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Poisson hyperplane tessellation [JU] UNIVERSITAT
Asymptotic probabilities of the zero and typical cells o OSNABRUCK

(homegeneous) Poisson hyperplane process (in RY)

Intensity measure 7 > 0... intensity

@ ... directional distribution
_7/ / (u,t) € )t dtde(u),

r > 1... distance exponent

AN
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(homegeneous) Poisson hyperplane process (in RY) = Random polytopes

oo . @ . .. directional distribution
)= [ [ 10 € atastu)
sd—1 Jo

r > 1... distance exponent

Zero cell Z,

AN

Always defined
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(homegeneous) Poisson hyperplane process (in RY) = Random polytopes

Intensity measure 7 > 0... intensity

@ ... directional distribution
_7/ / (u,t) € )t dtde(u),

r > 1... distance exponent

Zero cell Z,

Always defined Require stationarity:
r=1and ¢ even.
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(homegeneous) Poisson hyperplane process (in RY) = Random polytopes

Intensity measure 7 = 1... intensity

@ ... directional distribution
= / / (u,t) € )t 'dtde(u),

r =1... distance exponent

Zero cell Z, Typical cell Z;y,

AN

Always defined Require stationarity:
r=1and ¢ even.
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d-content

d(K) = %/SdA w(u, K) do(u)

P(K C Z,) = exp(—P(K))
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Complementary Theorem (Miles, Mgller, Zuyev, Cowan, Baumstark, Last,...)

d(Z) = %/ w(u, Zo) deo(u)
f(Zo) = number of facets of Z, sd—1

5(Z,) = ®(2Z,) ' 2
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Complementary Theorem (Miles, Mgller, Zuyev, Cowan, Baumstark, Last,...)

d(Z) = %/ w(u, Zo) deo(u)
f(Zo) = number of facets of Z, sd—1

5(Z,) = ®(2Z,) ' 2

Theorem

@ (Complementary Theorem)
Conditionally on f(Z,) = n
® P(Z) and s5(Z,) are independent random variables,
@ ®(Z) is ', distributed.
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Complementary Theorem (Miles, Mgller, Zuyev, Cowan, Baumstark, Last,...)

d(Z) = %/ w(u, Zo) deo(u)
f(Zo) = number of facets of Z, sd—1

5(Z,) = ®(2Z,) ' 2

Theorem

@ (Complementary Theorem)
Conditionally on f(Z,) = n
® P(Z) and s5(Z,) are independent random variables,
(] d>(Z°) is [ distributed.

@ P(f(Z)=n,d(Z) €A, s(Z)€S)
—/ t"” le_tdt/ 1 (P € Pa) 1 (¢ (Py) <1)1(s(Z) € S)
(SI—1xR)"

x dtip(dur) - - - dtnp(dun).

Pin = iz H(ui, t)~
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Complementary Theorem (Miles, Mgller, Zuyev, Cowan, Baumstark, Last,...)

d(Z) = %/ w(u, Zo) deo(u)
f(Zo) = number of facets of Z, sd—1

5(Z,) = ®(2Z,) ' 2

Theorem

@ (Complementary Theorem)
Conditionally on f(Z,) = n
® P(Z) and s5(Z,) are independent random variables,
(] ¢(Z°) is [ distributed.

@ P(f(Z)=n,d(Z) €A, s(Z)€S)
—/ t"” le_tdt/ 1 (P € Pa) 1 (¢ (Py) <1)1(s(Z) € S)
(SI—1xR)"

x dtip(dur) - - - dtnp(dun).

P = Nizi H(ui, t) ™ = The distribution of the number of facets is essential!
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Distribution of f(Z,)

Theorem (Upper bound)

2n

P(f(Zs) = n) < cfn~ ¥

+ there exists n,, such that P(f(Z,) = n) is either vanishing or decreasing for
n>ng.

If ¢ is the rotation invariant (or well spread) we also have:

Theorem (Lower bound)

2n

P(f(Z,) = n) > cin a1
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Polytopal approximation

Py = NietH™

Lemma (based on ideas from Reisner, Schiitt and Werner '01)

There exists | C [n] with |/| > { such that, for any i € /,
_ 2
di(Pley, Piai) < €®(Pp)n™ 71,

and .
B
q)(P[n]\,-) < exp <cn_ﬁ) ¢(P[,,]).

. where c is independent from n and Py,;. 6/11
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C:

D.G. Kendall's problem (1987): Shape of Big cells

Q=

O(K)  (sotropy) _®(B)
K Vy(K)d Va(B9)

Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)

There exists ¢, ¢’ > 0 such that, for any € > 0 and a > 0,

P (cb(Zo)l >71+¢e| Vu(Z) > a> < cexp (—c'aa%) .
Va(Zo)4

& limsup—a~ ¥ In (IP’ (¢(Z°)1 >7+e| Va(Z) > a)) < ce.
a— o0 Vd Zo d
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C:

D.G. Kendall's problem (1987): Shape of Big cells

Q=

O(K)  (sotropy) _®(B)
K Va(K)s V(B9)
Theorem (Hug, Reitzner, Schneider '04), (Hug, Schneider '07)
There exists ¢, ¢’ > 0 such that, for any € > 0 and a > 0,

P (cb(Zo)l >71+¢e| Vu(Z) > a> < cexp (—c'aa%) .
Va(Zo)4

& limsup—a~ ¥ In (IP’ (¢(Z°)1 >7+e| Va(Z) > a)) < ce.
a— o0 Vd(ZO)H

Theorem

For any € > 0,

lim a3 In <P (d)(ZO)1 >7+¢e| Va(Z) > a)) =
a— 00 Vd(Zo)g
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C:

Shape of cells with many facets

Assume that ¢ is rotation invariant.

Conjecture

Conditionally on f(Z,) = n — oo,

5(Z,) ~ B.

Theorem (Big cells are not elongated)

Assume that d > 4. There exists § > 0 such that

lim P (there exists [a, b] C Z, such that du([a, b], Zo) < 4 | f(Z,) = n) = 0.

n—oo
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Size distribution

Theorem (Distribution of ®)

For a>0 i
P(®(Z) > a) < exp (—a—l— cladTl) .

If ¢ is rotation invariant (or well spread), then for a > c3
d—1
P(®(Z) > a) > exp (—a—|— ©a d+1) .

Similar with other size measurements, e.g. the volume.
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Small typical cells

Theorem

Assume that ¢ is absolutely continuous.
Iin})IP(f(Ztyp) =d+ 1|Vy(Ziyp) < a) = 1.
a—
More results:
o Case where ¢ has atoms.

o General size functionals instead of V.

o Shape distribution of small cells.
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THANK YOU!

o Poisson hyperplane tessellation: Asymptotic probabilities of the zero and
typical cells.
Ph.D. thesis. (2016)

o Polytopal approximation of elongated convex bodies.
Advances in Geometry (accepted)

o Cells with many facets in a Poisson hyperplane tessellation.
joint work with P. Calka and M. Reitzner
arXiv:1608.07979

o Small cells in a Poisson hyperplane tessellation.
arXiv:1702.01964
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