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Poisson hyperplane process

. inRY

Hyperplane process n = {Ho, H1, ...}

2/16



Poisson hyperplane tessellation [JU] UNIVERSITAT
Asymptotic probabilities of the zero and typical cells o OSNABRUCK

Poisson hyperplane process

Intensity measure 7 > 0... intensity

@ ... directional distribution
_7/ / (u,t) € )t dtde(u),

r > 1... distance exponent

AN
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Poisson hyperplane process = Random polytopes

Intensity measure 7 =1... intensity

@ ... directional distribution
= / / (u,t) € )t 'dtde(u),

r =1... distance exponent

Zero cell Z,

Typical cell Z;y,
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Always defined

Require stationarity:
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d-content

P(K C Zo) = P(#{H € n: HNK # 0} = 0) = exp(— u({H € n: HN K # 0}))
=: ¢(K)
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Complementary Theorem

O(K) = %/d_l w(u, K) dg(u)
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Complementary Theorem

O(K) = %/d_l w(u, K) dg(u)

s(K) = (K) 'K
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Complementary Theorem

1

o) =3 [ wluk)aew) o) = oK)k
Sd—l

Miles, Mgller, Zuyev, Cowan, Baumstark, Last,. ..

Theorem
Let n>d+ 1.

@ (Complementary Theorem)
Conditionally on fy_1(Z,) = n
® ®(Z) and s(Z,) are independent random variables,
@ P(Z) is [, distributed.
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Complementary Theorem

o) =3 [ wluk)aew) o) = oK)k
Sd—l

Miles, Mgller, Zuyev, Cowan, Baumstark, Last,. ..

Theorem
Let n>d+ 1.

@ (Complementary Theorem)
Conditionally on fy_1(Z,) = n
® ®(Z) and s(Z,) are independent random variables,
@ P(Z) is [, distributed.
@ P(fy-1(Z) =n, ®(Z) € A, 5(Z) € S)
1

== t"*le*tdt/ 1 (P € Pa) 1 (@ (Py) <1)1(s(Z) € S)
FJA (S9=1xR)"

x dtyp(dur) - - - dtne(dun).

P = Ny H(ui, 7)™
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Distribution of fy_1(Z,)

Theorem (Upper bound)

2n

P(f(Zs) = n) < cfn~ ¥

+ there exists n,, such that P(f(Z,) = n) is either vanishing or decreasing for
n>ng.

If ¢ is the rotation invariant (or well spread) we also have:

Theorem (Lower bound)

2n

P(f(Z,) = n) > cin a1
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Polytopal approximation

du(+,-). . . Hausdorff distance
Pn = {polytopes with n facets }
dH(K,Pn) = minpepn dH(K, P)

Classical result

Let K C B9 be a convex body.
du(K,Pn) < cn =T

. where c is independent from K and n.
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Polytopal approximation

Py = NietH™

Lemma (based on ideas from Reisner, Schiitt and Werner '01)

There exists | C [n] with |/| > { such that, for any i € /,
_ 2
di(Pley, Piai) < €®(Pp)n™ 71,

and .
L
¢(P[n]\,-) < exp <cn_ﬁ) ¢(P[,,]).

. where c is independent from n and Py,;. 8/16
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Idea of proof: Upper bound

| Complementary theorem

P (f(Z) = n) = / 1 (P € Pa) 1 (0 (Ppyp) < 1) dtip(dun) - - - dtaip(dun)

(Sd—l xR)"
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| Complementary theorem
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iﬂi UNIVERSITAT
OSNABRUCK

C:

-+ dtap(dun)

e dtnflso(dunfl)
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Idea of proof: Upper bound

| Complementary theorem
P (f(Z) = n) = / 1 (P € Pa) 1 (0 (Ppyp) < 1) dtip(dun) - - - dtaip(dun)
(Sd—l xR)"
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<cn T / 1 (Pppoy) € Po-1) 1 (@ (Pppoy) < 1) dtrp(dun) - - dty-1p(dup-1)
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| Complementary theorem
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| lterations

P(f(Z) = n) < 2 (n(n— 1))~ 71 P(f(Z) = n— 2)
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Idea of proof: Lower bound (isotropic case)

P(f(Z) =n) = /( ) 1 (Pl € Po) 1 (@ (Ppy) < 1) dtip(dun) - - - dtagp(du,)
Sd—1xR)"
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Idea of proof: Lower bound (isotropic case)

P(f(Z) =n) = /( ) 1 (Pl € Po) 1 (@ (Ppy) < 1) dtip(dun) - - - dtagp(du,)
Sd—1xR)"

Y

n! / 1 ((v1,t1) € S1) ... 1 ((un, tn) € Sn) dtrp(dun) - - - dtnp(dun)
(gd—lxR)n
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Idea of proof: Lower bound (isotropic case)
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D.G. Kendall's problem: Shape of Big cells

Conjecture (D.G. Kendall, 1987)
(planar, stationary and isotropic case)

‘[...] the conditional law of the shape of Z,, given the area V>(Z,),
converges weakly, as V»(Z,) — oo, to the degenerated law
concentrated at the circular shape.’

Kovalenko, Miles, Goldman, Mecke, Osburg, Hug, Reitzner, Schneider, ...

