leads to an unstable integration scheme wiadin
elasticity is included. Here, a theoretical stapitinalysis is
performed on a model problem in order to be ableréalict
such behavior. Furthermore, fluid-structure intéoacin an
elastic artery is investigated and theoretical and
experimental stability bounds are shown to be close
together.

As a solution for the stability problems, the quasi
simultaneous method is presented. In this methsuinale
approximation of the arterial model - the interatiaw - is
solved simultaneously with the circulation modei. this
case the interaction law is a OD approximation (RLC
circuit) of the 3D CFD model. Because of the siripli of
the interaction law the quasi-simultaneous approaatis
only little complexity and the computational effqer time
step is hardly affected, without sacrificing statpil

II. MATERIALS AND METHODS

In this section partitioned systems are considéned
general setting and a theoretical stability analys
performed on a model problem. The goal is to esthbdi
theoretical background for weak coupling methodee T

When modeling complex systems such as air floweeq arises because weak methods often turn obe to
around airplane wings or blood flow in the human,nsiahle and some basic insight into what causeseth

circulatory system, often a modular approach isseho a

problems is needed in order to find a solution iforthe

detailed model is used when required and coarselelsio g asi-simultaneous method. The section is concludéda

are applied whenever possible. In principle thisisost-
effective approach. When solving the model, it asgible
to treat all subsystems completely simultaneoustyoiig

coupling), but this requires intensive merging df a
submodels at algorithmic and software levels or the A partitioned system consists of two (or

introduction of subiterations. This makes strongptiog a
typically robust, but computationally expensive huogt.

simple theoretical consideration showing its usedas.

A. Partitioned systems: a model problem

more)
submodels relating the interface variables throwdtich
they are coupled. In a physical context, the iaimaf

Alternatively, the subsystems can be coupled inemkw variables generally are fordeand motionx. Consider the
manner: the submodels are solved successively la@d tmodel problem consisting of a partitioned massrgpri

interface variables are exchanged only once peg Stap.
While being cheap, stability is not guaranteed.

The application considered here is to link bloodvflim
an artery to that in the circulation, requiring aegte
submodels for blood flow, wall dynamics and cirtiga.

Linking these submodels into a stable time-integrati

damper system in figure 1. For each of the massesnd
m, a separate equation is defined as follows:

systeml: - f —(mX+a,x+kx) =0, 1)
system2: f —(m,X+a,Xx+k,x) =0,



and bc > ad. Using the positivity of the system parameters,
:I—Q—O—/\/V\,H it turns out that the coupled problem (3), (4)Hsdretically
stable if and only if

k a a ~ ~
1 1 m m k 2 4m2 + 20’2 + k2 < (5)
Fig. 1 Partitioned mass-spring-dampstesy m 1
1

wheref represents the force between the two subsystem ~ 2 ~ . o
(which could easily be eliminated, but then thetipaned Wih mi__ mi/d and g, =a;/&. This condition is the
character is lost) and is the displacement of the system,9€neralization ofm,/m, <1 for nonzerog; and k;. In
Note that the massesy and m, are rigidly connected, Section lli the stab|_I|ty theqry is applied to flqyartltlonmg
expressing the constraint thaandf are the same for both and fluid-structure interaction in hemodynamics.
subsystems (the latter except for a minus signg §ystem

is written in shorthand notation as: B. The quasi-simultaneous method

system : - f -M,x=0, @) Condition (5) illustrates that it is not always &ghble to
system 2: f —M,x=0. use a direct coupling method. For example winen> m,
the method is numerically unstable fét — 0. For such
A weak coupling method uses a valud of x at the old cases we here present a solution that guarantab#itgt
time level and the system is solved by substitutibar ~ while maintaining the cost-effectiveness of the kvea
example, X" may be used by system 2 to comput8™  method: the quasi-simultaneous method.

