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Settings

n  Stationary Poisson Hyperplane Process in R“
® intensity measure of 7
e intensity y
e directional distribution ¢
X hyperplane mosaic associated to 7
Zoy Zero cell of X
Zo € Py with distribution Qg
Zo, Zero cell of X conditioned on the event {Z( has n facets|
Z0n € Pon with distribution Qy ,,

We want to give asymptotic bounds when n — oo for

gon := P(Zp has n facets .)

A\

Zero cell of an isotropic mosaic

®-content and Shape

®-content of a convex body K: ®(K).
D:C — (0,0)
K > O(K) := /S width(u, K) ¢(du)

Remarks: In the isotropic case @ is the mean width. In general:

P(K is inside a cell of X) = ¢V W)
Shape of a convex body K: s(K).
s:C—o>C1:={KeC|DK)=1}

1
K — s(K) := (I)(K)K
® and s (restricted to Py ) induce the following natural

homeomorphism

h: 7)0,11 — (O/ OO) X PO,n,l
P > h(P) := (D(P), s(P))

©,: A measure on the space of n-tope $,,

1 no
O,(:) := —'f- x > 1 (ﬂ H;' € ) O(dH;) - ©O(dH,)
n. H" ee{x1}" i=1
We have that
gon := IP(Zy has n tacets) = /7) e””*P) @, (dP)

O,n
and

1
)= D o~V PP)
Qo,() = o 1, 1(Per)e ®,(dP)

Complementary theorem

In the literature we find that

D(Zo ) and s(Zp,) are independent

D(Zo,,) is gamma distributed with parameters n and y
We get additionaly a description of the shape distribution:

The probability distribution of s(Zg ) € P, 1 1s the normalisation

of
@n,l(') = Oy (h_l((ol 1) 2 ))
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Notations

H  hyperplanes in R“

H~ half space bounded by H containg the origin
C  convex bodies with more then 2 points

Po  polytopes containing 0

Pon = 1P € Po | P has n facets}

C1 ={KeC|DK)=1}
Poir =P € Po| D(P) =1}
Pon1 =P €Ponl PP) =1}

Approximation of a polytope by a polytope with less facets

There exist constants ¢, 19 > 0 such that the following holds.

Let P = NI_;H; be a simple polytope with n facets. If n > ng, then there
exists a subset | C {1, ...,n} of cardinality n/4 such that for any j € J,
the polytope P; = N;;;H; satisties

du(P, P j) < cn~?/d-1) D(P), ,»'/\

and .
D(P)) < exp {cn DL a(P).

Using the analytic expression of g, described on the left column, the
complementary theorem and the polytope approximation result above
we get the following.

Proposition : Reccurence relation

There exists a constant ¢y such that for n big enough

—2/(d-1
Jon+1 < CoN /I )élo,n-

[terating this relation implies the next upper bound.

For any directional distribution ¢, there exists a constant ¢; such that

for n big enough

4o < c’fn_zn/ =)

We obtain a lower bound of the g, by construction.

If @ is nice (e.g. isotropic), there exists a constant ¢, such that for n big
enough

cgn_zn/ (@-1) < q0 1-

Extensions

Our work holds as well for the typical cell with the same arguments.
We would like to extend these results to

the zero and the typical cell of other mosaics (e.g. Voronoi).
the non stationary case.

the lower dimensional faces of the mosaic.

A big open problem:

What is the asymtotic of the shape distribution of Zj,, when n — oo.
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