11/16



Poisson hyperplane tessellation ",ﬂ‘! UNIVERSITAT
Asymptotic probabilities of the zero and typical cells OSNABRUCK

C:

D.G. Kendall's problem: Shape of Big cells

Conjecture (D.G. Kendall, 1987)
(planar, stationary and isotropic case)

‘[...] the conditional law of the shape of Z,, given the area V>(Z,),
converges weakly, as V»(Z,) — oo, to the degenerated law
concentrated at the circular shape.’

Kovalenko, Miles, Goldman, Mecke, Osburg, Hug, Reitzner, Schneider, ...

R CD(K) (isotropy) CD(Bd)
T 1= min - = T
K Va(K)4 Va(B9)d

Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)

There exists ¢, ¢/ > 0 such that, for any € > 0 and a > 0,

P <“"(Z) >74e| ValZo) > a> < cexp (~cleat)
Vd(ZD)g
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D.G. Kendall's problem: Shape of Big cells

. O(K) (isotropy) ®(B?)
T = min T = T
K Va(K)d Va(B?)d

Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)

There exists ¢, ¢/ > 0 such that, for any € > 0 and a > 0,

P (d’(z) >74e| ValZo) > a> < cexp (~cleat)
\/d(Zo)H

a— oo o

& limsup—a~ 7 In <IP’ (q’(z‘))1 >7+e| Vu(Z) > a)) <ce.
Va(Zo) 7
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D.G. Kendall's problem: Shape of Big cells

. O(K) (isotropy) ®(B?)
T := min - = -
K Vd(K)E Vd(Bd)g
Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)
There exists ¢, ¢/ > 0 such that, for any € > 0 and a > 0,

P (d’(z) >7de| Vi(Zo) > a> < cexp (~cleat)
\/d(Zo)H

a— oo )

& limsup—a~ 7 In (IP’ ((D(Z")l >7+e| Vu(Z) > a)) <ce.
Va(Zo) 7

Theorem
There exists ¢, ¢/ > 0 such that, for any € > 0 and a > 0,
(2
lim —a~ @ 1In (IF’ <()1 >71+e| Vu(z) > a)) =ec.
a— o0 Vd(Zo)E
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Shape of cells with many facets

Assume that ¢ is rotation invariant.

Conjecture

Conditionally on fy_1(Z,) = n — oo,

5(Z,) ~ B,

UNIVERSITAT
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Shape of cells with many facets

Assume that ¢ is rotation invariant.
Conjecture
Conditionally on fy_1(Z,) = n — oo,
5(Z,) ~ BY.

CI,I-/(K7 Pn) = minpe'pn dH(K, P)
du(K, Ki) = mink,ex; du(K, Ki) where K;. .. convex bodies of dimension i

Theorem (Polytopal approximation of elongated convex bodies)

Letl<i< %. Let K C B? be a convex body. For any € > 0 there exists
0 > 0 such that, for n > N(e),

du(K,K;) < 8 = dn(K, P,) < en” @1
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Shape of cells with many facets

Assume that ¢ is rotation invariant.
Conjecture
Conditionally on fy_1(Z,) = n — oo,
5(Z,) ~ BY.

d,l-{(K7 Pn) = minpe'pn dH(K, P)
du(K, Ki) = mink.ex; du(K, Ki) where ;. .. convex bodies of dimension i

Theorem (Polytopal approximation of elongated convex bodies)

Letl <i< %. Let K C B? be a convex body. For any € > 0 there exists
0 > 0 such that, for n > N(e),

2
dn(K,Ki) < § = dn(K,Pp) <en @1
Theorem (Big cells are not elongated)
Let 1 < /i< 951. There exists § > 0 such that

lim P(dH(Zo,’C,') <é | fdfl(Zo) = n) =0.
n—oo
13/16
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Size distribution

Theorem (Distribution of ®)

For a>0
dil
P(®(Z) > a) < exp (—a—l— cladfl) .

If © is rotation invariant (or well spread), then for a > c3

P(®(Z) > a) > exp (—a—|— cQa%) .
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Size distribution

Theorem (Distribution of ®)

For a>0
dil
P(®(Z) > a) < exp (—a—l— cladfl) .

If © is rotation invariant (or well spread), then for a > c3
d+1
P(®(Z) > a) > exp (—a—|— cQadfl) .

Similar with other size measurements, e.g. the volume.
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Small typical cells

Y : K — R4 ...size measurement, e.g. ¢, Vg4, ...

Theorem

Assume that ¢ is absolutely continuous.

|in})P(f'd,]_(Ztyp) >d+ 1|Z(Ztyp) < a) =0.
a—
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Small typical cells

Y : K — R4 ...size measurement, e.g. ¢, Vg4, ...

Theorem

Assume that ¢ is absolutely continuous.
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|in})P(f'd,]_(Ztyp) >d+ 1|Z(Ztyp) < a) =0.
a—

“_';”OP(fd*l(Ztyp) =d+1, 5(Ztyp) € S|Z(Ztyp) < a) =

where () j is a probability measure on

e (-
co(Pd+1,c,0

Pai1,c,0 = {simplices P : &(P) =1,¢(P) = o}.

co(S)

C¢(Pd+17c,¢)‘
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Articles

o Cells with many facets in a Poisson hyperplane tessellation.
joint work with P. Calka and M. Reitzner
arXiv:1608.07979

o Polytopal approximation of elongated convex bodies.
Advances in Geometry (accepted, 2016)
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THANK YOU!
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