. . ) In  the quasi-simultaneous approach a simple
after which X" is computed by system 1: approximation of one of the submodels is utilizBdppose

for example we have a simple versibn of the submodel
M,. The idea is then to solvk, simultaneously withM,
which only becomes possible because of the sinlif

The weak method is a hierarchical solution metheith 2> Whereas solving\l, and M, simultaneously would be
two possible iteration orders. Turning the itematiorder 00 cumbersome. The difference betwedd, and its
around in (3) is of great effect on the stabilitf the  approximationl, is still treated in a weak manner. In short:
method. In system (3) the for€ean be eliminated to yield
M,x""t =-M_x". For stability the spectral radius of the system 2: f" —1,x"=(M,-1,)x", ©6)
iteration operator-M;*M, must be smaller than one. The system 1:- f"* - Mx""* =0.
case withg, =k, =0, i.e. M,;x=mX and M,x=m,X is
. . : e . . Note that |, =0 corresponds to the weak method and
highly illustrative. Then the amplification per trstep is B 2 )
-m,/m, and the weak approach is stable whenevef. = M, to 'the fully S|muIFaneous. method. We. here show
m,<m, (m,>m, for the reversed order). The generalthat_ by using such an 'interaction law' stabilitgncbe
. . . . achieved independent of system parameters as loribea
case (1) is more complicated. Consider the follgwiime S . \
. ) AP . approximationl, is 'good enough'.
discretization, with implicit spring and dampemter. 2 ) . .
To see howl, is helping to stabilize the system
M = XML _ oy 4y . XMLy o () eliminate the forcef in the scheme (6) to obtain
X =m &2 S X X" =—(M, = 1,)/(M; +1,)x". For stability again a
_ _ o spectral radius smaller than unity is required.gém some
and substitute in (3). Then the amplification petetstepA  insight on what this means suppose thdf and M, are
satisfies the characteristic equatian® +bA’+cA+d=0  simple scalar operators. Then the stability coaditis
with &, b, ¢ andd functions of the system parameters. Forsimply 1, >(M, - M,)/2. As known from the previous
stability it is required that all roo_ts lie withihe unit disk:  gection the weak coupling method is unstableNby > M, .
W<1 With the tran;formatlom =(z+1)/(z-1) the Unit " Now however, we have the means of stabilizing sach
disk is transformed into the left half plane and #tability  system using the approximatiohy that, according to the
condition becomes [1(z) <1. For a cubic equation gtaphility condition, only needs to be ‘half as gaiM,,. In
az® +bz®+cz+d =0 The Routh-Hurwitz theorem states ; ; i ‘< critari
practice, simple models often satisfy this criteriand as

that [J(z) <1 if and only ifa, b, c andd have the same sign g,ch the quasi-simultaneous approach is quite Ligsilow

n+l

. f N+l — n
system 2 : f =M,x", 3)
system 1: M, x""* =—f ",




such an approach is implemented to couple a mddaho
elastic artery to a circulation model.

IIl. ResuLTs

In this section two applications of the above diigbi
analysis in hemodynamics are considered: flow famthg
and fluid-structure interaction (in an elastic arjeStability
conditions are derived and simulations are perfdrie

demonstrate the usefulness of the quasi-simultaneo

method and the predictive quality of the stabilitgory.

A. Flow partitioning

Fig. 2 3D CFD model of elastic artery coupled tewaiation model

An electric network model of the circulation compds
of two windkessel models and a simple ventricle ehdd]
is coupled to a 3D CFD model of an elastic artergrovide
for boundary conditions (figure 2). The CFD modein@lo
developed in-house employs a finite volume diszadion
of the Navier-Stokes equations [2,3]. Since theutation is
unstable (it blows up immediately), the stability this
weakly coupled system is investigated using the ehod
problem in figure 3, consisting of an RLC circuit
representing the 3D elastic artery and a three@iém
windkessel model.
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Fig. 3 Model problem: 3D elastic artery coupledvindkessel model

The pressure drop,, — p,,, IS prescribed. The equations

for the RLC and windkessel subsystems can be esgulda
terms of the interface variablpgpressure) and (flow) as

RLCcircuit: —(p+ap+bp) - (mg+a,q) =-p,,
windkessel  p+a,p - (Mg +a,q) = Py

@)

