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Poisson hyperplane tessellation RUHR
Asymptotic probabilities of the zero and typical cells sochon RUB

Poisson process

A Poisson process of intensity measure © on a state space X, is a random
discrete subset 7 C X such that for any pairwise disjoint subsets Ay, ..., A, we
have:

@ Forany AC X and k € N, we have

K
v —em ©(A)
P(#nNA=k)=e 7
o For any pairwise disjoint subsets Ai, ..., A, we have that

#n N A1, ..., #n0 A, are independent random variables.
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A Poisson process of intensity measure © on a state space X, is a random
discrete subset 7 C X such that for any pairwise disjoint subsets Ay, ..., A, we
have:

@ Forany AC X and k € N, we have

K
v —em ©(A)
P(#nNA=k)=e 7
o For any pairwise disjoint subsets Ai, ..., A, we have that

#n N A1, ..., #n0 A, are independent random variables.

7 is identified with the corresponding counting measure, so we can write
n(A) =#nnNA.
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Poisson hyperplane process

ug, ui,...sequence of i.i.d. points on S°! w.r.t. to a measure .
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Poisson hyperplane process

to t1 tots ta ts tetts to

Up, u1,...sequence of i.i.d. points on S9! w.r.t. to a measure Pp.

to, t1, ... Poisson point process on R (homogeneous of degree r > 1) 3 is
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Poisson hyperplane process

.inRY

Hyperplane process n = {Ho, H1, ...}
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Poisson hyperplane process

[intensity measre [

@ ... directional distribution

() ZW/Sd_l /wﬂ(H(u, t) € )t tdt de(u),

r > 1... distance exponent
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Poisson hyperplane process = Random polytopes

- ... intensi
Intensity measure =0 tensity

I @ ... directional distribution
)= [ [ a0 € ) taragtu)
sd=1 Jo

r > 1... distance exponent

Zero cell Z,

AN

Always defined
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Poisson hyperplane process = Random polytopes

v = 1... intensity

Intensity measure

I @ ... directional distribution
wy = [ [T € )¢ araptw),
sd=1 Jo

r = 1... distance exponent

Zero cell Z, e Typical cell Z;,

AN

Always defined Require stationarity:
r=1and ¢ even.
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Complementary Theorem

d(K) = 5/ w(u, K)dp(u) s(K) = ®(K) 'K
§d—1
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Complementary Theorem

®(K) = %/ w(u,K)do(u)  s(K)=®(K) 'K f(P) = #facets(P)
§d—1

Miles, Mgller, Zuyev, Cowan, Baumstark, Last,. ..

Theorem
Let n>d+ 1.

@ (Complementary Theorem)
Conditionally on f(Z,) = n
® P(Z) and s(Z,) are independent random variables,
@ P(Z) is ', distributed.



Poisson hyperplane tessellation RUHR
Asymptotic probabilities of the zero and typical cells sochon RUB

Complementary Theorem

®(K) = %/ w(u,K)do(u)  s(K)=®(K) 'K f(P) = #facets(P)
§d—1

Miles, Mgller, Zuyev, Cowan, Baumstark, Last,. ..
Theorem

Let n>d+ 1.

@ (Complementary Theorem)
Conditionally on f(Z,) = n

® P(Z) and s(Z,) are independent random variables,
@ P(Z) is ', distributed.

@ P(f(Z)=n, d(Z) €A, s(Z)€S)

1 [
- H/t - tdf/ L (Pl € Pa) 1(® (Pi) < 1) 1(s(Z) € 5)
A (S9=1xR)"

x dtip(dur) - - - dtn(dun).

P[n] = ﬁ,'-’le(u,-, tf)7



Poisson hyperplane tessellation RUHR
Asymptotic probabilities of the zero and typical cells sochon RUB

Complementary Theorem

®(K) = %/ w(u,K)do(u)  s(K)=®(K) 'K f(P) = #facets(P)
§d—1

Miles, Mgller, Zuyev, Cowan, Baumstark, Last,. ..
Theorem

Let n>d+ 1.

