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Motivations

(a) Line mosaic

(b) Cloud chamber,
S.Goudsmit, 1945

(c) Paper fibres, Miles, 1964
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Typical cell of a Stationary Hyperplane Mosaic
η Stationary Poisson Hyperplane Process in Rd.
• intensity γ
• directional distribution ϕ (even measure on Sd−1)

X Stationary Random Hyperplane Mosaic
germs in Rd with intensity γ̃
grains in Pc with distribution Q

A random polytope with distribution Q is called typical cell Z.

Typical cell with a fixed number of facets  typical n-tope Zn.
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Let us consider a simpler question:

How does the typical cell Z look like?

Distribution of:

I the number of facets

I the size (mean-width, Φ-content, volume, surface area ...)

I the shape (=scale and translation invariant characteristics)
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Φ-content

P(K is inside a cell of X) = ?

P(η(HK) = 0) = e−Θ(HK) = e−γΦ(K)

HK = {H hyperplane | H ∩K 6= ∅}

Θ(HK) = γ

∫
Sd−1

wu(K)ϕ(du)︸ ︷︷ ︸
Φ(K)

K K

u

wu(K)

K
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Distribution of the Φ-content and the shape of Zn

S(K) =
1

Φ(K)
(K − c(K)). . . shape of K

Theorem 1 (Møller,Zuyev 1996)

Given a fixed number of facets n ≥ d+ 1,

I Φ(Zn) and S(Zn) are independent

I Φ(Zn) is gamma distributed with parameters γ and n−d:

P(Φ(Zn) ∈ A) = cst

∫
A
e−γt tn−d−1dt ∀A ⊂ [0,∞)
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Distribution of the Φ-content and the shape of Zn

Corollary 1

For C ⊂ Pn,c we have

P (Zn ∈ C) = cst

∫
Sn

∫ ∞
0

1(P (s, t) ∈ C) e−γt tn−d−1 dt µSn(ds)

Pn,c . . . . . centred n-topes
P (s, t). . . centred n-tope of shape s and Φ-content t
µSn(·) . . . shape distribution of Zn
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Small and big cells

I What is the shape of the ‘big’ cells?
Minimize a certain isoperimeter [Hug, Reitzner, Schneider: 2004,2007]

I What is the shape of the ‘small’ cells?
I 2-dimensional case, 2 directions [Beermann, Redenbach, Thäle: 2014]:
I small area: degenerated shape, needle
I small perimeter: random shape

I More general case: We will talk about it now!
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I small area: degenerated shape, needle
I small perimeter: random shape

I More general case: We will talk about it now!

8 / 15



Shape of Zn with small/big Φ-content

Corollary 2

µSn(·) := P(S(Zn) ∈ ·)
= P(S(Zn) ∈ · | Φ < a)

= P(S(Zn) ∈ · | Φ > a)
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Shape of Zn with small volume λd(Zn)

Corollary 3

If B ⊂ Sn and v > 0 then

P(S(Zn) ∈ B, λd(Zn) < v) = cst

∫
B

∫ f(v,s)

0
e−γttn−d−1 dt µSn(ds)

f(v, s). . . Φ-content of a n-tope of shape s and volume v.

In(B) =

∫
B
f(1, s)n−d µSn(ds)
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Shape of Zn with small volume λd(Zn)

Theorem 2

1. if In(Sn) <∞ then
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Number of facets of cells with small/big Φ-content
n ∈ [nmin, nmax]. . . admissible number of facets (⊂ [d+ 1,∞])

Corollary 4

When a→ 0, we have

E(fd−1(Z) | Φ(Z) < a) = nmin +O(a)(1)

When a→∞ we have,

E(fd−1(Z) | Φ(Z) > a)→ nmax(2)
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Perspectives

I Distribution of the number of facets of cells with small/big
volume

I Distribution of the shape (isoperimeter...) of the cells with
many facets
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3 things you should you remember

I The shape and the Φ-content of Zn are independent

I The evaluation of a certain integral

∫
Sn
f(1, s)n−d µSn(ds)

tell us the behaviour of the ‘small’ cell

I Random mosaics are beautiful!

14 / 15



3 things you should you remember

I The shape and the Φ-content of Zn are independent

I The evaluation of a certain integral

∫
Sn
f(1, s)n−d µSn(ds)

tell us the behaviour of the ‘small’ cell

I Random mosaics are beautiful!

14 / 15



3 things you should you remember

I The shape and the Φ-content of Zn are independent

I The evaluation of a certain integral

∫
Sn
f(1, s)n−d µSn(ds)

tell us the behaviour of the ‘small’ cell

I Random mosaics are beautiful!

14 / 15



3 things you should you remember

I The shape and the Φ-content of Zn are independent

I The evaluation of a certain integral

∫
Sn
f(1, s)n−d µSn(ds)

tell us the behaviour of the ‘small’ cell

I Random mosaics are beautiful!

14 / 15



Thank you!
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