Of particular interest is the capacit@r which enters the
equations ina, =RC and b=LC. The system (7) is
obviously not of the form (1) since derivatives lodth

interface variables are involved. However, the them
section II.A can be extended intuitively. When gipd the
weak coupling method withy as input for the RLC circuit
and p for the windkessel model it can be shown that
stability is achieved if and only if

(L+23, +4b)(a, +2M,) _
(a, +2M,)(L+23,)

8)

with & =a /&, M =m/& and b=b/&". Since the
above fraction will grow infinitely large ford — O the
instability of the simulation is not surprising. the 3D
artery is rigid however, then the capacitaricdés 0 and
consequentlya, =b=0. Then the fraction tends to 0 as
A& - 0 and the method is stable for small enough
Indeed, without fluid-structure interaction the alation is
stable (figure 4).

A solution for the simulation with fluid-structure
interaction would be to reverse the iteration ordet then
an additional problem arises. Currently, the pressiused
as input for the 3D elastic artery and can simgyabsumed
constant over the cross-section. However, whengutie
velocity as input, the flux obtained from the elict
network needs to be complemented with a velocitfiler
(Poiseuille, Womersley) to bridge the transitioonfr OD to
3D. Therefore we choose to use the quasi-simultaseo
method instead.

For use in the quasi-simultaneous method we
approximate the 3D elastic artery with an RLC dircthen
every time step part of the 3D CFD model (the RLC
approximation) is solved simultaneously with the
circulation model while the remaining part is teghtin a
weak manner. The method is successful in stabgizive
system, as can be seen in figure 4, whgreand ¢, are
plotted, alongside the rigid solution. The effetetasticity
on flow parameters is clearly visible; the flow
significantly increased.
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Fig. 4 Pulsatile flow through the aytef the system in figure 1
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B. Fluid-structure interaction 500

Based on a simplified model, a surprisingly acaurat
(in)stability condition can be derived for fluidrstture
interaction in an elastic artery. For the wall dynes the
independent rings model [4] can be used (here Ratisson

ratio v=0): phn, +(Eh/r?)n=p, where p, is the ™™

300

wall mass
wall mass

[
o
=]

a

muﬂ

density of the structure (vessel walt),Young's modulush o he te E11eT O e e
the wall thickness,p the transmural pressure and wall stifiness wall stiffness

n(x,t) =r(x,t)—r, the radial displacement of the vessel Fig. 5 Theoretical and experimentabiity comparison
wall. For the fluid dynamics the following highlyngplified

equation is obtained from the 1D equations for eoration The mass of the arterial wall is too small for atind

of mass and momentum in a tuk®r, /r, = p,/p,, with (9) to be valid (at least for the larger arterié¥)erefore, in
v . order to obtain a stable fluid-structure interagtagorithm,

we apply the quasi-simultaneous method, with the
to estimate pulse wave velocity [4]. The fluid am@ll  independent rings model as interaction law. Thisva
equations are similar in form to (1), except foe $patial more complex wall models to be coupled in a stable
derivative p,, . This is resolved by considering Fourier manner.

modes. Then the stability condition simply folloir®m

(5):

p; the density of the fluid. This equation can alsoused

IV. CoNCLUSIONS
2 2
> 2| ,Of + d Eh (9)

h>——% ,
Ps rr, 4 r?

When weak coupling methods yield unstable restiits i
not always necessary to turn to strong couplinghous: if
wherel is the length of the tube. Thesign refers to the suitaple_ approximations of s_ubmodels are ava_ilahle
explicit or implicit discretization of the elastterm in the qua5|-5|mulltaneous .method s a good alternativeenTh
independent rings model. Here it is assumed that tHnstead of interweaving a compl_ex set of subsystents

' simple submodels need to be integrated. The resmés

gzzisefgrr:ti; l::eﬂsgj I:spuitn fa: ?2? ;ﬁ:” ﬂr:i?jdilqo%gﬂ Wapromising: at low computational cost, stabilityashieved
P where weak methods fail.

alternative derivation of the first part of (9)gen in [5].
The explicit and implicit theoretical stability bods (9)
are plotted in figure 5 with the mass and stiffness REFERENCES
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