@ (Complementary Theorem)
Conditionally on f(Z,) = n

® P(Z) and s(Z,) are independent random variables,
@ P(Z) is ', distributed.

@ P(f(Z)=n, d(Z) €A, s(Z)€S)

1 [
- H/t - tdf/ L (Pl € Pa) 1(® (Pi) < 1) 1(s(Z) € 5)
A (S9=1xR)"

x dtip(dur) - - - dtn(dun).

P[n] = m?:lH(uiv tf)7




Poisson hyperplane tessellation RUHR RU B
UNIVERSITAT
BOCHUM

Asymptotic probabilities of the zero and typical cells

Distribution of fy_1(Z,)

2n

P(f(Z) =n) < ¢fn” a1

+ there exists n,, such that P(f(Z,) = n) is either vanishing or decreasing for
n> ng.

If ¢ is the rotation invariant (or well spread) we also have:
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Polytopal approximation

du(-, ). . . Hausdorff distance
P, = {polytopes with n facets }
dn (K, Pn) = minpep, du(K, P)

Let K C B? be a convex body.
du(K,Py) < cn™ 71

. where c is independent from K and n.
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Idea of proof: Upper bound

| Complementary theorem

P(f(Z) =n) = / 1 (P € Pa) 1 (0 (Py) <1)dtip(dun)-

(Sd—l xR)"
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-dtpe(dun)
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-dtpe(dun)

: dtnflso(dunfl)
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Idea of proof: Upper bound

| Complementary theorem
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Idea of proof: Upper bound

| Complementary theorem
P(f(Z) = n) = / 1 (P € Pa) 1 (@ (P) <1)dtip(dun) - - - dtap(dun)
(Sd—l xR)"
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| Complementary theorem
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| Iterations
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P(f(Z)=n) < c"n T1P(F(Z) =n—1)
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Idea of proof: Lower bound (isotropic case)

P(f(Z) = n) = / 1 (P € Pa) 1 (¢ (Py) < 1) dtip(dun) - - dtap(dun)

(gd—l xR)"
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Idea of proof: Lower bound (isotropic case)

P(f(Z) = n) = /(Sdl )nn (P € Pa) 1 (¢ (Ppy) < 1) dtip(den) - - - dtasp(dup)

\Y]

n! / 1 ((u1,t1) € S1) ... 1 ((un, tn) € Sn)dtip(dur) - - - dtap(dua)
(gdflxR)n
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> n! / 1 ((u1,t1) € S1) ... 1 ((un, tn) € Sn)dtip(dur) - - - dtap(dua)
(gdflxR)n

=nl <Ld1XR) 1 ((U17 t1) S Sl)dt1<p(du1)>
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D.G. Kendall's problem: Shape of Big cells

Conjecture (D.G. Kendall, 1987)

(planar, stationary and isotropic case)

‘[... ] the conditional law of the shape of Z,, given the area V2(Z,),
converges weakly, as V>(Z,) — oo, to the degenerated law
concentrated at the circular shape.’

Kovalenko, Miles, Goldman, Mecke, Osburg, Hug, Reitzner, Schneider, ...
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D.G. Kendall's problem: Shape of Big cells

Conjecture (D.G. Kendall, 1987)

(planar, stationary and isotropic case)
‘[... ] the conditional law of the shape of Z,, given the area V2(Z,),
converges weakly, as V>(Z,) — oo, to the degenerated law
concentrated at the circular shape.’

Kovalenko, Miles, Goldman, Mecke, Osburg, Hug, Reitzner, Schneider, ...

(D(K) (isot;)py) (D(Bd)

K Vy(K)d Va(BY)3

Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)

There exists ¢, ¢ > 0 such that, for any € > 0 and a > 0,

P <£°)1 >71+¢e| Vu(Z) > a) < cexp (—c'ea§> .
Vd(Zu)g
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D.G. Kendall's problem: Shape of Big cells

R q)(K) (isotropy) q)(Bd)
T .= min T = 1
K Va(K)e Va(BY)@

There exists ¢, ¢/ > 0 such that, for any ¢ > 0 and a > 0,

P <—¢(Z°)1 >7+e| Va(Z) > a) < cexp (—6'635) :
Vd(ZO)E

P(Z
& limsup—a~ 7 In (IF’ ((")1 >7+e| Vu(Z) > a)) <ce.
a— o0 Vd(Zo)H
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q)(K) (isoté)py) q)(Bd)
K Va(K) Va(BY)7

Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider ’07)

There exists ¢, ¢’ > 0 such that, for any ¢ > 0 and a > 0,
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a— oo o

Theorem

For any € > 0 and a > 0,

lim —a~ @ In (IF’ <£°)1 >71+4¢e| Vu(Z) > a)) =e.
a— oo Vd(Zo)E
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Shape of cells with many facets

Assume that ¢ is rotation invariant.

Conditionally on f(Z,) = n — oo,

5(Z,) ~ B°.
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Shape of cells with many facets

Assume that ¢ is rotation invariant.

Conditionally on f(Z,) = n — oo,
5(Z,) ~ B°.

(K,Pn) npgp" dH(K, P)
du(K, Ki) = mink.ex; du(K, Ki) where K;. .. convex bodies of dimension i

Letl1 <i< %. Let K C B be a convex body. For any & > 0 there exists
0 > 0 such that, for n > N(g),

du(K,K;) < 8 = dn(K, P,) < en” @
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Shape of cells with many facets

Assume that ¢ is rotation invariant.

Conditionally on f(Z,) = n — oo,
5(Z,) ~ B°.

dH(K,Pn) = minpgp" C/H(K7 P)
du(K, Ki) = mink.ex; du(K, Ki) where K;. .. convex bodies of dimension i

Theorem (Polytopal approximation of elongated convex bodies)

Letl1<i< %. Let K C B be a convex body. For any & > 0 there exists
0 > 0 such that, for n > N(g),

du(K, i) < 6 = du(K, Pa) < en” 71
Theorem (Big cells are not elongated)
Let 1 < i< 951, There exists § > 0 such that

lim P (dw(Zo,Ki) < 8| F(Zo) = n) =0.
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Size distribution

For a > 0
d+1
P($(Z) > a) < exp (—a+ claai_l) .

If o is rotation invariant (or well spread), then for a > c3

P(®(Z) > a) > exp (—a+ cza%) .
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Size distribution

For a > 0
d+1
P($(Z) > a) < exp (—a+ claﬂi_l) .

If o is rotation invariant (or well spread), then for a > c3
dt1
P(®(Z) > a) > exp (—a+ czadfl) .

Similar with other size measurements, e.g. the volume.
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Small typical cells

> : K — R4 ...size measurement, e.g. ¢, Vg4, ...

Theorem

Assume that ¢ is absolutely continuous.

lim P(F(Ziyp) > d + 1E(Ziyp) < 2) = 0.
a—

14/15



Poisson hyperplane tessellation RUHR
Asymptotic probabilities of the zero and typical cells sochon RUB

Small typical cells

> : K — R4 ...size measurement, e.g. ¢, Vg4, ...

Theorem

Assume that ¢ is absolutely continuous.

lim P(F(Ziyp) > d + 1E(Ziyp) < 2) = 0.
a—

s
lim P(F(Ziyp) = d + 1, 5(Zigs) € SIZ(Ziyp) < 3) = —e5)
a—0 Cnp(Pd+1,c,¢)

()
co(Pd+1,c,0)
Pd+1,c,0 = {simplices P : ®(P) =1,¢(P) =o}.

where is a probability measure on
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THANK YQOU!

@ Poisson hyperplane tessellation: Asymptotic probabilities of the zero and
typical cells.
Ph.D. thesis (2016)
o Polytopal approximation of elongated convex bodies.
Advances in Geometry (accepted)
o Cells with many facets in a Poisson hyperplane tessellation.
joint work with P. Calka and M. Reitzner
arXiv:1608.07979
o Small cells in a Poisson hyperplane tessellation.
arXiv:1702.01964




